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1 Continuity equation’s in climate models

2 Desirable properties for transport schemes intended for climate applications
Mass-conservation, shape-preservation, multi-tracer efficiency, ...
Preservation of pre-existing functional relations (correlations) between species

3 A semi-Lagrangian view on finite-volume schemes
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Continuity equations in climate models: dry air

Continuity equation for dry air mass

∂ρ

∂t
+∇ · (ρ~v) = 0,

where ~v is the velocity field and ρ density.

Mass of dry air ≈ N2 (ca. 78.08%), O2 (ca. 20.95%), Ar (ca. 0.93%), CO2 (at present ca.
0.038%); these well-mixed gases make up 99.998% of the volume of dry air

Trenberth and Smith (2005) estimated that the mass of dry air corresponds to a surface
pressure of 983.05 hPa and it varies less than 0.01 hPa based on changes in atmospheric
composition.

⇒ to a very good approximation there are no source/sink terms on the right-hand side of
continuity equation for dry air.

Example mass fields in CAM

Example from CAM5 at ‘standard’ 1.9◦ × 2.5◦ resolution

∆p in surface layer:

Relatively smooth field that does generally not cause problems for
advection operators, however:

if layers are very thin (.e.g. isentropic vertical coordinate models) the
advection operator should not generate negative thicknesses and should be
able to deal with mass-less layers.
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Continuity equations in climate models: water

Continuity equations for water species

∂ (ρqi )

∂t
+∇ · (ρqi~v) = Pρ qi ,

where qi are dry mixing ratiosa [m
(d)
i /m(d)] and P represent source and sink terms.

qi : water vapor, cloud liquid and cloud ice.

99% of the total weight of the atmosphere is the mass of dry air. The remanding 1% is
approximately the mass of water (large local variations though!)

qi : Meso-scale models also have prognostic rain, snow, graupel, ...

If rain, snow, graupel, etc. are diagnostic it is assumed that they fall to the ground in one physics
time-step!

athe subtleties between using ‘dry’ and ‘wet’ mixing ratios is not discussed here - see, e.g., Lauritzen et al.
(2011b)
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Continuity equations in climate models: water

Example mass fields in CAM

Example from CAM5 at ‘standard’ 1.9◦ × 2.5◦ resolution

Specific humidity, cloud liquid water and ice:
10e−4 kg/kg

10e−4 kg/kg
10e−4 kg/kg

10e−4 kg/kg

Very ‘oscillatory’ fields:

Production and loss terms are large, however, clouds (e.g., ‘ice clouds’ such
as Cirrus clouds) can have lifetimes on the other of days.

Advection operator must not produce negative values!

Overshooting in water vapor can trigger irreversible physical processes.

Peter Hjort Lauritzen (NCAR) Transport in global climate models March 23, 2010 3 / 15

Very ‘oscillatory’ fields:

Production/loss terms are large, however, clouds (e.g., ‘ice clouds’ such as Cirrus) can have
lifetimes on the order of days

Transport operator must not produce negative values.

Overshooting in water vapor, for example, can trigger irreversible physical processes.

In other words: the transport scheme should be shape-preserving with respect to q.
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Continuity equations in climate models: aerosols

Microphysics: continuity equations for aerosol number and mass concentrations
CAM5 physics: 22 aerosol continuity equations (particulate organic matter, dust, sea salt, secondary
organic aerosols, ...)

Example mass fields in CAM

Example from CAM5 at ‘standard’ 1.9◦ × 2.5◦ resolution

variation of number concentration with height

Near the surface ‘drastic’ variations in horizontal and vertical!

Large sources and sinks, however, without scavenging (e.g. with precipitation)

aerosols can have long lifetimes (e.g. Saharan dust can be transported 1000s of

miles) ⇒ advective tendencies can locally be the largest signal !

Check you scheme for such fields (especially if limiters use ‘magic numbers’ !)
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Continuity equations in climate models: chemistry

Chemistry: continuity equations for chemical species
CAM-chem: approximately 127 continuity equations (ozone, chlorine compounds, bromine, ...) ...
some highly reactive and some long-lived

Example mass fields in CAM

Example from chemistry version of CAM

HNO3: Produced in the stratosphere and wet removed in the troposphere, i.e.

strong vertical gradients
Variation with height

Br : Strong diurnal cycle (produced by photolysis)

Peter Hjort Lauritzen (NCAR) Transport in global climate models March 23, 2010 3 / 15Figure: Bromine has a strong diurnal cycle (produced by photolysis)
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Continuity equations in climate models: desirable properties

Important properties of transport schemes intended for atmospheric models:

The number of prognostic continuity equations in climate and chemistry-climate models is
increasing fast to accommodate more advanced physical parameterizations (e.g.,
microphysics), online chemistry, ....

⇒ multi-tracer efficiency is becoming increasingly important
(closely tied to compute platform)!

Atmospheric tracer fields can have very large gradients:

Shape-preservation is paramount!

Preservation of gradients is important

Inherent conservation of mass is desirable, in particular, to consistently enforce
shape-preservation and tracer-air mass consistency.

Optimal preservation of pre-existing functional relationships (correlations)
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Correlations between longlived species in the stratosphere

Relationships between long-lived stratospheric tracers, manifested in similar spatial structures on
scales ranging from a few to several thousand kilometers, are displayed most strikingly if the mixing
ratio of one is plotted against another, when the data collapse onto remarkably compact curves. -
Plumb (2007)
E.g., nitrous oxide (N2O) against ‘total odd nitrogen’ (NOy ) or chlorofluorocarbon (CFC’s)

[4] While meteorological variables are frequently dis-

played, as in the leftmost maps of Figures 1 and 2, on

surfaces of constant pressure, this is not the best way to

show, nor to think about, stratospheric transport. Diabatic

processes in the stratosphere, where radiation is the only

significant factor, are generally weak, with characteristic

timescales of tens of days [e.g., Andrews et al., 1987].

Consequently, to a first approximation, air parcels move

adiabatically along surfaces of constant specific entropy s.

Conventionally, the entropy variable used in meteorology is

‘‘potential temperature’’ q, defined in terms of temperature

T and pressure p as q = T(p0/p)
k, where p0 = 1000 hPa and

k = R/cp, where R is the gas constant and cp the specific heat

at constant pressure for air. (For a diatomic gas, k = 2/7.) It

is an elementary result of atmospheric thermodynamics that

s = cplnq, to within an arbitrary constant, and that q is

conserved in adiabatic flow. To a first approximation then,

air parcel motions can best be illustrated on isentropic

surfaces (of constant q). As we shall see, the diabatic

component of motion (through the isentropic surfaces) is

typically much slower than the flow within those surfaces.

[5] Despite the simplicity of the geopotential plots,

transport within the stratosphere is chaotic. The middle

map of Figure 1 shows results of a ‘‘reverse domain filling’’

calculation [Sutton et al., 1994; Schoeberl and Newman,

1995], in which 10 day back trajectories have been used to

construct the distribution of a tracer that has been advected,

from a smooth initial condition, on an isentropic surface

Figure 1. Maps for the Southern Hemisphere middle stratosphere on 6 September 1992. (left)
Geopotential height (km) on the 10 hPa isobaric surface (European Centre for Medium-Range Weather
Forecasts (ECMWF) reanalysis data). (middle) Results of a ‘‘reverse domain filling’’ calculation, in
which a tracer whose concentration is initially equal to latitude is advected by winds on the 1100 K
isentropic surface (near 5 hPa and 35 km) for 10 days, ending 6 September (image courtesy of
D. Waugh). (right) Net diurnally averaged diabatic heating rate (K d�1) on the 10 hPa isobaric surface
(data courtesy of J. Rosenfield). White line is the Q = 0 contour, and the color scale for this map is shown
at right. The Greenwich meridian is at the right; the outer circle is the equator.

Figure 2. Maps for the Northern Hemisphere lower stratosphere on 28 January 1992. (left) Geopotential
height (km) on the 50 hPa isobaric surface (ECMWF reanalysis data). (middle) Results of a ‘‘reverse
domain filling’’ calculation, in which a tracer whose concentration is initially equal to latitude is advected
by winds on the 480 K isentropic surface (near 60 hPa and 19 km) for 10 days, ending 28 January (image
courtesy of D. Waugh). (right) Diurnally averaged net diabatic heating rate Q (K d�1) on the 50 hPa
isobaric surface (data courtesy of J. Rosenfield). White line is the Q = 0 contour, and the color scale for
this map is shown at right. The Greenwich meridian is at the right; the outer circle is the equator.
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time is shown in Figure 6. The dominant feature of the

meteorology is the polar vortex, extending from northwest-

ern Canada across the pole to northern Siberia. Figure 5 left

shows time series along the flight track of q and mixing

ratios of the long-lived chemical tracers N2O, CFC-11

(CCl3F), and NOy. In terms of q the flight profile is

characterized by rapid ascent following takeoff up to about

480 K and a long gentle decline to about 450 K, followed

by a rapid descent prior to landing. Not surprisingly, the

time series of the three tracers show marked and simulta-

neous tendencies during ascent and descent, manifesting the

strong decrease of N2O and CFC-11 and strong increase of

NOy, with q across the tropopause and in the lower

stratosphere. During the cruise phase, N2O increases grad-

ually between 47,500 and 60,500 s, largely a consequence

of the slow descent. However, there is a sudden drop of

about 50 ppbv in the N2O mixing ratio at time t ’ 60,500 s,

which is not accompanied by any corresponding change in
q: what is being detected is a sharp isentropic gradient in the

mixing ratio. This feature, which is located at about (70�N,
39�W), is seen as the aircraft is nearing the edge of the polar

vortex (see Figure 6) and detecting high-latitude air with

lower concentrations of tropospheric source gases. After a

slow increase, there are further sharp reductions at t ’
65,000 s and t ’ 67,000 s. Like the first, these features do

not correspond with sudden changes in q and thus also

represent sharp isentropic gradients of mixing ratio. These

same features are mirrored in the other tracers, as is evident

from their time series. The correspondence between the

tracers is seen most clearly when one is plotted against

another as on Figure 5 right. Figure 5 illustrates the

remarkable correlation between mixing ratios of the tropo-

spheric source gases CFC-11 and N2O and anticorrelation

between those of N2O and the stratospheric source gas NOy.

Despite the considerable range of variability of each species

and the wide range of q and of latitude covered by the

observations the data collapse to remarkably compact

curves for each species pair.

[14] The fact that the data span a range of latitudes and of
q is significant here. The compactness would be much less

significant if the observations comprised vertical profiles at

a single location or latitude profiles on a surface of constant
q, since each mixing ratio would then be a function of a

single variable (latitude or q): Apparently compact functions

of tracer versus tracer would follow from a simple change of

variables. What is significant is that data from near-vertical

and near-isentropic transects collapse in tracer-tracer space

onto the same curve. This is, in fact, another manifestation

of ‘‘equilibrium slopes’’ since if the isosurfaces of the

mixing ratios of two tracers have the same shape, a given

mixing ratio of one tracer is always accompanied by the

same mixing ratio of the second. In fact, the more local

aircraft results make a stronger statement than the climato-

logical one: Plumb and Ko [1992] argued that if compact-

ness is present in the climatology, it is present on shorter

timescales and space scales for these long-lived tracers,

since they are conserved (and their relationship is thus

preserved) under short-term displacement. Building on the

earlier advective-diffusive arguments of Holton [1986] and

Mahlman et al. [1986], Plumb and Ko [1992] also showed

that provided rapid isentropic mixing extends globally, the

net (globally integrated) vertical flux of any species is

diffusive, and, in consequence, the slope of the tracer-tracer

curve between any two species, dc(2)/dc(1), is equal to the

ratio of net global fluxes of the two species, a result that has

been exploited to quantify stratospheric lifetimes of various

Figure 5. Selected data from the ER-2 flight of 14 January 2000. (left) Time series (time is given in
time of day, UTC) of potential temperature (K), mixing ratios of N2O (open triangles (ppbv)), CFC-11
(diamonds (parts per trillion by volume (pptv)), and 10 times the mixing ratio of NOy (dots (ppbv), these
data are offset downward by 100). (right) NOy (triangles) and CFC-11 (dots) plotted against N2O. N2O
and CFC-11 data are from the airborne chromatograph for atmospheric trace species instrument [Elkins et
al., 1996], and NOy data are from the ER-2 NO/NOy instrument [Fahey et al., 1985].
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Figures from Plumb (2007).
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Correlations between longlived species in the stratosphere

Relationships between long-lived stratospheric tracers, manifested in similar spatial structures on
scales ranging from a few to several thousand kilometers, are displayed most strikingly if the mixing
ratio of one is plotted against another, when the data collapse onto remarkably compact curves. -
Plumb (2007)
E.g., nitrous oxide (N2O) against ‘total odd nitrogen’ (NOy ) or chlorofluorocarbon (CFC’s)

[4] While meteorological variables are frequently dis-

played, as in the leftmost maps of Figures 1 and 2, on

surfaces of constant pressure, this is not the best way to

show, nor to think about, stratospheric transport. Diabatic

processes in the stratosphere, where radiation is the only

significant factor, are generally weak, with characteristic

timescales of tens of days [e.g., Andrews et al., 1987].

Consequently, to a first approximation, air parcels move

adiabatically along surfaces of constant specific entropy s.

Conventionally, the entropy variable used in meteorology is

‘‘potential temperature’’ q, defined in terms of temperature

T and pressure p as q = T(p0/p)
k, where p0 = 1000 hPa and

k = R/cp, where R is the gas constant and cp the specific heat

at constant pressure for air. (For a diatomic gas, k = 2/7.) It

is an elementary result of atmospheric thermodynamics that

s = cplnq, to within an arbitrary constant, and that q is

conserved in adiabatic flow. To a first approximation then,

air parcel motions can best be illustrated on isentropic

surfaces (of constant q). As we shall see, the diabatic

component of motion (through the isentropic surfaces) is

typically much slower than the flow within those surfaces.

[5] Despite the simplicity of the geopotential plots,

transport within the stratosphere is chaotic. The middle

map of Figure 1 shows results of a ‘‘reverse domain filling’’

calculation [Sutton et al., 1994; Schoeberl and Newman,

1995], in which 10 day back trajectories have been used to

construct the distribution of a tracer that has been advected,

from a smooth initial condition, on an isentropic surface

Figure 1. Maps for the Southern Hemisphere middle stratosphere on 6 September 1992. (left)
Geopotential height (km) on the 10 hPa isobaric surface (European Centre for Medium-Range Weather
Forecasts (ECMWF) reanalysis data). (middle) Results of a ‘‘reverse domain filling’’ calculation, in
which a tracer whose concentration is initially equal to latitude is advected by winds on the 1100 K
isentropic surface (near 5 hPa and 35 km) for 10 days, ending 6 September (image courtesy of
D. Waugh). (right) Net diurnally averaged diabatic heating rate (K d�1) on the 10 hPa isobaric surface
(data courtesy of J. Rosenfield). White line is the Q = 0 contour, and the color scale for this map is shown
at right. The Greenwich meridian is at the right; the outer circle is the equator.

Figure 2. Maps for the Northern Hemisphere lower stratosphere on 28 January 1992. (left) Geopotential
height (km) on the 50 hPa isobaric surface (ECMWF reanalysis data). (middle) Results of a ‘‘reverse
domain filling’’ calculation, in which a tracer whose concentration is initially equal to latitude is advected
by winds on the 480 K isentropic surface (near 60 hPa and 19 km) for 10 days, ending 28 January (image
courtesy of D. Waugh). (right) Diurnally averaged net diabatic heating rate Q (K d�1) on the 50 hPa
isobaric surface (data courtesy of J. Rosenfield). White line is the Q = 0 contour, and the color scale for
this map is shown at right. The Greenwich meridian is at the right; the outer circle is the equator.
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time is shown in Figure 6. The dominant feature of the

meteorology is the polar vortex, extending from northwest-

ern Canada across the pole to northern Siberia. Figure 5 left

shows time series along the flight track of q and mixing

ratios of the long-lived chemical tracers N2O, CFC-11

(CCl3F), and NOy. In terms of q the flight profile is

characterized by rapid ascent following takeoff up to about

480 K and a long gentle decline to about 450 K, followed

by a rapid descent prior to landing. Not surprisingly, the

time series of the three tracers show marked and simulta-

neous tendencies during ascent and descent, manifesting the

strong decrease of N2O and CFC-11 and strong increase of

NOy, with q across the tropopause and in the lower

stratosphere. During the cruise phase, N2O increases grad-

ually between 47,500 and 60,500 s, largely a consequence

of the slow descent. However, there is a sudden drop of

about 50 ppbv in the N2O mixing ratio at time t ’ 60,500 s,

which is not accompanied by any corresponding change in
q: what is being detected is a sharp isentropic gradient in the

mixing ratio. This feature, which is located at about (70�N,
39�W), is seen as the aircraft is nearing the edge of the polar

vortex (see Figure 6) and detecting high-latitude air with

lower concentrations of tropospheric source gases. After a

slow increase, there are further sharp reductions at t ’
65,000 s and t ’ 67,000 s. Like the first, these features do

not correspond with sudden changes in q and thus also

represent sharp isentropic gradients of mixing ratio. These

same features are mirrored in the other tracers, as is evident

from their time series. The correspondence between the

tracers is seen most clearly when one is plotted against

another as on Figure 5 right. Figure 5 illustrates the

remarkable correlation between mixing ratios of the tropo-

spheric source gases CFC-11 and N2O and anticorrelation

between those of N2O and the stratospheric source gas NOy.

Despite the considerable range of variability of each species

and the wide range of q and of latitude covered by the

observations the data collapse to remarkably compact

curves for each species pair.

[14] The fact that the data span a range of latitudes and of
q is significant here. The compactness would be much less

significant if the observations comprised vertical profiles at

a single location or latitude profiles on a surface of constant
q, since each mixing ratio would then be a function of a

single variable (latitude or q): Apparently compact functions

of tracer versus tracer would follow from a simple change of

variables. What is significant is that data from near-vertical

and near-isentropic transects collapse in tracer-tracer space

onto the same curve. This is, in fact, another manifestation

of ‘‘equilibrium slopes’’ since if the isosurfaces of the

mixing ratios of two tracers have the same shape, a given

mixing ratio of one tracer is always accompanied by the

same mixing ratio of the second. In fact, the more local

aircraft results make a stronger statement than the climato-

logical one: Plumb and Ko [1992] argued that if compact-

ness is present in the climatology, it is present on shorter

timescales and space scales for these long-lived tracers,

since they are conserved (and their relationship is thus

preserved) under short-term displacement. Building on the

earlier advective-diffusive arguments of Holton [1986] and

Mahlman et al. [1986], Plumb and Ko [1992] also showed

that provided rapid isentropic mixing extends globally, the

net (globally integrated) vertical flux of any species is

diffusive, and, in consequence, the slope of the tracer-tracer

curve between any two species, dc(2)/dc(1), is equal to the

ratio of net global fluxes of the two species, a result that has

been exploited to quantify stratospheric lifetimes of various

Figure 5. Selected data from the ER-2 flight of 14 January 2000. (left) Time series (time is given in
time of day, UTC) of potential temperature (K), mixing ratios of N2O (open triangles (ppbv)), CFC-11
(diamonds (parts per trillion by volume (pptv)), and 10 times the mixing ratio of NOy (dots (ppbv), these
data are offset downward by 100). (right) NOy (triangles) and CFC-11 (dots) plotted against N2O. N2O
and CFC-11 data are from the airborne chromatograph for atmospheric trace species instrument [Elkins et
al., 1996], and NOy data are from the ER-2 NO/NOy instrument [Fahey et al., 1985].
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Similarly:

The total of chemical species within some chemical family may be preserved following an air
parcel although the individual species have a complicated relation to each other and may be
transformed into each other through chemical reactions (e.g., total chlorine)

Aerosol-cloud interactions (Ovtchinnikov and Easter, 2009)

The transport operator should ideally not perturb pre-existing functional relationships
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Analyzing scatter plots

χ (max)χ

ξ

χ

ξ

(max)

(min)

(min)

ξ

Analytical pre-existing functional relationship curve ψ (linear)

ξ = ψ(χ) = a · χ+ b, χ ∈
[
χ(min), χ(max)

]
,

where a and b are constants, and χ and ξ are the mixing ratios of the two tracers
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Analyzing scatter plots

χ (max)χ

ξ

χ

ξ

(max)

(min)

(min)

ξ

Analytical pre-existing functional relationship curve ψ (linear)

χ and ξ are transported separately by the transport scheme

χn+1
k = T (χn

j ), j ∈ H,
ξn+1

k = T (ξn
j ), j ∈ H,

where T is the transport operator and H the set of indices defining the ‘halo’ for T .
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Analyzing scatter plots

χ (max)χ

ξ

χ

ξ

(max)

(min)

(min)

ξ

Analytical pre-existing functional relationship curve ψ (linear)

If T is ‘semi-linear’ then linear pre-existing functional relations are preserved:

ξn+1
k = T (ξn

j ) = T (aχn
j + b) = aT (χn

j ) + bT (1) = aT (χn
j ) + b = aχn+1

k + b.

→ If transport operator is non-linear the relationship might be violated.
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Analyzing scatter plots

Consider the measurements of 
atmospheric constituents

N2

 

O

NOy

OBSERVATIONS

Enormous amount of information
• Mixing physics
• Mixing time scales
• Chemical production and loss

These are observations made by 
airplanes.  They are, for all 

practical aspects, instantaneous, 
point measurements.

Spectral method and correlations

N2

 

O

NOy

Spectral Method
(widens over time)

Sources of pathology
• Inability to fit local features
•

 

Inconsistency between tracer and 
fluid continuity equation
• Dispersion errors
• Filtering

Van Leer method and correlations

N2

 

O

NOy

Van Leer Method

Why does this work?
•

 

Consideration of volumes and 
mixing these volumes consistently.

Figures from R.Rood’s talk at the 2008 NCAR ASP colloquium

Analytical pre-existing functional relationship curve ψ (linear)

→ carefully designed finite-volume schemes are ‘semi-linear’ even with limiters/filters!
(Thuburn and Mclntyre, 1997; Lin and Rood, 1996)
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Analyzing scatter plots

ξ

χ

ξ

χ(max)

ξ

χ(min)

(min)

(max)

Analytical pre-existing functional relationship curve ψ

ξ = ψ(χ) = a · χ2 + b,

where a and b are constants so that ψ is concave or convex in
[
χ(min), χ(max)

]
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Analyzing scatter plots

ξ

χ

ξ

χ(max)

ξ

χ(min)

(min)

(max)

Discrete pre-existing functional relation (initial condition)

ξk = ψ(χk ) = a · (χk )2 + b, k = 1, ..,K ,

where a and b are constants so that ψ is concave or convex in
[
χ(min), χ(max)

]
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Analyzing scatter plots

x

j
n

j
n+1

x

A fully Lagrangian model will maintain pre-existing functional relation

χn+1
k = χn

k , ξn+1
k = ξn

k

following parcel trajectories (without ‘contour-surgery’ or other mixing mechanisms)
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Analyzing scatter plots

χ (max)χ

ξ

χ

ξ

(max)

(min)

(min)

ξ

Any Eulerian/semi-Lagrangian scheme will disrupt pre-existing functional relation

ξn+1
k = T (ξn

j ) 6= a · T
(
χn

j

)2
+ b, j ∈ H

where T is the transport operator and H the set of indices defining the ‘halo’ for T .
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‘Real’ mixing, e.g., observed during polar vortex breakup (Waugh et al., 1997)

ξ(min)

(max)

χ

ξ

χ(max)

ξ

χ(min)

‘Real mixing’ (when occurring) will tend to replace the functional relation by a scatter by linearly
interpolating along mixing lines between pairs of points
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‘Real’ mixing, e.g., observed during polar vortex breakup (Waugh et al., 1997)

ξ(min)

(max)

χ

ξ

χ(max)

ξ

χ(min)

‘Real mixing’ (when occurring) will tend to replace the functional relation by a scatter by linearly
interpolating along mixing lines between pairs of points
→ Ideally numerical mixing should = ‘real mixing’ !

However, it may be shown mathematically that schemes that exclusively introduce ‘real
mixing’ are 1st -order schemes (Thuburn and Mclntyre, 1997).
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Classification of numerical mixing on scatter plots
Mixing diagnostics 3

ξ

(min)

(min)

ξ

(max)

ξ

(max)χ χ χ

overshooting

unmixing

range−preserving

unmixing

range−preserving
‘real’ mixing

overshooting

Figure 1. A schematic of the classifi cation of numerical mixing. The
thick solid line is the preexisting nonlinear functional curve (χ, ψ(χ)).
For each grid point k the numerical transport scheme generates a point
(χk, ξk) on the scatter plot. If (χk, ξk) is inside the ‘convex hull’ A
(light-shaded area) the numerical mixing resembles ‘real’ mixing in that
scatter points are shifted to the concave side of (χ, ψ(χ)). Any scatter
point outside A results in numerical unmixing that is classifi ed into two
categories. If (χk , ξk) is located to the convex side of ψ or below the
convex hull but within the range of the initial data (dark-shaded areas
denoted B), the scheme produces umixing referred to as range-preserving
unmixing. Scatter points in neither A nor B produce unmixing referred to
as overshooting.

shape-preserving transport operators will perturb the sum
when transporting the tracers individually. We argue that
the proposed mixing diagnostics are physically motivated
metrics for the issues of interest; they complement the
conventional error norms and may be more appropriate and
useful when choosing a transport scheme for chemical-
transport modelling.

Although these test cases do not require the knowledge
of the analytical solution for the transport problem, we
exercise the mixing diagnostics with a recently developed
idealized flow field which is highly deformational
(Nair and Lauritzen 2010, hereafter referred to as NL10)
and where the analytical solution is known (at the end of
the simulation). Using an analytical flow field and the fact
that the true solution is known facilitates the application
of the multi-tracer mixing diagnostics in transport
scheme development and allows for the computation
of conventional error norms alongside the new mixing
diagnostics. The proposed test cases are illustrated using the
cubed-sphere version of the CSLAM (Conservative Semi-
LAgrangian Multi-tracer) scheme (Lauritzen et al. 2010).
Obviously any global transport scheme on the sphere could
be used for this demonstration.

The paper is organized as follows. In section 2 we
introduce the transport equation and associated notation,
discuss preexisting functional relations and define the new
mixing diagnostics. The idealized test case setup using an
analytical wind field and spatial distributions is described
in section 3. Mixing diagnostics for the idealized test case
suite using the CSLAM scheme are presented in section 4.
Section 5 contains a discussion and conclusions.

2. Method

2.1. Continuous and discretized transport equations

Consider a transport scheme that approximates the solution
to the continuity equation for an inert (no sources or sinks)
and passive (tracer does not feed back on the flow) tracer,

∂(ρφ)

∂t
+ ∇ · (ρφV) = 0, φ = χ, ξ, ζ (1)

where ρ is the air density, V is the flow velocity vector,
and φ = χ, ξ, ζ is the tracer mixing ratio for the different
interrelated tracers considered in this paper. The continuity
equation (1) is written in flux-form; however, the transport
scheme may be based on the continuity equation in another
form (e.g., advective form). To ‘extract’ the mixing ratio φ
from (1) obviously requires the solution to the continuity
equation for air density ρ (see, e.g., NL10 for details). All
analysis in this test case suite is based on mixing ratio φ and
not tracer density ρ φ.

Assume that the spatial domain is discretized with N
points/cells so that each point/cell holds mixing ratios χk,
ξk, and ζk , k = 1, .., N . The range of values taken by χk,
k = 1, .., N at the initial time is denoted [χ(min),χ(max)]
and similarly for ξk and ζk.

Let T be the discrete transport operator that advances
the numerical solution for φ at grid point k in time

φn+1
k = T (φn

j ), j ∈ H, (2)

where n is the time-level index and H is the set of indices
defining the stencil required by T to update φk . A solution
to (2) requires an initial condition, a specified velocity
field and may also require the solution to the continuity
equation for air density ρ. In this paper the proposed test
cases are two-dimensional and the diagnostics are described
for the two-dimensional case; but note that the diagnostics
generalize straightforwardly to the three-dimensional case.

2.2. Mixing for a single tracer

Before discussing mixing between tracers, it is interesting
to note that single tracer mixing can be quantified using an
entropy measure

Sφ = −kB

N∑

k=1

φk log φk ρk∆Ak, (3)

where kB is Boltzmann’s constant and∆Ak is the spherical
area of grid cell k. For simplicity we assume a unit sphere
(radius one) for the computation of Sφ.

If there are no numerical errors, the entropy is
conserved in time. Exact conservation of entropy may
be realized by a fully Lagrangian scheme that tracks
Lagrangian areas through-out the integration. In that case,
ρk∆Ak is constant at all times for a given Lagrangian cell
k moving with the flow (there is no flux of mass across
the Lagrangian cell boundaries) and following fluid parcels
φk is conserved indefinitely. For other kinds of schemes
truncation errors will change the entropy. Real mixing can
only increase the entropy, and Sφ is maximized (for a given
total tracer mass) when φ is uniform. Typically, transport
schemes tend to smooth gradients in φ and there will be a
tendency for Sφ to increase due to numerical smoothing or
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Figure from (Lauritzen and Thuburn, 2012)

Show animation from idealized test case (Lauritzen and Thuburn, 2012; Lauritzen et al., 2012)
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Derivation form

‘Most fundamental equations in fluid dynamics can derived from first principles in either a Eulerian
form or an Lagrangian form’ - (see, e.g., text book of Durran, 1999)

Basic Dynamics-II
John Thuburn

Eulerian and Lagrangian timescales

Euler

Lagrange

Page 14

Figure courtesy of J. Thuburn.
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Derivation form

Consider the continuity equation for some inert (no sources/sinks) and passive (does not feed
back on the flow) tracer

semi-Lagrangian form Eulerian (flux) form

For simplicity assume a quadrilateral mesh and leave out the ‘details’ of spherical geometry.

Only consider two-time-level finite-volume schemes
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Finite-volume approach: Integrate in space

semi-Lagrangian form Eulerian (flux-form) form

(b)(a)

D

Dt

∫
A(t)

ψ dA = 0.

where A(t) is a Lagrangian† control
volume and

D

Dt
=

∂

∂t
+ ~v · ∇,

is the material/total derivative.

(c) (d)

(b)(a)

kA A

k ako=2
kA

A

k

kï1

ako=3

ako=4

ak

A

o=1

Integrate

∂ψ

∂t
+∇ · (ψ~v) = 0

over an Eulerian control volume Ak :

∂

∂t

∫
Ak

ψ dA +

∫
Ak

∇ · (ψ~v) dA = 0.

†
volume whose bounding surface moves with the local fluid velocity ⇔ volume which always contains the same material particles
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Finite-volume approach: Integrate in space

semi-Lagrangian form Eulerian (flux-form) form

(b)(a)

D

Dt

∫
A(t)

ψ dA = 0.

where A(t) is a Lagrangian† control
volume and

D

Dt
=

∂

∂t
+ ~v · ∇,

is the material/total derivative.

(c) (d)

(b)(a)

kA A

k ako=2
kA

A

k

kï1

ako=3

ako=4

ak

A

o=1

Apply divergence theorem on second term:

∂

∂t

∫
Ak

ψ dA +

∮
∂Ak

(ψ~v) · ~n dS = 0,

where ∂Ak is the boundary of Ak and ~n
the outward normal vector to ∂Ak .
→ instantaneous flux of tracer mass
through boundaries of Ak

†
volume whose bounding surface moves with the local fluid velocity ⇔ volume which always contains the same material particles
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Finite-volume approach: Integrate in time

semi-Lagrangian form Eulerian (flux-form) form

(b)(a)

∫
A(t+∆t)

ψ dA =

∫
A(t)

ψ dA,

where ∆t is time-step and t = n ∆t.

Upstream semi-Lagrangian approach:

ψ
n+1
k ∆Ak = ψ

n
k ∆ak ,

where () is average value over cell.

(c) (d)

(b)(a)

kA A

k ako=2
kA

A

k

kï1

ako=3

ako=4

ak

A

o=1

Apply divergence theorem on second term:

∂

∂t

∫
Ak

ψ dA +

∮
∂Ak

(ψ~v) · ~n dS = 0,

where ∂Ak is the boundary of Ak and ~n
the outward normal vector to ∂Ak .
→ instantaneous flux of tracer mass
through boundaries of Ak
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Finite-volume approach: Integrate in time

semi-Lagrangian form Eulerian (flux-form) form

(b)(a)

∫
A(t+∆t)

ψ dA =

∫
A(t)

ψ dA,

where ∆t is time-step and t = n ∆t.

Upstream semi-Lagrangian approach:

ψ
n+1
k ∆Ak = ψ

n
k ∆ak ,

where () is average value over cell.

(c) (d)

(b)(a)

kA A

k ako=2
kA

A

k

kï1

ako=3

ako=4

ak

A

o=1

∂

∂t

∫
Ak

ψ dA +

∮
∂Ak

(ψ~v) · ~n dS = 0,

ψ
n+1

∆Ak = ψ
n
∆Ak +∫ (n+1)∆t

n∆t

[∮
∂Ak

(ψ~v) · ~n dS

]
dt = 0,

→ flux of tracer mass through boundaries
of Ak during t ∈ [n∆t, (n + 1)∆t]
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Finite-volume approach:

semi-Lagrangian form Eulerian (flux-form) form

(b)(a)

∫
A(t+∆t)

ψ dA =

∫
A(t)

ψ dA,

where ∆t is time-step and t = n ∆t.

Upstream semi-Lagrangian approach:

ψ
n+1
k ∆Ak = ψ

n
k ∆ak ,

where () is average value over cell.

(c) (d)

(b)(a)

kA A

k ako=2
kA

A

k

kï1

ako=3

ako=4

ak

A

o=1

ψ
n+1
k ∆Ak = ψ

n
k ∆Ak −

4∑
τ=1

F
(τ)
k ,

where

F
(τ)
k = s

(τ)
k

∫
aτ

k

ψn(x , y) dA.

is flux of mass through face τ during ∆t,

and s
(τ)
k = ±1

for simplicity assume sτk is NOT multi-valued; for multi-valued case see, e.g., Harris et al. (2010).
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Finite-volume approach:

semi-Lagrangian form Eulerian (flux-form) form

(b)(a)

ψ
n+1
k ∆Ak = ψ

n
k ∆ak ,

(c) (d)

(b)(a)

kA A

k ako=2
kA

A

k

kï1

ako=3

ako=4

ak

A

o=1

ψ
n+1
k ∆Ak = ψ

n
k ∆Ak −

4∑
τ=1

F
(τ)
k ,

Note equivalence between Lagrangian cell-integrated and Eulerian flux-form continuity equations:

∆Ak −
4∑
τ=1

(
s

(τ)
k ∆a

(τ)
k

)
= ∆ak .

i.e. the areas involved in Eulerian forecast equals upstream Lagrangian area ak .
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Finite-volume approach:

semi-Lagrangian form Eulerian (flux-form) form
(b)(a)

ψ
n+1
k ∆Ak = ψ

n
k ∆ak ,

Define a global piecewise continuous
reconstruction function

ψ(x , y) =
N∑

k=1

IAk
ψk (x , y),

where IAk
is the indicator function

IAk
=

 1, (x , y) ∈ Ak ,

0, (x , y) /∈ Ak .

(c) (d)

(b)(a)

kA A

k ako=2
kA

A

k

kï1

ako=3

ako=4

ak

A

o=1

ψ
n+1
k ∆Ak = ψ

n
k ∆Ak −

4∑
τ=1

F
(τ)
k ,
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Finite-volume approach:

semi-Lagrangian form Eulerian (flux-form) form

(b)(a)

ψ
n+1
k ∆Ak = ψ

n
k ∆ak ,

ψ
n+1
k ∆Ak =

Lk∑
`=1

∫
ak`

ψn
` (x , y) dA.

where ak` is the non-empty overlap area

ak` = ak ∩ A`, ak` 6= ∅; ` = 1, . . . , Lk ,

where N is the number of cells in the
domain and Lk number of overlap areas.

(c) (d)

(b)(a)

kA A

k ako=2
kA

A

k

kï1

ako=3

ako=4

ak

A

o=1

ψ
n+1
k ∆Ak = ψ

n
k ∆Ak −

4∑
τ=1

F
(τ)
k ,
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Finite-volume approach:

semi-Lagrangian form Eulerian (flux-form) form

(b)(a)

ψ
n+1
k ∆Ak = ψ

n
k ∆ak ,

ψ
n+1
k ∆Ak =

Lk∑
`=1

∫
ak`

ψn
` (x , y) dA.

where ak` is the non-empty overlap area

ak` = ak ∩ A`, ak` 6= ∅; ` = 1, . . . , Lk ,

where N is the number of cells in the
domain and Lk number of overlap areas.

(c) (d)

(b)(a)

kA A

k ako=2
kA

A

k

kï1

ako=3

ako=4

ak

A

o=1

ψ
n+1
k ∆Ak = ψ

n
k ∆Ak −

4∑
τ=1

F
(τ)
k ,

F
(τ)
k =

L
(τ)
k∑
`=1

∫
ak`

ψn
` (x , y) dA,

where Lτk is number of non-empty ‘flux’
overlap areas for face τ .

Note that in general: Lk �
∑4
τ=1 L

(τ)
k
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Finite-volume approach: Conditions for inherent mass-conservation

semi-Lagrangian form Eulerian (flux-form) form

(b)(a)

ψ
n+1
k ∆Ak = ψ

n
k ∆ak ,

ak ’s span Ω without gaps/overlaps

N⋃
k=1

ak = Ω, and ak ∩ a` = ∅ ∀ k 6= `.

Sub-grid-scale representation of ψ
must integrate to cell-average mass∫

Ak

ψn
k (x , y) dA = ψ

n
k ∆A,

(c) (d)

(b)(a)

kA A

k ako=2
kA

A

k

kï1

ako=3

ako=4

ak

A

o=1

ψ
n+1
k ∆Ak = ψ

n
k ∆Ak −

4∑
τ=1

F
(τ)
k ,

Fluxes for ‘shared’ faces must cancel,
e.g.,

F
(3)
k = −F

(1)
k−1

Any flux, even highly inaccurate fluxes,
will NOT violate mass-conservation!
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Finite-volume approach: Enforcing shape-preservation

semi-Lagrangian form Eulerian (flux-form) form

(b)(a)

ψ
n+1
k ∆Ak = ψ

n
k ∆ak ,

The only direct way of enforcing
shape-preservation is to filter the
sub-grid-scale distribution ψn

k (x , y):

fully 2D filters (Barth and Jespersen, 1989)

1D filters for cascade schemes
(Colella and Woodward, 1984; Zerroukat et al., 2005; Lin

and Rood, 1996)

(c) (d)

(b)(a)

kA A

k ako=2
kA

A

k

kï1

ako=3

ako=4

ak

A

o=1

ψ
n+1
k ∆Ak = ψ

n
k ∆Ak −

4∑
τ=1

F
(τ)
k ,

Shape-preservation can be enforced by

blending monotone and high-order
fluxes (e.g., Flux-Corrected Transport Zalesak, 1979)

making ψn
k (x , y) shape-preserving

(Barth and Jespersen, 1989)
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Finite-volume approach: Area approximation

(a)

(c) (d)

(b)

(a) Exact

(b) Straight lines (Rančić, 1992; Lauritzen et al., 2010)

(c) Step-functions for ‘North/South’
faces & straight lines parallel to
‘longitudes’ for ‘East/West’ faces
(Nair and Machenhauer, 2002).

(d) Cascade (flow-split)
(Nair et al., 2002; Zerroukat et al., 2002)
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Fig. 8.10 A schematic illustration of different ux approximations, parallelogram (a,b,d,e) and
quadrilateral (g,h,j,k) ux-areas, and the equivalent upstream Lagrangian areas (f,l). The equivalent
upstream areas are computed by taking the sum of all areas involved in the forecast (a,b,c,d,e)
or (g,h,i,j,k) with appropriate signs (see equation (8.36)). The velocity vectors used for the ux
computations are also shown. The exact upstream Lagrangian cell (open circles connected with
curved lines) is also shown although it is not explicitly used in the ux-form schemes.

Fully two-dimensional ux-area approximations

The fully two-dimensional ux-area approximations can be divided into two cate-
gories. Firstly, one in which one face-centered velocity vector per face is used to
trace back the ux-area and, secondly, the approach in which the vertices of the face
are traced upstream to compute the ux-area. The rst approach only has one degree
of freedom for the ux-areas whereas the latter approach has two. Consequently the
resulting ux-areas are parallelograms and arbitrary quadrilaterals, respectively, for
the two approaches. An elaboration is given below.
Recently, Miura (2007) suggested to approximate the ux-areas from a face-

centered wind velocity. So the two vertices of the face would have identical up-
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upstream areas are computed by taking the sum of all areas involved in the forecast (a,b,c,d,e)
or (g,h,i,j,k) with appropriate signs (see equation (8.36)). The velocity vectors used for the ux
computations are also shown. The exact upstream Lagrangian cell (open circles connected with
curved lines) is also shown although it is not explicitly used in the ux-form schemes.

Fully two-dimensional ux-area approximations

The fully two-dimensional ux-area approximations can be divided into two cate-
gories. Firstly, one in which one face-centered velocity vector per face is used to
trace back the ux-area and, secondly, the approach in which the vertices of the face
are traced upstream to compute the ux-area. The rst approach only has one degree
of freedom for the ux-areas whereas the latter approach has two. Consequently the
resulting ux-areas are parallelograms and arbitrary quadrilaterals, respectively, for
the two approaches. An elaboration is given below.
Recently, Miura (2007) suggested to approximate the ux-areas from a face-

centered wind velocity. So the two vertices of the face would have identical up-

(g-k) Quadrilateral flux-areas (Dukowicz and

Baumgardner, 2000; Harris et al., 2010)

(l) ‘Effective’ departure area
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Finite-volume approach: Area approximation

(a)

(c) (d)

(b)

(a) Exact

(b) Straight lines (Rančić, 1992; Lauritzen et al., 2010)

(c) Step-functions for ‘North/South’
faces & straight lines parallel to
‘longitudes’ for ‘East/West’ faces
(Nair and Machenhauer, 2002).

(d) Cascade (flow-split)
(Nair et al., 2002; Zerroukat et al., 2002)

(j) (k) (l)
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a
k
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k
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a
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(g-k) ‘Curved’ (parabolic) flux-areas
(Ullrich et al., 2012)

(l) ‘Effective’ departure area
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Finite-volume approach: Area approximation
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computations are also shown. The exact upstream Lagrangian cell (open circles connected with
curved lines) is also shown although it is not explicitly used in the ux-form schemes.

Fully two-dimensional ux-area approximations

The fully two-dimensional ux-area approximations can be divided into two cate-
gories. Firstly, one in which one face-centered velocity vector per face is used to
trace back the ux-area and, secondly, the approach in which the vertices of the face
are traced upstream to compute the ux-area. The rst approach only has one degree
of freedom for the ux-areas whereas the latter approach has two. Consequently the
resulting ux-areas are parallelograms and arbitrary quadrilaterals, respectively, for
the two approaches. An elaboration is given below.
Recently, Miura (2007) suggested to approximate the ux-areas from a face-

centered wind velocity. So the two vertices of the face would have identical up-
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Fig. 8.10 A schematic illustration of different ux approximations, parallelogram (a,b,d,e) and
quadrilateral (g,h,j,k) ux-areas, and the equivalent upstream Lagrangian areas (f,l). The equivalent
upstream areas are computed by taking the sum of all areas involved in the forecast (a,b,c,d,e)
or (g,h,i,j,k) with appropriate signs (see equation (8.36)). The velocity vectors used for the ux
computations are also shown. The exact upstream Lagrangian cell (open circles connected with
curved lines) is also shown although it is not explicitly used in the ux-form schemes.

Fully two-dimensional ux-area approximations

The fully two-dimensional ux-area approximations can be divided into two cate-
gories. Firstly, one in which one face-centered velocity vector per face is used to
trace back the ux-area and, secondly, the approach in which the vertices of the face
are traced upstream to compute the ux-area. The rst approach only has one degree
of freedom for the ux-areas whereas the latter approach has two. Consequently the
resulting ux-areas are parallelograms and arbitrary quadrilaterals, respectively, for
the two approaches. An elaboration is given below.
Recently, Miura (2007) suggested to approximate the ux-areas from a face-

centered wind velocity. So the two vertices of the face would have identical up-

(g-k) Parallelogram flux-areas (Miura, 2007;

Skamarock and Menchaca, 2010)

(l) ‘Effective’ departure area
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Finite-volume approach: Area approximation

(a)

(c) (d)

(b)

(a) Exact

(b) Straight lines (Rančić, 1992; Lauritzen et al., 2010)

(c) Step-functions for ‘North/South’
faces & straight lines parallel to
‘longitudes’ for ‘East/West’ faces
(Nair and Machenhauer, 2002).

(d) Cascade (flow-split)
(Nair et al., 2002; Zerroukat et al., 2002)
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consists of three rectangles, so there are two “jumps” in the north and south walls, respec-
tively. The Machenhauer and Olk [1998] scheme only has one “jump” in the north and
south wall. For a divergent flow field, this advantage would no longer appear. Similarly,
the direction of the cascade sweeps influences the degree of local mass conservation.

In Section 2.3.2.1, the “locality” of the flux-based scheme of Lin and Rood [1996]
is assessed on the present test case. The results in Fig. 2.11 show the actual areas of
information needed to obtain a forecast using that transport scheme and the wind field
in Eq. (2.24). It can be seen in this case that the effective departure area is substantially
more spread out than those of the DCISL schemes in Fig. 2.10.

2.3.1.4. Stability analysis Although the PPM is a widely used numerical method, there
has not been performed a Von Neumann stability analysis of that method, as far the

P

L

O

(a)

(c) (d)
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H
I E
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C!N B!

HI! E!

D M! A!

21

Fig. 2.11 A graphical illustration of the Lin and Rood [1996] scheme for the idealized test case for assessing
the degree of local mass conservation. The arrival cell is the north-eastern most regular grid cell in all plots. The
capital letters on (a) and (b) refer to the vertices located south-west of the letter in question except for J’ and N’
that refer to the vertice to the south-east of the letter in question. The notation ABCD will refer to the average

value in the cell with vertices atA, B, C, and D. (a) and (c) illustrate XC

[
½
(
ψ

n + ψAY

)]
, whereψAY (yellow

area) is computed using an advective operator. (a) Following the conceptual illustration of Leonard, Lock and

Macvean [1996], XC

[
½
(
ψ

n + ψAY

)]
is given by ½

(
DCOP + HGKL

)
− ½

(
ABNM + EFJI

)
. (c) shows

the cell averages with weight one (dark blue), half (light blue), minus one (red), and minus half (light red), for the

contribution from XC . (b) Similarly for YC , we get that YC

[
½
(
ψ

n + ψAX

)]
= ½

(
BF ′G′C + N ′J ′K′O′

)
−

½
(
AE′H ′D + M′I ′L′P ′

)
and the green area is ψAX. (d) shows the final forecast with the same coloring

as in (c). The red rectangle is the exact departure area. (See also color insert).

Figure from Machenhauer et al. (2009)

(a-c) Dimensionally split scheme
(Lin and Rood, 1996):
Flux-areas area combinations of
rectangles aligned with grid lines

(d) ‘Effective’ departure area
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Finite-volume approach: Geometric and reconstruction errors

z-axis

x-axis
y-axis

z-axis

(a)

Geometric error Reconstruction error

(b)

‘geometric error’: how well is the upstream Lagrangian area / flux areas approximated

‘reconstruction error’: how well is the sub-grid-scale distribution approximated
(methods for reconstructions was discussed in P.A. Ullrich’s lecture 1)

Typically:

for lower-order reconstruction functions the ‘reconstruction error’ � ‘geometric error’

the smaller the Courant number (∆t) the smaller the ‘geometric error’

for higher-order reconstruction functions and shear flows (deformational) the ‘geometric
error’ can be significant (Ullrich et al., 2012)
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Further simplifications for flux-form approaches (Margolin and Shashkov, 2003)

Recall: we can do anything we want with the fluxes as long as F
(3)
k = −F

(1)
k−1

(1)

k1

k2

k3

(1)

(1)a

a

a

‘Rigorous’ flux for face 1 (τ = 1):

F
(1)
k =

3∑
`=1

∫
ak`

ψn
` (x , y) dA.

For ∆t sufficiently small:

∆ak2 � ∆ak1 and ∆ak2 � ∆ak3

→ simplify flux-integration by only using one
upstream reconstruction function:

F
(1)
k ≈ F (1)

k =

∫
ak1∪ak2∪ak3

ψn
2 (x , y) dA.

ψn
2 is extrapolated over ak1 and ak3.

note: the search for overlap areas has almost been eliminated in F (1)
k

F (1)
k stable for Courant numbers approximately less than 1

2
(∆ak2 > ∆ak1 + ∆ak3) (Lauritzen et al., 2011a)

F (1)
k can be slightly more accurate than F

(1)
k (Lauritzen et al., 2011a)
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Time-stepping and coupling: stability

The η-coordinate atmospheric primitive equations, neglecting dissipation and forcing terms:

∂~v

∂t
+ (ζ + f ) k̂×~v +∇

(
1

2
~v2 + Φ

)
+ η̇

∂~v

∂η
+

RTv

p
∇p = 0 (1)

∂T

∂t
+ ~v · ∇T + η̇

∂T

∂η
− RTv

c∗p p
ω = 0 (2)

∂

∂t

(
∂p

∂η

)
+∇ ·

(
∂p

∂η
~v

)
+

∂

∂η

(
η̇
∂p

∂η

)
= 0 (3)

∂

∂t

(
∂p

∂η
q

)
+∇ ·

(
∂p

∂η
q~v

)
+

∂

∂η

(
η̇
∂p

∂η
q

)
= 0. (4)

Continuity equation for air is coupled with momentum and thermodynamic equations:
thermodynamic variables and other prognostic variables feed back on the velocity field

which, in turn, feeds back on the solution to the continuity equation.

Hence the continuity equation for air can not be solved in isolation and one must obey the maximum allowable time-step restrictions imposed

by the fastest waves in the system.

The passive tracer transport equation can be solved in isolation given prescribed winds and
air densities, and is therefore not susceptible to the time-step restrictions imposed by the
fastest waves in the system.
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Time-stepping and coupling: consistency

Continuity equation for air density ρ

∂ρ

∂t
+∇ · (ρ~v) = 0, (1)

and a tracer with mixing ratio q

∂(ρ q)

∂t
+∇ · (ρ q ~v) = 0, (2)

In continuous space:

q = 1 ⇒ continuity equation for (ρ q) reduces to continuity equation for air (ρ)

It is considered desirable that discretization schemes obey this relation:

‘free-stream’ preserving or ‘consistent’ tracer transport.

Note: ‘complete consistency’ is obtained if air density and tracer mass continuity equations
are solved using the same numerical method, on the same discretization grid, and using the
same time-steps (everything is ‘in sync’ !).
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Time-stepping and coupling:

semi-Lagrangian form Eulerian (flux-form) form
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Time-stepping and coupling: mass-conservative semi-implicit approach

Traditionally: semi-Lagrangian advection of ρ is combined with semi-implicit time-stepping:

ρn+1
k =

(
ρn+1

k

)
exp
− ∆t

2
ρ00

(
∇ · ~vn+1

k −∇ · ṽn+1
k

)
,

where

ρ00 a constant reference density

(·)exp is the explicit prediction

~̃vn+1 velocity extrapolated to time-level (n + 1)

What about tracers?

Solving continuity equation for (ρ q) explicitly

ρ qn+1
k ∆Ak = ρ qn

k ∆ak

is NOT ‘free-stream’ preserving!

Using ‘traditional’ semi-implicit approach for tracers

ρ qn+1
k ∆Ak = ρ qn

k ∆ak −
∆t

2
(ρ q)00

(
∇ · ~vn+1

k −∇ · ~̃vn+1
k

)
.

is problematic (Lauritzen et al., 2008).
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Time-stepping and coupling: mass-conservative semi-implicit approach

Traditionally: semi-Lagrangian advection of ρ is combined with semi-implicit time-stepping:

ρn+1
k =

(
ρn+1

k

)
exp
− ∆t

2

{
∇ ·
[(
ρn+1

k

)
exp
~vn+1

k

]
−∇ ·

[
(ρn

k )exp ṽn+1
k

]}
.

where

ρ00 a constant reference density

(·)exp is the explicit prediction

~̃vn+1 velocity extrapolated to time-level (n + 1)

What about tracers?

A solution is to formulate the semi-implicit terms in flux-form

ρ qn+1
k =

(
ρ qn+1

k

)
exp
− ∆t

2

{
∇ ·
[(
ρ qn+1

k

)
exp
~vn+1

k

]
−∇ ·

[
(ρ qn

k )exp ~̃v
n+1
k

]}
.

so that reference states are eliminated (Wong et al., 2012)
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Time-stepping and coupling: Eulerian flux-form
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n

time

flow direction

ρ

ρ

For efficiency, sub-cycle dynamics with respect to tracers:

Solve continuity equation for air ρ together with momentum and thermodynamics equations.

Repeat ksplit times

Brown area = average flow of mass through cell face.

Compute time-averaged value of q across brown area using flux-form scheme: < q >.

Flux of tracer mass: < q >×∑ksplit
i=1 ρn+i/ksplit

Yields ‘free stream’ preserving solution!

Peter Hjort Lauritzen (NCAR) Tracer Advection I August 7, 2012 17 / 20



Time-stepping and coupling: Eulerian flux-form
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For efficiency, sub-cycle dynamics with respect to tracers:

Solve continuity equation for air ρ together with momentum and thermodynamics equations.

Repeat ksplit times

Brown area = average flow of mass through cell face.

Compute time-averaged value of q across brown area using flux-form scheme: < q >.

Flux of tracer mass: < q >×∑ksplit
i=1 ρn+i/ksplit

Yields ‘free stream’ preserving solution!
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Time-stepping and coupling: Eulerian flux-form
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For efficiency, sub-cycle dynamics with respect to tracers:

Solve continuity equation for air ρ together with momentum and thermodynamics equations.

Repeat ksplit times

Brown area = average flow of mass through cell face.

Compute time-averaged value of q across brown area using flux-form scheme: < q >.

Flux of tracer mass: < q >×∑ksplit
i=1 ρn+i/ksplit

Yields ‘free stream’ preserving solution!
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Time-stepping and coupling: Eulerian flux-form
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For efficiency, sub-cycle dynamics with respect to tracers:

Solve continuity equation for air ρ together with momentum and thermodynamics equations.

Repeat ksplit times

Brown area = average flow of mass through cell face.

Compute time-averaged value of q across brown area using flux-form scheme: < q >.

Flux of tracer mass: < q >×∑ksplit
i=1 ρn+i/ksplit

Yields ‘free stream’ preserving solution!
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Time-stepping and coupling: Eulerian flux-form
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For efficiency, sub-cycle dynamics with respect to tracers:

Solve continuity equation for air ρ together with momentum and thermodynamics equations.

Repeat ksplit times

Brown area = average flow of mass through cell face.

Compute time-averaged value of q across brown area using flux-form scheme: < q >.

Flux of tracer mass: < q >×∑ksplit
i=1 ρn+i/ksplit

Yields ‘free stream’ preserving solution!

Peter Hjort Lauritzen (NCAR) Tracer Advection I August 7, 2012 17 / 20



Time-stepping and coupling: Eulerian flux-form
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For efficiency, sub-cycle dynamics with respect to tracers:

Solve continuity equation for air ρ together with momentum and thermodynamics equations.

Repeat ksplit times

Brown area = average flow of mass through cell face.

Compute time-averaged value of q across brown area using flux-form scheme: < q >.

Flux of tracer mass: < q >×∑ksplit
i=1 ρn+i/ksplit

Yields ‘free stream’ preserving solution!
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Questions?
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