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Finite-volume Lagrangian form of continuity equation for  = ⇢, ⇢�:
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What’s	
  going	
  on?	
  

	
  
•  Finite-­‐volume	
  transport	
  in	
  CAM-­‐SE	
  	
  
•  Specified	
  dynamics	
  op?on	
  in	
  CAM-­‐SE	
  

(PI:	
  J.-­‐F.	
  Lamarque)	
  

•  Idealized	
  tes?ng	
  to	
  assess	
  accuracy:	
  
	
  
	
  -­‐	
  2D:	
  prescribed	
  winds,	
  passive	
  transport	
  (large	
  community	
  involvement)	
  
	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Prescribed	
  2D	
  passive	
  linear	
  advec?on	
  op?on	
  in	
  CAM-­‐SE/FV	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (PI:	
  J.-­‐F.	
  Lamarque)	
  
	
  

	
   	
  -­‐	
  3D:	
  Transport	
  and	
  mixing	
  of	
  chemical	
  air	
  masses	
  in	
  idealized	
  baroclinic	
  life	
  cycles	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (L.	
  Polvani);	
  Evalua?ng	
  CAM-­‐SE	
  and	
  CAM-­‐FV	
  (PI:	
  J.-­‐F.	
  Lamarque)	
  
	
  	
  
	
  

	
  -­‐	
  Idealized	
  non-­‐linear	
  chemistry	
  test	
  case	
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Conserva?ve	
  Semi-­‐LAgrangian	
  Mul?-­‐tracer	
  transport	
  scheme	
  
(CSLAM;	
  Lauritzen	
  et	
  al.,	
  2010)	
  

•  Passive	
  and	
  inert	
  tracer	
  transport	
  with	
  CSLAM	
  is	
  now	
  working	
  in	
  
HOMME*	
  (Erath	
  et	
  al.,	
  2012)	
  using	
  spectral	
  element	
  winds.	
  
	
  Conservative Semi-LAgrangian Multi-tracer (CSLAM); Lauritzen et al. (2010)

(a) (b)

Finite-volume Lagrangian form of continuity equation for  = ⇢, ⇢�:
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can be re-used for each additional tracer (Dukowicz and Baumgardner, 2000)

CSLAM is stable for long time-steps (CFL>1)

CSLAM is fully two-dimensional and can be extended to any spherical grid
constructed from great-circle arcs.
Cubed-sphere extension of CSLAM presented in Lauritzen et al. (2010)

The ‘line-integral’-approach provides an accurate and rigorous treatment of the metric terms (Ullrich, Lauritzen, Jablonowski, 2009)

CSLAM can be cast in flux-form (Harris et al., 2010): flux-limiters, sub-cycling.
for CFL<1 fluxes may be simplified while increasing accuracy! (Lauritzen et al., 2011a)
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*	
  HOMME	
  is	
  “providing”	
  the	
  spectral	
  element	
  dynamical	
  core	
  to	
  CAM-­‐SE	
  



Conserva?ve	
  Semi-­‐LAgrangian	
  Mul?-­‐tracer	
  transport	
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  al.,	
  2010)	
  

•  Passive	
  and	
  inert	
  tracer	
  transport	
  with	
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  is	
  now	
  working	
  in	
  
HOMME	
  (Erath	
  et	
  al.,	
  2012)	
  using	
  spectral	
  element	
  winds.	
  
-­‐	
  demonstrated	
  mul?-­‐tracer	
  efficiency	
  (Erath	
  talk	
  yesterday)	
  

	
  

Semi-Lagrangian schemes in HOMME/CAM-SE Performance/Comparison with Spectral Elements
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Conserva?ve	
  Semi-­‐LAgrangian	
  Mul?-­‐tracer	
  transport	
  scheme	
  
(CSLAM;	
  Lauritzen	
  et	
  al.,	
  2010)	
  

•  Passive	
  and	
  inert	
  tracer	
  transport	
  with	
  CSLAM	
  is	
  now	
  working	
  in	
  
HOMME	
  (Erath	
  et	
  al.,	
  2012)	
  using	
  spectral	
  element	
  winds.	
  
-­‐	
  demonstrated	
  mul?-­‐tracer	
  efficiency	
  (Erath	
  talk	
  yesterday)	
  

•  High	
  resolu?on	
  ill-­‐condi?oning	
  of	
  analy?cal	
  line-­‐integrals	
  	
  
	
  	
  	
  	
  	
  -­‐>	
  change	
  all	
  line-­‐integrals	
  to	
  Gaussian	
  quadrature	
  and	
  locally	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  enforce	
  mass-­‐consistency	
  (Erath	
  et	
  al.,	
  2013,	
  revising)	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  -­‐	
  change	
  does	
  not	
  affect	
  locality	
  and	
  accuracy,	
  and	
  scalability	
  

Semi-Lagrangian schemes in HOMME/CAM-SE Semi-Lagrangian Remapping Scheme

Mass-Conservation for High-Order High-Resolution
Remapping Schemes

calculated by analytical
expression → mandatory for
mass conservation:

e.g., antiderivative for high order
weights:

−y arsinh
(

x√
1+y2

)
−

arccos
(

x√
1+x2

y√
1+y2

)

Stability problems!
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  mass-­‐consistency	
  (Erath	
  et	
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  -­‐	
  change	
  does	
  not	
  affect	
  locality	
  and	
  accuracy,	
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  scalability	
  
	
  

•  So	
  why	
  are	
  we	
  not	
  showing	
  AMIP	
  simula?ons	
  with	
  CSLAM?	
  



CSLAM	
  coupling	
  with	
  spectral	
  element	
  dynamics	
  (1/2)	
  
(work	
  in	
  progress)	
  

•  Equiangular	
  finite-­‐volume	
  physics	
  grid	
  in	
  CAM-­‐SE	
  
	
  
	
  
	
  

	
  
	
  
	
  	
  	
  	
  	
  When	
  I/O	
  and	
  physics	
  on	
  finite-­‐volume	
  grid	
  is	
  working	
  in	
  CAM-­‐SE,	
  	
  
	
  	
  	
  	
  	
  CSLAM	
  transport	
  (without	
  SE-­‐CSLAM	
  air	
  density	
  coupling)	
  should	
  be	
  
	
  	
  	
  	
  	
  available.	
  
•  without	
  SE-­‐CSLAM	
  air	
  density	
  coupling?	
  CSLAM	
  evolves	
  its	
  own	
  density	
  and	
  CAM-­‐SE	
  evolves	
  

it	
  own	
  density	
  
(this	
  inconsistency	
  appears	
  when	
  using	
  different	
  numerical	
  methods	
  and/or	
  different	
  ?me-­‐
steps	
  for	
  air	
  and	
  tracers)	
  

Rotated test cases and dynamical core intercomparisons 13

Figure 4: (left) A graphical illustration of the Gauss-Legendre-Lobatto quadrature points (red unfilled circles) in an
element (blue boundary) of the HOMME model. (right) The mapping of every element onto the sphere. Green lines

are the boundary of the cubed-sphere faces.

machine precision) and total energy conservative (to the

truncation error of the time-integration scheme) (Tay-

lor et al. 2007, Taylor et al. 2008). The cubed-sphere

grid consists of elements with boundaries defined by an
equiangular gnomonic grid (Nair et al. 2005) and each

element has (p + 1) × (p + 1) Gauss-Legendre-Lobatto
quadrature points. The positions of the Gauss-Legendre-

Lobatto quadrature points in each element are depicted

in Fig. 4. For the simulations presented here p = 3 is
used and the resolution is determined by h, the num-
ber of elements along a face side. The grid spacing at

the equator is approximately 90◦/(h ∗ p) hence the ap-
proximately 1

◦
solutions use h = 30 and p = 3. The

model applies fourth-order linear horizontal diffusion to

the prognostic variables u, v and T . The diffusion coeffi-
cient is tuned empirically with the help of kinetic energy

spectra as done in CAM EUL.

3.3. Icosahedral grid models
Two icosahedral-grid based models are tested with three

model variants. Among them is the model ICON that is
under development at the Max-Planck Institute for Me-

teorology, Germany, and the German Weather Service

DWD. Some documentation on ICON is given in Wan

(2009). The second model labeled CSU has been de-

veloped at the Colorado State University, Fort Collins,

U.S.. Here two model variant of CSU are assessed that
use different vertical coordinates. The icosahedral grids

are special types of geodesic grids where an icosahedron

inscribed in a sphere is subdivided recursively to form a

quasi-uniform grid of triangles. In the CSU model the

grid resolution is specified in terms of the number of
refinement levels of the icosahedron that initially con-
sists of 20 triangles. Each refinement level subdivides
the mesh, thereby doubling its resolution. The hexago-

nal grid is the dual of the triangular grid. It is created by

connecting the centroids of the triangles sharing a vertex

with great circle arcs. It consists primarily of hexagons

and 12 pentagons. If ! is the number of bisections of an
original icosahedral edge the number of hexagonal grid

cells is given by

2 + 10 × 4!. (3.2)

A resolution of approximately 1◦ is obtained with ! = 6
(40962 cells) corresponding to a minimum and maxi-

mum grid point distance between the cell centers of 110

km and 132 km, respectively. The number of triangles in

this grid is given by

20 × 4!
(3.3)

which corresponds to 81920 triangles for ! = 6. Note
that the ICON results discussed in this paper are based

on a slightly different distribution of the triangular grid

cells. The main difference is the initial refinement strat-
egy for the icosahedron. Instead of bisecting the grid,

the original icosahedron is first split by a factor of three
along each edge before further recursive bisections are

introduced. If m = ! − 2 = 4 is the number of bisec-
tions after the initial 3-way split the number of triangular

cells nc, triangle edges ne and triangle vertices nv is then

Journal of Advances in Modeling Earth Systems – Discussion

Semi-Lagrangian schemes in HOMME/CAM-SE Integrating CSLAM in HOMME

Different Halo Zone and Grid
because of the departure cell and the reconstruction.

Finite volume grid
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CSLAM	
  coupling	
  with	
  spectral	
  element	
  dynamics	
  (2/2)	
  
(and	
  specified	
  dynamics	
  op?on	
  in	
  CAM-­‐SE)	
  

•  Con?nuity	
  equa?on	
  for	
  air	
  and	
  tracer	
  (rho=density,	
  phi=mixing	
  ra?o):	
  

•  If	
  phi=1	
  then	
  tracer	
  equa?on	
  should	
  reduce	
  to	
  air	
  density	
  equa?on	
  
•  Similarly	
  for	
  specified	
  dynamics:	
  offline	
  data	
  wind-­‐mass	
  balance	
  does	
  

not	
  equal	
  the	
  dynamical	
  core	
  wind-­‐mass	
  balance	
  
(M.	
  Prather,	
  P.	
  Cameron-­‐Smith)	
  

•  A	
  “safe”	
  solu?on	
  for	
  SE-­‐CSLAM	
  coupling:	
  move	
  to	
  Flux-­‐Form	
  version	
  
of	
  CSLAM	
  (FF-­‐CSLAM;	
  Harris	
  et	
  al.,	
  2011)	
  and	
  use	
  well-­‐known	
  and	
  
well-­‐tested	
  finite-­‐volume	
  “flux-­‐tricks”	
  

	
  

CAM-­‐SE	
  

CSLAM	
  



Accuracy	
  of	
  transport	
  
Idealized	
  passive	
  transport	
  test	
  case	
  suite	
  	
  
designed	
  to	
  assess:	
  
	
  

	
  -­‐	
  numerical	
  order	
  of	
  convergence	
  
	
  -­‐	
  `minimal’	
  resolu?on	
  	
  
	
  -­‐	
  ability	
  to	
  transport	
  ‘rough’	
  distribu?ons	
  
	
  -­‐	
  ability	
  to	
  preserve	
  pre-­‐exis?ng	
  func?onal	
  	
  

	
  	
  	
  	
  	
  	
  	
  	
  rela?ons	
  between	
  species,	
  
	
  -­‐	
  ability	
  to	
  preserve	
  filaments	
  

	
  
under	
  challenging	
  flow	
  condi?ons	
  
(Lauritzen,	
  Skamarock,	
  Prather	
  and	
  Taylor,	
  2012)	
  
(Nair	
  and	
  Lauritzen,	
  2010)	
  



Accuracy	
  of	
  transport:	
  workshop	
  



Accuracy	
  of	
  transport:	
  workshop	
  



Accuracy	
  of	
  transport:	
  workshop	
  

HOMME	
  and	
  CAM-­‐SE	
  codes	
  are	
  iden?cal,	
  however,	
  
different	
  hyper-­‐viscosity	
  coefficients	
  and	
  

polynomial	
  order:	
  	
  
	
  

CAM-­‐SE	
  is	
  running	
  with	
  default	
  climate	
  setup!	
  	
  



14 LAURITZEN et al.: Results from standard test case suite
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Fig. 3. Histogram of minimal resolution ��

m

(upper), K
i

, i= 2,1 which are the ‘optimal’ convergence rates for `2 (middle) and `1
(lower), for the unlimited (‘un’, red) and shape-preserving (‘sp’, green) versions of the schemes. The histogram is ordered monotonically
according to ��

m

for the unlimited schemes so that �� decreases from left to right. For schemes for which unlimited results are not
available, ��

m

for the shape-preserving scheme is used for the purpose of ordering (schemes concerned are: CAM-FV, HEL, HEL-ND,
UCISOM, UCISOM-CS) and a placeholder value of 0.0 is used in all histograms.

ing ratio values that span the entire range from the back-
ground value of 0.1 to the peak value, �= 1.0. Slotted-

cylinder initial conditions, for example, only has two values
in its initial condition and simulations using that initial con-
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Fig. 3. Histogram of minimal resolution ��

m

(upper), K
i

, i= 2,1 which are the ‘optimal’ convergence rates for `2 (middle) and `1
(lower), for the unlimited (‘un’, red) and shape-preserving (‘sp’, green) versions of the schemes. The histogram is ordered monotonically
according to ��

m

for the unlimited schemes so that �� decreases from left to right. For schemes for which unlimited results are not
available, ��

m

for the shape-preserving scheme is used for the purpose of ordering (schemes concerned are: CAM-FV, HEL, HEL-ND,
UCISOM, UCISOM-CS) and a placeholder value of 0.0 is used in all histograms.

ing ratio values that span the entire range from the back-
ground value of 0.1 to the peak value, �= 1.0. Slotted-

cylinder initial conditions, for example, only has two values
in its initial condition and simulations using that initial con-
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minimal resolution versus convergence rate
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shape-preserving

Fig. 4. ‘Scatter-like’ plot of the data shown has histograms on Fig-
ure 3 upper and middle rows. Each scheme is represented by a point
on the plot with (x,y) coordinates (��

m

,K2). For clarity each point
is not labeled with scheme acronym. The purpose of this Figure is
to show that there is not necessary a correlation between ‘optimal’
convergence rate and ‘minimal’ resolution.

dition would therefore not give information on how well the
scheme maintains continuous and varying gradients.

The perfect scheme will have `

f

close to 100 for all val-
ues of ⌧ . We say ‘close’ to 100 and not exactly equal to 100
since for Eulerian/semi-Lagrangian schemes that use a fixed
grid one would need to truncate the exact Lagrangian solu-
tion (for which `

f

=100 for all t) to the fixed Eulerian grid
for the computation of `

f

; however, that truncation error is
likely orders of magnitude below the numerical truncation
errors (numerical diffusion and dispersion errors) introduced
by the scheme itself. For fully Lagrangian schemes based
on parcels this test forces modelers to define areas associ-
ated with the Lagrangian parcels. Cell-integrated Lagrangian
schemes that track cells throughout the integration can test
how well the scheme preserves areas as for a non-divergent
field Lagrangian areas are preserved in continuous space.

As explained in LSPT2012 a highly diffusive scheme
tends to increase `

f

for lower threshold values ⌧ (except
⌧ = 0.1 for which `

f

decreases) and decrease `

f

for higher
values of ⌧ (see Figure 6a in LSPT2012). In other words,
when the base of the cosine bells are diffused more area is
covered by lower values of � and less area is covered with
higher (near peak) values of �.

The filament diagnostic gives insight into how uniform
the distortion of the initial condition is. In other words,
if the `

f

(⌧)-curve is smooth and monotonically decreasing
for increasing ⌧ values (except for ⌧ close to 0.1); whereas
schemes that tend to steepen gradients or schemes that use
‘add-hoc’ fixers (that alter gradients) may lead to an oscilla-
tory and non-monotone `

f

(⌧) curve.
Figure 5 shows the filament preservation diagnostic `

f

(at

t= T/2) using the Cosine bells initial condition for the un-
limited and (if applicable) limited/filtered scheme at resolu-
tions3

1.5

� and 0.75

�. As for the convergence plots data has
been arranged according to discretization grid. We also show
a ‘minimal-⌧ ’ filament preservation diagnostic as histograms
on Figure 6, that is, the y-axis on the histogram is the ⌧ value
for which `

f

is 80; this ⌧ -value is referred to as ⌧
m

and com-
puted by solving

`

f

(⌧ = ⌧

m

)= 80, (10)

which here is computed by fitting a polynomial through the
`

f

data points near the crossing of `
f

(⌧) and `

f

= 80. For
example, if ⌧

m

=0.6 then 80% of area that should be associ-
ated with mixing ratios larger than 0.6 is preserved. In other
words, the larger ⌧

m

is the better the scheme preserves the
‘peaks’ of the Cosine bells.

The histogram (Figure 6 is mainly shown to visually inves-
tigate if there is a relationship between ‘minimal resolution’
and ⌧

m

; had their been a simple linear relationship the val-
ues of ⌧

m

would decrease/increase from the left to right on
the histogram. As for the numerical convergence rates (Fig-
ure 4) there is no simple relationship indicating that `

f

mea-
sures other aspects of accuracy than ��

m

. That said, there
is a tendency of increased ⌧

m

from left to right with some
outliers. For example, UCISOM-CN1.0/5.5 performs excep-
tionally well compared to the schemes with similar ‘minimal
resolution’. Similarly, but in a opposite sense, HEL-CN1.0
performs worse than its ‘neighbors’ on the histogram.

Perhaps more interesting in the context of `

f

is to fo-
cus on the shape of `

f

as a function of ⌧ . First of all, the
more diffusive schemes tend to collapse toward a straight
line with negative slope for ⌧ approximately in [0.2 : 0.8]

whereas the less diffusive schemes tend toward a straight
line with no or small negative slope. The smoothness of
the `

f

curve may indicate non-physical ‘ad hoc’ fixers or
anti-diffusive aspects of a scheme. For example, the FAR-
SIGHT scheme uses an ‘ad hoc’ fixer for mass-conservation
and shape-preservation and the `

f

curves, in particular for
FARSIGHT-CN10.4, is oscillatory and non-monotone. The
SFF-CSLAM4 and CAM-FV0.2 schemes have a rather wide
range of ⌧ -values (approximately ⌧ 2 [0.6 : 0.8]) for which
`

f

exceeds 100.0 which is likely due to steepening of gradi-
ents. In conclusion there are indications that this metric is
most useful for testing schemes employing ‘ad hoc’ fixers or
schemes with anti-diffusive terms or other mechanisms that
may steepen gradients.

3.4 Transport of ‘rough’ distribution: slotted-cylinder

To assess how schemes perform with rough (discontinu-
ous) initial condition, we show contour plots of solutions at
t= T/2 for slotted-cylinder initial conditions and the same

3[we do not show results for `
f

at the ‘minimal resolution ��

m

as requested in LSPT2012
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Fig. 3. Histogram of minimal resolution ��

m

(upper), K
i

, i= 2,1 which are the ‘optimal’ convergence rates for `2 (middle) and `1
(lower), for the unlimited (‘un’, red) and shape-preserving (‘sp’, green) versions of the schemes. The histogram is ordered monotonically
according to ��

m

for the unlimited schemes so that �� decreases from left to right. For schemes for which unlimited results are not
available, ��

m

for the shape-preserving scheme is used for the purpose of ordering (schemes concerned are: CAM-FV, HEL, HEL-ND,
UCISOM, UCISOM-CS) and a placeholder value of 0.0 is used in all histograms.

ing ratio values that span the entire range from the back-
ground value of 0.1 to the peak value, �= 1.0. Slotted-

cylinder initial conditions, for example, only has two values
in its initial condition and simulations using that initial con-
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Example:	
  Br	
  

Future directions

How much ‘real mixing’ is appropriate for climate applications? How much
‘unmixing’ can we tolerate?

Add ‘toy’ chemistry to new idealized test case: Two tracers that react with each
other but should always add up to a constant

Emulate, e.g., Br: Strong diurnal cycle (produced by photolysis)

- test development in progress (collaboration with NCAR-ACD)

transport 3 or more tracers that add up to a constant with idealized wind field
(when advected individually the sum will not match the constant)

Peter Hjort Lauritzen (NCAR) Tracer Transport October 19, 2010 28 / 29

Goal:	
  	
  	
  
	
  
1.  Formulate	
  an	
  idealized	
  test	
  case	
  with	
  non-­‐linear	
  chemistry	
  (relevant	
  for	
  photolysis	
  	
  

driven	
  chemistry).	
  
2.  Use	
  1.	
  for	
  inves?ga?ng	
  high-­‐order	
  transport/chemistry	
  coupling	
  



Beyond	
  passive	
  idealized	
  transport	
  
tes?ng:	
  “Toy”	
  chemistry	
  

Two	
  Chlorine	
  species	
  (Cl	
  and	
  Cl2)	
  that	
  react	
  non-­‐linearly:	
  k1>>k2	
  -­‐	
  terminator	
  
Total	
  amount	
  of	
  Chlorine	
  (Cly=2*Cl+Cl2)	
  is	
  conserved.	
  	
  

! 6!

also!with!full!3D!flows!(see!next!section!below).!For!a!given!grid!spacing,!the!CAMHFV!values!for!lr,!lu!
and!lo!will!provide!benchmark!values!for!the!mixing!diagnostics!for!this!stateHofHtheHart!scheme.!An!
assessment!of!whether!the!numerical!mixing!in!SE!for!interrelated!tracers!is!excessive,!comparable!
or!smaller!than!CAMHFV!will!be!performed.!
! While!such!quantification!is!clearly!suited!for!artificial!tracers,!such!methodology!can!be!of!
use!with!chemistry!as!well.!!For!that!purpose,!we!have!designed!a!“toy”!nonlinear!chemical!scheme!

! !! ! ! !

! 

Cl2 "Cl +Cl : k1
Cl +Cl"Cl2 : k2 !

!
such!that!the!total!amount!of!chlorine!Cly!(=Cl+2Cl2)!is!exactly!conserved;!in!this!scheme,!k1>>k2!and!
is!defined!to!be!nonHzero!only!in!a!portion!of!the!atmosphere,!mimicking!the!localization!of!
photolysis.!!In!this!case!the!relationship!ψ!is!given!by!the!structure!in!Figure!4,!which!is!itself!solely!
defined!by!the!distributions!of!k1!and!k2.!This!example!is!of!direct!application!to!the!real!
atmosphere!as!the!total!chlorine!in!the!stratosphere!is!conserved,!while!photolysis!and!chemical!
reactions!partition!the!various!components!and!lead!to!tight!gradients!across!the!terminator!
(Figure!4).!Overall,!this!“toy”!chemistry!mimics!the!role!of!photolysis!and!other!fast!reactions!in!

partitioning!chemical!families!(e.g.,!Brasseur!and!Solomon,!2005),!
! We!propose!to!systematically!analyze!the!performance!of!CAMHSE!with!tracers!and!with!
chemistry!(either!very!simple!as!above!or!much!more!complex,!as!in!Lamarque!et!al.,!2008)!by!
comparing!with!the!equivalent!results!to!the!present!CAMHFV!dynamical!core,!which!has!been!
extensively!and!successfully!used!in!Lamarque!et!al.!(2011),!Lamarque!et!al.!(2010),!Lamarque!and!

!
!

Figure!3.!Using0the0CSLAM0(Lauritzen0et0al.,02010b;0Harris0et0al.,02011)0tracer0advection0
scheme,0cosine0bells0advected0under0a0highly5deforming0flow0(Nair0and0Lauritzen,02010)0lead0
to0the0following0distribution0(left0panel)0and0associated0mixing0line0(right0panel).0

!

Figure!4.!
Horizontal0
distribution0of0
Cl0and0Cl20
mixing0ratios,0
normalized0so0
that0Cly=1.!
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