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1 CSLAM transport scheme
formulation
air-tracer mass coupling
conditions for local mass-conservation
extension to there sphere: gnomonic coordinates
CSLAM in NCAR’s CAM-SE (Community Atmosphere Model - Spectral Element)

2 CSLAM-SW: shallow water model
semi-implicit time-stepping of tracers
treatment of divergence

3 CSLAM-NH: non-hydrostatic x− z plane solver
preliminary results
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Design (see fuller discussion in Lauritzen et al., 2011)

Multi-tracer efficiency

→ CAM5 has 31 continuity equations
(micro-physics and convection scheme developers are eager to add more!)

→ CAM-Chem has approximately 107 continuity equations

Shape-preservation (large gradients, physics)

Consistency (air ↔ tracer)

Correlation accuracy

Efficiency on ‘traditional1’ massively parallel machines:
minimize frequency of message passing: e.g. long ∆t’s (semi-Lagrangian)
minimize message sizes: local computational stencil
minimize memory usage: e.g., 2-time-level, no multi-moment

Accuracy on non-orthogonal grids (splitting errors) ⇒ fully two-dimensional methods

1GPUs and Intel MIC architectures??
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Design (see fuller discussion in Lauritzen et al., 2011)

Multi-tracer efficiency
Shape-preservation (large gradients, physics)

Example mass fields in CAM

Example from CAM5 at ‘standard’ 1.9◦ × 2.5◦ resolution

Specific humidity, cloud liquid water and ice:
10e−4 kg/kg

10e−4 kg/kg
10e−4 kg/kg

10e−4 kg/kg

Very ‘oscillatory’ fields:

Production and loss terms are large, however, clouds (e.g., ‘ice clouds’ such
as Cirrus clouds) can have lifetimes on the other of days.

Advection operator must not produce negative values!

Overshooting in water vapor can trigger irreversible physical processes.

Peter Hjort Lauritzen (NCAR) Transport in global climate models March 23, 2010 3 / 15

Consistency (air ↔ tracer)
Correlation accuracy
Efficiency on ‘traditional1’ massively parallel machines:

minimize frequency of message passing: e.g. long ∆t’s (semi-Lagrangian)
minimize message sizes: local computational stencil
minimize memory usage: e.g., 2-time-level, no multi-moment

Accuracy on non-orthogonal grids (splitting errors) ⇒ fully two-dimensional methods
1GPUs and Intel MIC architectures??
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Design (see fuller discussion in Lauritzen et al., 2011)

Multi-tracer efficiency
Shape-preservation (large gradients, physics)
Consistency (air ↔ tracer)

Consider flux-form continuity equations for air mass and tracer mass:

∂ρ

∂t
+∇ · (ρ~v) = 0, (1)

∂ (ρ q)

∂t
+∇ · (ρq ~v) = 0, (2)

where ρ is air density and q is tracer mixing ratio. ‘Free-stream’ preservation implies that
the discretization scheme for (2) reduces to (1) when q = 1.

Correlation accuracy
Efficiency on ‘traditional1’ massively parallel machines:

minimize frequency of message passing: e.g. long ∆t’s (semi-Lagrangian)
minimize message sizes: local computational stencil
minimize memory usage: e.g., 2-time-level, no multi-moment

Accuracy on non-orthogonal grids (splitting errors) ⇒ fully two-dimensional methods
1GPUs and Intel MIC architectures??
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Design (see fuller discussion in Lauritzen et al., 2011)

Multi-tracer efficiency
Shape-preservation (large gradients, physics)
Consistency (air ↔ tracer)
Correlation accuracy

Relationships between long-lived stratospheric
tracers, manifested in similar spatial structures on
scales ranging from a few to several thousand kilo-
meters, are displayed most strikingly if the mixing
ratio of one is plotted against another, when the
data collapse onto remarkably compact curves. -
Plumb (2007)
E.g., when plotting nitrous oxide (N2O) against ‘total odd nitrogen’ (NOy ) or

chlorofluorocarbon (CFC’s)

Correlations between long-lived species in the stratosphere

Relationships between long-lived stratospheric tracers, manifested in similar spatial struc-
tures on scales ranging from a few to several thousand kilometers, are displayed most
strikingly if the mixing ratio of one is plotted against another, when the data collapse onto
remarkably compact curves. - Plumb (2007)
E.g., when plotting nitrous oxide (N2O) against ‘total odd nitrogen’ (NOy) or chlorofluorocarbon (CFC’s)

[4] While meteorological variables are frequently dis-
played, as in the leftmost maps of Figures 1 and 2, on
surfaces of constant pressure, this is not the best way to
show, nor to think about, stratospheric transport. Diabatic
processes in the stratosphere, where radiation is the only
significant factor, are generally weak, with characteristic
timescales of tens of days [e.g., Andrews et al., 1987].
Consequently, to a first approximation, air parcels move
adiabatically along surfaces of constant specific entropy s.
Conventionally, the entropy variable used in meteorology is
‘‘potential temperature’’ q, defined in terms of temperature
T and pressure p as q = T(p0/p)

k, where p0 = 1000 hPa and
k = R/cp, where R is the gas constant and cp the specific heat
at constant pressure for air. (For a diatomic gas, k = 2/7.) It

is an elementary result of atmospheric thermodynamics that
s = cplnq, to within an arbitrary constant, and that q is
conserved in adiabatic flow. To a first approximation then,
air parcel motions can best be illustrated on isentropic
surfaces (of constant q). As we shall see, the diabatic
component of motion (through the isentropic surfaces) is
typically much slower than the flow within those surfaces.
[5] Despite the simplicity of the geopotential plots,

transport within the stratosphere is chaotic. The middle
map of Figure 1 shows results of a ‘‘reverse domain filling’’
calculation [Sutton et al., 1994; Schoeberl and Newman,
1995], in which 10 day back trajectories have been used to
construct the distribution of a tracer that has been advected,
from a smooth initial condition, on an isentropic surface

Figure 1. Maps for the Southern Hemisphere middle stratosphere on 6 September 1992. (left)
Geopotential height (km) on the 10 hPa isobaric surface (European Centre for Medium-Range Weather
Forecasts (ECMWF) reanalysis data). (middle) Results of a ‘‘reverse domain filling’’ calculation, in
which a tracer whose concentration is initially equal to latitude is advected by winds on the 1100 K
isentropic surface (near 5 hPa and 35 km) for 10 days, ending 6 September (image courtesy of
D. Waugh). (right) Net diurnally averaged diabatic heating rate (K d!1) on the 10 hPa isobaric surface
(data courtesy of J. Rosenfield). White line is the Q = 0 contour, and the color scale for this map is shown
at right. The Greenwich meridian is at the right; the outer circle is the equator.

Figure 2. Maps for the Northern Hemisphere lower stratosphere on 28 January 1992. (left) Geopotential
height (km) on the 50 hPa isobaric surface (ECMWF reanalysis data). (middle) Results of a ‘‘reverse
domain filling’’ calculation, in which a tracer whose concentration is initially equal to latitude is advected
by winds on the 480 K isentropic surface (near 60 hPa and 19 km) for 10 days, ending 28 January (image
courtesy of D. Waugh). (right) Diurnally averaged net diabatic heating rate Q (K d!1) on the 50 hPa
isobaric surface (data courtesy of J. Rosenfield). White line is the Q = 0 contour, and the color scale for
this map is shown at right. The Greenwich meridian is at the right; the outer circle is the equator.
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time is shown in Figure 6. The dominant feature of the
meteorology is the polar vortex, extending from northwest-
ern Canada across the pole to northern Siberia. Figure 5 left
shows time series along the flight track of q and mixing
ratios of the long-lived chemical tracers N2O, CFC-11
(CCl3F), and NOy. In terms of q the flight profile is
characterized by rapid ascent following takeoff up to about
480 K and a long gentle decline to about 450 K, followed
by a rapid descent prior to landing. Not surprisingly, the
time series of the three tracers show marked and simulta-
neous tendencies during ascent and descent, manifesting the
strong decrease of N2O and CFC-11 and strong increase of
NOy, with q across the tropopause and in the lower
stratosphere. During the cruise phase, N2O increases grad-
ually between 47,500 and 60,500 s, largely a consequence
of the slow descent. However, there is a sudden drop of
about 50 ppbv in the N2O mixing ratio at time t ’ 60,500 s,
which is not accompanied by any corresponding change in
q: what is being detected is a sharp isentropic gradient in the
mixing ratio. This feature, which is located at about (70!N,
39!W), is seen as the aircraft is nearing the edge of the polar
vortex (see Figure 6) and detecting high-latitude air with
lower concentrations of tropospheric source gases. After a
slow increase, there are further sharp reductions at t ’
65,000 s and t ’ 67,000 s. Like the first, these features do
not correspond with sudden changes in q and thus also
represent sharp isentropic gradients of mixing ratio. These
same features are mirrored in the other tracers, as is evident
from their time series. The correspondence between the
tracers is seen most clearly when one is plotted against
another as on Figure 5 right. Figure 5 illustrates the
remarkable correlation between mixing ratios of the tropo-
spheric source gases CFC-11 and N2O and anticorrelation

between those of N2O and the stratospheric source gas NOy.
Despite the considerable range of variability of each species
and the wide range of q and of latitude covered by the
observations the data collapse to remarkably compact
curves for each species pair.
[14] The fact that the data span a range of latitudes and of

q is significant here. The compactness would be much less
significant if the observations comprised vertical profiles at
a single location or latitude profiles on a surface of constant
q, since each mixing ratio would then be a function of a
single variable (latitude or q): Apparently compact functions
of tracer versus tracer would follow from a simple change of
variables. What is significant is that data from near-vertical
and near-isentropic transects collapse in tracer-tracer space
onto the same curve. This is, in fact, another manifestation
of ‘‘equilibrium slopes’’ since if the isosurfaces of the
mixing ratios of two tracers have the same shape, a given
mixing ratio of one tracer is always accompanied by the
same mixing ratio of the second. In fact, the more local
aircraft results make a stronger statement than the climato-
logical one: Plumb and Ko [1992] argued that if compact-
ness is present in the climatology, it is present on shorter
timescales and space scales for these long-lived tracers,
since they are conserved (and their relationship is thus
preserved) under short-term displacement. Building on the
earlier advective-diffusive arguments of Holton [1986] and
Mahlman et al. [1986], Plumb and Ko [1992] also showed
that provided rapid isentropic mixing extends globally, the
net (globally integrated) vertical flux of any species is
diffusive, and, in consequence, the slope of the tracer-tracer
curve between any two species, dc(2)/dc(1), is equal to the
ratio of net global fluxes of the two species, a result that has
been exploited to quantify stratospheric lifetimes of various

Figure 5. Selected data from the ER-2 flight of 14 January 2000. (left) Time series (time is given in
time of day, UTC) of potential temperature (K), mixing ratios of N2O (open triangles (ppbv)), CFC-11
(diamonds (parts per trillion by volume (pptv)), and 10 times the mixing ratio of NOy (dots (ppbv), these
data are offset downward by 100). (right) NOy (triangles) and CFC-11 (dots) plotted against N2O. N2O
and CFC-11 data are from the airborne chromatograph for atmospheric trace species instrument [Elkins et
al., 1996], and NOy data are from the ER-2 NO/NOy instrument [Fahey et al., 1985].
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‘inverse filling’ observations
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It is therefore highly desirable that the transport schemes used in chemistry and chemistry-
climate models should not disrupt such functional relations in unphysical ways through
numerical mixing or, indeed, unmixing.’ -(Lauritzen and Thuburn, 2012)

Efficiency on ‘traditional1’ massively parallel machines:
minimize frequency of message passing: e.g. long ∆t’s (semi-Lagrangian)
minimize message sizes: local computational stencil
minimize memory usage: e.g., 2-time-level, no multi-moment

Accuracy on non-orthogonal grids (splitting errors) ⇒ fully two-dimensional methods
1GPUs and Intel MIC architectures??
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Design (see fuller discussion in Lauritzen et al., 2011)

Multi-tracer efficiency

Shape-preservation (large gradients, physics)

Consistency (air ↔ tracer)

Correlation accuracy

Efficiency on ‘traditional1’ massively parallel machines:
minimize frequency of message passing: e.g. long ∆t’s (semi-Lagrangian)
minimize message sizes: local computational stencil
minimize memory usage: e.g., 2-time-level, no multi-moment

NCAR’s Yellowstone is a 1.5-petaflops high-performance computing system with 72,288 processor cores.

Accuracy on non-orthogonal grids (splitting errors) ⇒ fully two-dimensional methods
1GPUs and Intel MIC architectures??
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Design (see fuller discussion in Lauritzen et al., 2011)

Multi-tracer efficiency

Shape-preservation (large gradients, physics)

Consistency (air ↔ tracer)

Correlation accuracy

Efficiency on ‘traditional1’ massively parallel machines:
minimize frequency of message passing: e.g. long ∆t’s (semi-Lagrangian)
minimize message sizes: local computational stencil
minimize memory usage: e.g., 2-time-level, no multi-moment

Accuracy on non-orthogonal grids (splitting errors) ⇒ fully two-dimensional methodsQuasi-uniform global spherical grids considered for next generation models

reg. lat-lon cubed-sphere Voronoi Yin-Yang

quasi-uniform grids (no polar filters needed) + local numerical method
) no global communication

1K 4K 16K 64K 256K0.25

0.5

1

2

4

8

NCORES

Si
m

ul
at

ed
 Y

ea
rs

/D
ay

CESM1 F1850, ATM component, BGP

SE 0.25°

FV 0.25°
EUL T340

Figure 5: Performance of the CESM atmosphere component model on Intrepid (IBM BG/P)
when using the CAM-SE, FV or EUL dynamical core, showing the simulated-years-per-day
as a function of the number of processing cores. Atmosphere component times taken from a
CESM time-slice simulation, coupling the atmosphere (at 0.25� or T341 resolution), the land
model (0.25� resolution), and the sea ice and data ocean model (0.1�). The solid black line
shows perfect parallel scalability. When using CAM-SE, the CESM achieves near perfect
scalability down to one element per processor, running at 12.2 SYPD on 86,400 cores.

Performance in through-put for di↵erent dynamical
cores in NCAR’s global atmospheric climate model:
horizontal resolution: approximately 25km⇥25km grid boxes

EUL = spectral transform (lat-lon grid)

FV = finite-volume (reg. lat-lon grid)

SE = spectral element (cubed-sphere grid)
Computer = Intrepid (IBM Blue Gene/P Solution) at Argonne National Laboratory
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1GPUs and Intel MIC architectures??
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Part I
New geometrically flexible multi-tracer scheme
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Conservative Semi-LAgrangian Multi-tracer (CSLAM); Lauritzen et al. (2010)

CSLAM is based on pioneering work by Dukowicz (1984), Ramshaw (1985), Dukowicz
and Baumgardner (2000), and Margolin and Shashkov (2003)!

(a) (b)

Finite-volume Lagrangian form of continuity equation for ψ = ρ, ρ φ:∫
Ak

ψn+1
k dx dy =

∫
ak

ψnk dx dy =

Lk∑
`=1

∫∫
ak`

f`(x, y) dx dy,

where the ak`’s are non-empty overlap regions:

ak` = ak ∩A`, ak` 6= ∅; ` = 1, . . . , Lk. (1)

For higher-order upstream cell-edge approximations see Ullrich et al. (2013).
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Conservative Semi-LAgrangian Multi-tracer (CSLAM); Lauritzen et al. (2010)

(a) (b)

Finite-volume Lagrangian form of continuity equation for ψ = ρ, ρ φ:∫
Ak

ψn+1
k dx dy =

∫
ak

ψnk dx dy =

Lk∑
`=1

∫∫
ak`

f`(x, y) dx dy,

where ∂ak` is the boundary of ak` and

f`(x, y) =
∑
i+j≤2

c
(i,j)
` xiyj .
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Conservative Semi-LAgrangian Multi-tracer (CSLAM); Lauritzen et al. (2010)

(a) (b)

Finite-volume Lagrangian form of continuity equation for ψ = ρ, ρ φ:∫
Ak

ψn+1
k dx dy =

∫
ak

ψnk dx dy =

Lk∑
`=1

∮
∂ak`

[P dx+Qdy] ,

where ∂ak` is the boundary of ak` and∑
i+j≤2

[
−∂P
∂y

(i,j)

+
∂Q

∂x

(i,j)
]

= f`(x, y) =
∑
i+j≤2

c
(i,j)
` xiyj .
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Conservative Semi-LAgrangian Multi-tracer (CSLAM); Lauritzen et al. (2010)

(a) (b)

Finite-volume Lagrangian form of continuity equation for ψ = ρ, ρ φ:

∫
Ak

ψn+1
k dx dy =

∫
ak

ψnk dx dy =

Lk∑
`=1

 ∑
i+j≤2

c
(i,j)
` w

(i,j)
k`

 ,
where weights w

(i,j)
k` are functions of the coordinates of the vertices of ak`.

w
(i,j)
k` can be re-used for each additional tracer ⇒ multi-tracer effciency!
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Air-tracer coupling with cell-integrated Lagrangian schemes

Air density ρ and tracer mixing ratio q must be coupled carefully to ensure:

mass-conservation

shape-preservation (q is invariant following parcels; not ρ q)

‘free-stream’ preservation

A ‘Lagrangian’ solution (Appendix B of Nair and Lauritzen, 2010)

In cell k reconstruct sub-grid-scale distribution for ρ and q separately:

ρ(x, y) =
∑
i+j≤2

ρ(i,j)xiyj and q(x, y) =
∑
i+j≤2

q(i,j)xiyj .

Apply shape-preserving reconstruction filter to q(x, y) (see next slide)

In Eulerian cell k tracer mass sub-grid-scale reconstruction is:

ρq(x, y) = ρk qk(x, y) + qk [ρk(x, y)− ρk] , (1)

where (·) is cell average value; qk=ρ qk/ρk

⇒ q = 1 ⇒ reconstruction (1) reduces to reconstruction of air density!
⇒ ρq(x, y) is degree 2 (with ρq(x, y) = ρ(x, y)× q(x, y) it would have been 4)
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Fully 2D reconstruction filter/limiter (Barth and Jespersen, 1989)

Scale the reconstruction function ψ(x, y) so that extreme values lie within the adjacent
cell-average values (can be applied selectively for less diffusion, Harris et al., 2010)

no filter
monotone filter

Figure: One-dimensional illustration of fully two-dimensional filter

Note that enforcing shape-preservation is ‘harder/stricter’ than for flux-form schemes:

For Lagrangian schemes we can’t mix low and high-order fluxes (e.g. Zalesak, 1979)

Reconstruction functions must satisfy mass-conservation constraint:∫
Ak

ψk(x, y) dA = ψk ∆Ak,

where ψk is cell average value over Ak with area ∆Ak. (more on this in a moment)
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Conditions for local mass-conservation (Erath et al., 2013)

Line-integrals must span the domain without ‘cracks/overlaps’:∑
i∈E

∆aik = ∆Ak where Ek = {` | a`k ∩Ak 6= ∅} = {(a, b, c, d, e)} (2)

d Inaccuracies in the search algorithm that identifies
overlap areas (crossings between a Lagrangian cell
side and a coordinate line may be computed twice by
neighboring Lagrangian cells and may differ slightly).

d Parallel implementation errors where it is common
practice to compute the same quantities (in continu-
ous space) on different cores to reduce the number
of communications to a minimum. In case of a cubed-
sphere grid they might be computed on different
projections, such as departure location for points
shared by two cubed-sphere edges.

While we acknowledge that the two latter items may be
eliminated by very careful implementations, it is likely
going to impact parallel efficiency and lead to increased
algorithm complexity. In any case we may completely
eliminate this source of error by enforcing consistency
locally, that is, by scaling of v(p,q)

‘k :

~v(p,q)
‘k 5v(p,q)

‘k

m(p,q)
k

!
i2E

k

v(p,q)
ik

, (10)

so that (8) is fulfilled. In words, it is ensured in discretized
space that the integrals of anymoment over overlap areas
(belonging to different upstream Lagrangian cells) that
span Eulerian cell k sum to the integral of the same
moment over the same Eulerian cell k but computed as
one integral.1 We refer to this method as consistency

enforcement rather than a ‘‘fixer’’ as it is based on ful-
filling integral properties that hold in continuous space
and thus spring from physical constraints and not from ad
hoc mass-restoration ideas. We stress that this enforce-
ment is local and therefore also suitable for parallel codes
without having an extra expensive communication. Also,
the scaling of the weights must only be performed once
for all fields that are being remapped and it is therefore
multitracer efficient.

a. An example

We illustrate the consistency problem and consistency
enforcement method with CSLAM. The weights over
ak‘ are computed in terms of line integrals in CSLAM.
To ensure mass conservation line integrals overlapping
Eulerian lines, see Fig. 1b, were computed analytically
in the original formulation of CSLAM so that the sum of
the line segments that span an Eulerian cell exactly in-
tegrate the reconstruction function to the cell-average
value2 in (2). Unfortunately, these analytical expressions
can become ill conditioned in particular the higher-order
moments at high resolution [see Eqs. (32) and (33) in
Lauritzen et al. (2010)]. A similar analytical expression
can be found in Erath et al. (2009), which becomes nu-
merical unstable for high-resolutionmeshes.As proposed
in Erath et al. (2009) one can replace the analytical in-
tegral by quadrature to get a robust approximation. As

FIG. 2. The condition in (8), on which the consistency enforcement method is based, states that the (a) integral of
a moment over the Eulerian cell must equal the sum of integrals of that moment over (b) overlap areas that span the
Eulerian cell (Ak 5 aak < abk < ack < adk < aek) to ensure mass conservation. Note that the different overlap areas
belong to different upstream cells.

1 In HOMME-CSLAM the weights for the latter integral are
precomputed as they, contrary to the overlap areas, are not flow
dependent.

2 Note that line integrals not overlapping grid lines cancel be-
tween neighboring Lagrangian cell sides since the line integrals are
computed in both directions (and are hence equal with opposite
sign) and added.

JUNE 2013 ERATH ET AL . 2131

‘Interior’ line-integrals cancel.

Line-integrals along boundary of Eulerian cell do not cancel
since the reconstruction function is not continuous across cell
boundaries.

Boundary line-integrals must integrate f`(x, y) exactly!:

∑
`∈Ek

 ∑
i+j≤2

c
(i,j)
` xiyj

 = ψk∆Ak, (3)

Satisfying (3) on sphere can be tricky - next slide!
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Line-integrals on the sphere: gnomonic projection

In this Section we first discuss how the panel boundaries are treated in CSLAM. The mechanism for mass flux exchange
between panels is then presented and finally we derive the spherical line integral formulae.

3.2.1. Departure cells
All computations are performed on the gnomonic projection in ðx; y; mÞ-coordinates so that the algorithm for Cartesian

geometry described earlier can be employed. As in the Cartesian case we connect the departure points with straight line seg-
ments. As mentioned previously, by doing so in the gnomonic projection the sides of the departure cells are great-circle arcs
on the sphere. For cells that stay completely on a panel when being transported by the flow (for one time-step) the overlap
areas ak‘ are defined exactly as in the Cartesian case. The question then becomes how to deal with the cells that traverse the
edges of the cube. Since the CSLAM scheme is fully two-dimensional it is possible to treat cells that cross panel edges in a
rigorous two-dimensional manner that adds a minor complexity to the algorithm as compared to the Cartesian case.

For a particular panel m we introduce a halo zone around the panel and treat the halo cells on the same projection as panel
m (Fig. 9). An algorithm for identifying indices of neighboring cells across panel sides is, for example, given in [27]. As an illus-
trative example consider a 1-cell halo zone and a resolution of Nc ¼ 9. Fig. 9(a) shows the Eulerian cells on the gnomonic
projection for panel m (solid lines) as well as the halo cells (dashed lines). Since the sides of any grid cell on the cubed-sphere
are great-circle arcs also the halo cell sides are straight lines on panel m’s gnomonic projection. The halo cell sides are, how-
ever, not necessarily aligned with panel m grid lines.

We compute the departure points for the grid cell vertices on panel m as well as for the grid cell vertices of the halo zone
cells. The departure points connected by straight lines are shown on Fig. 9(b).

Next we restrict the overlap areas ak‘ to panel m:

aðmÞk‘ ¼ ak‘ \XðmÞ; ð17Þ

so that the panel m restricted departure area is given by
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the numbering convention for the panels of the cube used in this paper. The Greenwich meridian line ðk ¼ 0Þ divides panel m ¼ 1 in two.
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‘Cartesian-like’ coordinates:

(x, y) = R (tanα, tanβ) (4)

where R radius and α, β =
[
−π

4
, π

4

]
cen-

tral angles.

Line-integrals for β constant can be computed exactly (Ullrich et al., 2009):
(note: mass-conservation relies on this!)

I
(0,0)

= − arctan

(
x y

ρ

)
,

I
(1,0)

= arcsinh

 y√
1 + x2

 ,

I
(0,1)

= arcsinh

 x√
1 + y2

 ,

I
(2,0)

= −y arcsinh

 x√
1 + y2

 − arccos

 x√
1 + x2

y√
1 + y2

 ,

I
(0,2)

= −x arcsinh

 y√
1 + x2

 − arccos

 x√
1 + x2

y√
1 + y2

 ,
I
(1,1)

= ρ,

→ some integrals ‘ill-conditioned’, in particular, at high resolution!
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Line-integrals on the sphere: gnomonic projection

In this Section we first discuss how the panel boundaries are treated in CSLAM. The mechanism for mass flux exchange
between panels is then presented and finally we derive the spherical line integral formulae.

3.2.1. Departure cells
All computations are performed on the gnomonic projection in ðx; y; mÞ-coordinates so that the algorithm for Cartesian

geometry described earlier can be employed. As in the Cartesian case we connect the departure points with straight line seg-
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trative example consider a 1-cell halo zone and a resolution of Nc ¼ 9. Fig. 9(a) shows the Eulerian cells on the gnomonic
projection for panel m (solid lines) as well as the halo cells (dashed lines). Since the sides of any grid cell on the cubed-sphere
are great-circle arcs also the halo cell sides are straight lines on panel m’s gnomonic projection. The halo cell sides are, how-
ever, not necessarily aligned with panel m grid lines.

We compute the departure points for the grid cell vertices on panel m as well as for the grid cell vertices of the halo zone
cells. The departure points connected by straight lines are shown on Fig. 9(b).

Next we restrict the overlap areas ak‘ to panel m:

aðmÞk‘ ¼ ak‘ \XðmÞ; ð17Þ
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‘Cartesian-like’ coordinates:

(x, y) = R (tanα, tanβ) (4)

where R radius and α, β =
[
−π

4
, π

4

]
cen-

tral angles.

Performing line-integrals along cell boundaries with Gaussian quadrature is much more
robust, however, integrals are not exact!

discussed above, in spherical geometry, this can lead to
mass-conservation errors unless the general consistency
enforcement method in (10) is used. We illustrate this in
the next section.

b. Numerical experiments

For the following tests we use the third-order accurate
CSLAM implementation in the High Order Method
Modeling Environment (HOMME; Dennis et al. 2005,
2012), which is documented in Erath et al. (2012).
HOMME is a dynamical core in the National Center for
Atmospheric Research (NCAR) Community Atmo-
sphere Model (CAM). The tests are performed on the
sphere with an analytical wind field and Gaussian sur-
faces as initial fields [see the wind field case 3 in Nair
and Lauritzen (2010)]. We chose a time step of 800 s at
resolution 1.128 resulting in a maximum Courant num-
ber of 0.8. The Gaussian surfaces are infinitely smooth
and leads to the optimal convergence rate of 3 with
CSLAM when no shape-preserving filter is applied
[Fig. 4 in Lauritzen et al. (2012)]. All tests are run on
an equidistant gnomonic grid and air mass and tracer mass
are coupled as described in appendix B of Nair and
Lauritzen (2010). We stress that our consistency enforce-
ment does not affect the coupling since the weights are
reused for both, the air mass and tracer mass. No differ-
ences (up to machine precision) can be observed. Conse-
quently a constant mixing ratio is also preserved with
consistency enforcement. A constant air mass, however, is
not completely preserved for both variants, the version
with analytical line integrals and the version with consis-
tency enforcement (e.g., the changes for the scheme with
our consistency enforcement and two Gaussian points
compared to the version with analytical line integrals are
of order 1026, which decreases with resolution).

Since the analytic evaluation of the line integrals is ill
conditioned, which is manifested through simulation in-
stability under certain flow conditions and resolutions, we
replace the analytic integrals used in the original CSLAM
with two or four point Gaussian quadrature and run the
model with andwithout consistency enforcement. Figure 3
shows the relative mass error as a function of time step
index. As expected mass errors with two quadrature
points are significant:O(1026) after 12 days of simulation
(Fig. 3a). Increasing the number of quadrature points to
four (thereby increasing computational cost) reduces the
relative mass errors significantly to O(10211) (Fig. 3b);
but still above machine round-off and the error could
potentially accumulate over a typical climate-scale sim-
ulation on the order of 10 years and more. When using
the consistency enforcement algorithm the relative mass
errors are around machine round-off: O(10213) at day 12
of the simulation.
To investigate if the consistency enforcement algo-

rithm affects accuracy we compute L1, L2, and L‘ error
norms at day 12 at resolutions ranging from 2.258 to 0.078
keeping the Courant number with 0.8 fixed (Fig. 4). The
rates of convergence remain third order without a shape-
preserving filter, and (almost) third order (L1), second
order (L2), and 3/2 order (L‘) with a shape-preserving
filter as for the original (and less robust) CSLAM im-
plementation using analytic line integrals. Shape pres-
ervation and the absolute L1, L2, and L‘ errors (up to
machine precision) are unaffected by the consistency
enforcement algorithm (not shown).
Note that in the original formulation of CSLAM,mass

conservation relied on the analytical integration along
line segments coinciding with grid lines, which was
possible on the gnomonic cubed-sphere grid (Ullrich
et al. 2009). This limited the application of CSLAM to

FIG. 3. The relative mass error for CSLAM in HOMME using line integral approximation with (a) two and (b) four
Gaussian points for a 1.128 mesh with and without enforcement of consistency (EOC).

2132 MONTHLY WEATHER REV IEW VOLUME 141

Enforce consistency: Lo-
cally scale weights so that∑

i∈E
aik = Ak (5)

and similarly for higher-
order moments.
(Erath et al., 2013)
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Accuracy of linear transport (Lauritzen et al., 2012)

New diagnostics/test case suite designed to
assess:

1 numerical order of convergence,

2 ‘minimal’ resolution,

3 ability of the transport scheme to
preserve filaments,

4 ability of the transport scheme to
transport ‘rough’ distributions,

5 ability of the transport scheme to
preserve pre-existing functional relations
between tracers,

6 ability of transport scheme to deal with
divergent flows (Nair and Lauritzen,
2010).

Manuscript comparing 17 state-of-
the-art schemes using new standard
test case suite is almost complete
(Lauritzen et al., 2013)
14 LAURITZEN et al.: Results from standard test case suite
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Fig. 3. Histogram of minimal resolution ��m (upper), Ki, i = 2,1 which are the ‘optimal’ convergence rates for `2 (middle) and `1
(lower), for the unlimited (‘un’, red) and shape-preserving (‘sp’, green) versions of the schemes. The histogram is ordered monotonically
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functions for mass distribution and surface height, respec-
tively.

Basically the modelers repeated the numerical conver-
gence test (Section 3.1) with cosine bells initial condition.
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CSLAM implemented in CAM-SE for ‘offline’ transport (Erath et al., 2012)

SE = spectral element dynamical core in CAM/HOMME (Dennis et al., 2012)

SE uses elements and each element has a quadrature grid

CSLAM uses an equi-angular gnonomic finite-volume grid

CSLAM'coupling'with'spectral'element'dynamics'(1/2)'
(work'in'progress)'

•  Equiangular'finite/volume'physics'grid'in'CAM/SE'
'
'
'

'
'
'''''When'I/O'and'physics'on'finite/volume'grid'is'working'in'CAM/SE,''
'''''CSLAM'transport'(without'SE/CSLAM'air'density'coupling)'should'be'
'''''available.'
•  without'SE/CSLAM'air'density'coupling?'CSLAM'evolves'its'own'density'and'CAM/SE'evolves'

it'own'density'
(this'inconsistency'appears'when'using'different'numerical'methods'and/or'different'?me/
steps'for'air'and'tracers)'

Rotated test cases and dynamical core intercomparisons 13

Figure 4: (left) A graphical illustration of the Gauss-Legendre-Lobatto quadrature points (red unfilled circles) in an
element (blue boundary) of the HOMME model. (right) The mapping of every element onto the sphere. Green lines

are the boundary of the cubed-sphere faces.

machine precision) and total energy conservative (to the

truncation error of the time-integration scheme) (Tay-

lor et al. 2007, Taylor et al. 2008). The cubed-sphere

grid consists of elements with boundaries defined by an
equiangular gnomonic grid (Nair et al. 2005) and each

element has (p + 1) × (p + 1) Gauss-Legendre-Lobatto
quadrature points. The positions of the Gauss-Legendre-

Lobatto quadrature points in each element are depicted

in Fig. 4. For the simulations presented here p = 3 is
used and the resolution is determined by h, the num-
ber of elements along a face side. The grid spacing at

the equator is approximately 90◦/(h ∗ p) hence the ap-
proximately 1

◦
solutions use h = 30 and p = 3. The

model applies fourth-order linear horizontal diffusion to

the prognostic variables u, v and T . The diffusion coeffi-
cient is tuned empirically with the help of kinetic energy

spectra as done in CAM EUL.

3.3. Icosahedral grid models
Two icosahedral-grid based models are tested with three

model variants. Among them is the model ICON that is
under development at the Max-Planck Institute for Me-

teorology, Germany, and the German Weather Service

DWD. Some documentation on ICON is given in Wan

(2009). The second model labeled CSU has been de-

veloped at the Colorado State University, Fort Collins,

U.S.. Here two model variant of CSU are assessed that
use different vertical coordinates. The icosahedral grids

are special types of geodesic grids where an icosahedron

inscribed in a sphere is subdivided recursively to form a

quasi-uniform grid of triangles. In the CSU model the

grid resolution is specified in terms of the number of
refinement levels of the icosahedron that initially con-
sists of 20 triangles. Each refinement level subdivides
the mesh, thereby doubling its resolution. The hexago-

nal grid is the dual of the triangular grid. It is created by

connecting the centroids of the triangles sharing a vertex

with great circle arcs. It consists primarily of hexagons

and 12 pentagons. If ! is the number of bisections of an
original icosahedral edge the number of hexagonal grid

cells is given by

2 + 10 × 4!. (3.2)

A resolution of approximately 1◦
is obtained with ! = 6

(40962 cells) corresponding to a minimum and maxi-

mum grid point distance between the cell centers of 110

km and 132 km, respectively. The number of triangles in

this grid is given by

20 × 4!
(3.3)

which corresponds to 81920 triangles for ! = 6. Note
that the ICON results discussed in this paper are based

on a slightly different distribution of the triangular grid

cells. The main difference is the initial refinement strat-
egy for the icosahedron. Instead of bisecting the grid,

the original icosahedron is first split by a factor of three
along each edge before further recursive bisections are

introduced. If m = ! − 2 = 4 is the number of bisec-
tions after the initial 3-way split the number of triangular

cells nc, triangle edges ne and triangle vertices nv is then

Journal of Advances in Modeling Earth Systems – Discussion

Semi-Lagrangian schemes in HOMME/CAM-SE Integrating CSLAM in HOMME

Different Halo Zone and Grid
because of the departure cell and the reconstruction.

Finite volume grid

Christoph Erath 10/35

Figure: (left) ‘CSLAM grid’ and (right) spectral element quadrature grid

Infracstructure is being implemented to support coarser or finer finite-volume physics
grid (physics grid may, of course, also simply coincide with CSLAM grid).
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CSLAM implemented in CAM-SE for ‘offline’ transport (Erath et al., 2012)

SE = spectral element dynamical core in CAM/HOMME (Dennis et al., 2012)

SE max. Courant number (CN): CN < 0.28

CSLAM max. Courant number for SE implementation: CN < 1
Semi-Lagrangian scheme in HOMME Performance
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NCAR’s Cray XT5m

These performance numbers are for exact trajectories!
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‘Online’ coupling CAM-SE with CSLAM - ongoing work!

Constraints: mass-conservation, consistency, shape-preservation

CAM-SE predicted ρSE does, obviously, not match ‘offline’ ρCSLAM computed by CSLAM!

Possible solutions:

overwrite ρSE with ρCSLAM ; unstable?

nudge ρSE towards ρCSLAM ; unstable?

switch to flux-form version of CSLAM (Harris et al., 2010) and use well-known
finite-volume method for coupling: SE provides accumulated background flux of air
mass and CSLAM provides average flux of q (satisfies all constraints!):

Tracer mass flux =< q >CSLAM

nsplit∑
j=1

ρ
(n+j/nsplit)
SE
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Constraints: mass-conservation, consistency, shape-preservation

CAM-SE predicted ρSE does, obviously, not match ‘offline’ ρCSLAM computed by CSLAM!

Possible solutions:
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finite-volume method for coupling: SE provides accumulated background flux of air
mass and CSLAM provides average flux of q (satisfies all constraints!):

Tracer mass flux =< q >CSLAM
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‘Online’ coupling CAM-SE with CSLAM - ongoing work!

Constraints: mass-conservation, consistency, shape-preservation

CAM-SE predicted ρSE does, obviously, not match ‘offline’ ρCSLAM computed by CSLAM!

Possible solutions:

overwrite ρSE with ρCSLAM ; unstable?

nudge ρSE towards ρCSLAM ; unstable?

switch to flux-form version of CSLAM (Harris et al., 2010) and use well-known
finite-volume method for coupling: SE provides accumulated background flux of air
mass and CSLAM provides average flux of q (satisfies all constraints!):

Tracer mass flux =< q >CSLAM
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‘Online’ coupling CAM-SE with CSLAM - ongoing work!

Constraints: mass-conservation, consistency, shape-preservation

CAM-SE predicted ρSE does, obviously, not match ‘offline’ ρCSLAM computed by CSLAM!

Possible solutions:

overwrite ρSE with ρCSLAM ; unstable?

nudge ρSE towards ρCSLAM ; unstable?

switch to flux-form version of CSLAM (Harris et al., 2010) and use well-known
finite-volume method for coupling: SE provides accumulated background flux of air
mass and CSLAM provides average flux of q (satisfies all constraints!):

Tracer mass flux =< q >CSLAM
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‘Online’ coupling CAM-SE with CSLAM - ongoing work!

Constraints: mass-conservation, consistency, shape-preservation

CAM-SE predicted ρSE does, obviously, not match ‘offline’ ρCSLAM computed by CSLAM!

Possible solutions:

overwrite ρSE with ρCSLAM ; unstable?

nudge ρSE towards ρCSLAM ; unstable?

switch to flux-form version of CSLAM (Harris et al., 2010) and use well-known
finite-volume method for coupling: SE provides accumulated background flux of air
mass and CSLAM provides average flux of q (satisfies all constraints!):

Tracer mass flux =< q >CSLAM
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‘Online’ coupling CAM-SE with CSLAM - ongoing work!

Constraints: mass-conservation, consistency, shape-preservation

CAM-SE predicted ρSE does, obviously, not match ‘offline’ ρCSLAM computed by CSLAM!

Possible solutions:

overwrite ρSE with ρCSLAM ; unstable?

nudge ρSE towards ρCSLAM ; unstable?

switch to flux-form version of CSLAM (Harris et al., 2010) and use well-known
finite-volume method for coupling: SE provides accumulated background flux of air
mass and CSLAM provides average flux of q (satisfies all constraints!):

Tracer mass flux =< q >CSLAM
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Finite-volume approach: Integrate in space

semi-Lagrangian form Eulerian (flux-form) form

(b)(a)

D

Dt

∫
A(t)

ψ dA = 0.

where A(t) is a Lagrangian† control
volume and

D

Dt
=

∂

∂t
+ ~v · ∇,

is the material/total derivative.

(c) (d)

(b)(a)

kA A

k ako=2
kA

A

k

kï1

ako=3

ako=4

ak

A

o=1

Integrate

∂ψ

∂t
+∇ · (ψ~v) = 0

over an Eulerian control volume Ak:

∂

∂t

∫
Ak

ψ dA+

∫
Ak

∇ · (ψ~v) dA = 0.

†
volume whose bounding surface moves with the local fluid velocity⇔ volume which always contains the same material particles
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Finite-volume approach: Integrate in space

semi-Lagrangian form Eulerian (flux-form) form

(b)(a)

D

Dt

∫
A(t)

ψ dA = 0.

where A(t) is a Lagrangian† control
volume and

D

Dt
=

∂

∂t
+ ~v · ∇,

is the material/total derivative.

(c) (d)

(b)(a)

kA A

k ako=2
kA

A

k

kï1

ako=3

ako=4

ak

A

o=1

Apply divergence theorem on second term:

∂

∂t

∫
Ak

ψ dA+

∮
∂Ak

(ψ~v) · ~n dS = 0,

where ∂Ak is the boundary of Ak and ~n
the outward normal vector to ∂Ak.
→ instantaneous flux of tracer mass
through boundaries of Ak

†
volume whose bounding surface moves with the local fluid velocity⇔ volume which always contains the same material particles
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Finite-volume approach: Integrate in time

semi-Lagrangian form Eulerian (flux-form) form

(b)(a)

∫
A(t+∆t)

ψ dA =

∫
A(t)

ψ dA,

where ∆t is time-step and t = n∆t.

Upstream semi-Lagrangian approach:

ψ
n+1
k ∆Ak = ψ

n
k∆ak,

where () is average value over cell.

(c) (d)

(b)(a)

kA A

k ako=2
kA

A

k

kï1

ako=3

ako=4

ak

A

o=1

Apply divergence theorem on second term:

∂

∂t

∫
Ak

ψ dA+

∮
∂Ak

(ψ~v) · ~n dS = 0,

where ∂Ak is the boundary of Ak and ~n
the outward normal vector to ∂Ak.
→ instantaneous flux of tracer mass
through boundaries of Ak
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Finite-volume approach: Integrate in time

semi-Lagrangian form Eulerian (flux-form) form

(b)(a)

∫
A(t+∆t)

ψ dA =

∫
A(t)

ψ dA,

where ∆t is time-step and t = n∆t.

Upstream semi-Lagrangian approach:

ψ
n+1
k ∆Ak = ψ

n
k∆ak,

where () is average value over cell.

(c) (d)

(b)(a)

kA A

k ako=2
kA

A

k

kï1

ako=3

ako=4

ak

A

o=1

∂

∂t

∫
Ak

ψ dA+

∮
∂Ak

(ψ~v) · ~n dS = 0,

ψ
n+1

∆Ak = ψ
n

∆Ak+∫ (n+1)∆t

n∆t

[∮
∂Ak

(ψ~v) · ~n dS
]
dt = 0,

→ flux of tracer mass through boundaries
of Ak during t ∈ [n∆t, (n+ 1)∆t]
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Finite-volume approach:

semi-Lagrangian form Eulerian (flux-form) form

(b)(a)

∫
A(t+∆t)

ψ dA =

∫
A(t)

ψ dA,

where ∆t is time-step and t = n∆t.

Upstream semi-Lagrangian approach:

ψ
n+1
k ∆Ak = ψ

n
k∆ak,

where () is average value over cell.

(c) (d)

(b)(a)

kA A

k ako=2
kA

A

k

kï1

ako=3

ako=4

ak

A

o=1

ψ
n+1
k ∆Ak = ψ

n
k ∆Ak −

4∑
τ=1

F
(τ)
k ,

where

F
(τ)
k = s

(τ)
k

∫
aτ
k

ψn(x, y) dA.

is flux of mass through face τ during ∆t,

and s
(τ)
k = ±1

for simplicity assume sτk is NOT multi-valued; for multi-valued case see, e.g., Harris et al. (2010).
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Finite-volume approach:

semi-Lagrangian form Eulerian (flux-form) form

(b)(a)

ψ
n+1
k ∆Ak = ψ

n
k∆ak,

(c) (d)

(b)(a)

kA A

k ako=2
kA

A

k

kï1

ako=3

ako=4

ak

A

o=1

ψ
n+1
k ∆Ak = ψ

n
k ∆Ak −

4∑
τ=1

F
(τ)
k ,

Note equivalence between Lagrangian cell-integrated and Eulerian flux-form continuity equations:

∆Ak −
4∑
τ=1

(
s
(τ)
k ∆a

(τ)
k

)
= ∆ak.

i.e. the areas involved in Eulerian forecast equals upstream Lagrangian area ak.
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Finite-volume approach:

semi-Lagrangian form Eulerian (flux-form) form
(b)(a)

ψ
n+1
k ∆Ak = ψ

n
k∆ak,

Define a global piecewise continuous
reconstruction function

ψ(x, y) =
N∑
k=1

IAkψk(x, y),

where IAk is the indicator function

IAk =

 1, (x, y) ∈ Ak,

0, (x, y) /∈ Ak.

(c) (d)

(b)(a)

kA A

k ako=2
kA

A

k

kï1

ako=3

ako=4

ak

A

o=1

ψ
n+1
k ∆Ak = ψ

n
k ∆Ak −

4∑
τ=1

F
(τ)
k ,
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Finite-volume approach:

semi-Lagrangian form Eulerian (flux-form) form

(b)(a)

ψ
n+1
k ∆Ak = ψ

n
k∆ak,

ψ
n+1
k ∆Ak =

Lk∑
`=1

∫
ak`

ψn` (x, y) dA.

where ak` is the non-empty overlap area

ak` = ak∩A`, ak` 6= ∅; ` = 1, . . . , Lk,

where N is the number of cells in the
domain and Lk number of overlap areas.

(c) (d)

(b)(a)

kA A

k ako=2
kA

A

k

kï1

ako=3

ako=4

ak

A

o=1

ψ
n+1
k ∆Ak = ψ

n
k ∆Ak −

4∑
τ=1

F
(τ)
k ,
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Finite-volume approach:

semi-Lagrangian form Eulerian (flux-form) form

(b)(a)

ψ
n+1
k ∆Ak = ψ

n
k∆ak,

ψ
n+1
k ∆Ak =

Lk∑
`=1

∫
ak`

ψn` (x, y) dA.

where ak` is the non-empty overlap area

ak` = ak∩A`, ak` 6= ∅; ` = 1, . . . , Lk,

where N is the number of cells in the
domain and Lk number of overlap areas.

(c) (d)

(b)(a)

kA A

k ako=2
kA

A

k

kï1

ako=3

ako=4

ak

A

o=1

ψ
n+1
k ∆Ak = ψ

n
k ∆Ak −

4∑
τ=1

F
(τ)
k ,

F
(τ)
k =

L
(τ)
k∑
`=1

∫
ak`

ψn` (x, y) dA,

where Lτk is number of non-empty ‘flux’
overlap areas for face τ .

Note that in general: Lk �
∑4
τ=1 L

(τ)
k
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Finite-volume approach: Conditions for inherent mass-conservation

semi-Lagrangian form Eulerian (flux-form) form

(b)(a)

ψ
n+1
k ∆Ak = ψ

n
k∆ak,

ak’s span Ω without gaps/overlaps

N⋃
k=1

ak = Ω, and ak∩a` = ∅ ∀ k 6= `.

Sub-grid-scale representation of ψ
must integrate to cell-average mass∫

Ak

ψnk (x, y) dA = ψ
n
k∆A,

(c) (d)

(b)(a)

kA A

k ako=2
kA

A

k

kï1

ako=3

ako=4

ak

A

o=1

ψ
n+1
k ∆Ak = ψ

n
k ∆Ak −

4∑
τ=1

F
(τ)
k ,

Fluxes for ‘shared’ faces must cancel,
e.g.,

F
(3)
k = −F (1)

k−1

Any flux, even highly inaccurate fluxes,
will NOT violate mass-conservation!
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Finite-volume approach: Enforcing shape-preservation

semi-Lagrangian form Eulerian (flux-form) form

(b)(a)

ψ
n+1
k ∆Ak = ψ

n
k∆ak,

The only direct way of enforcing
shape-preservation is to filter the
sub-grid-scale distribution ψnk (x, y):

fully 2D filters (Barth and Jespersen, 1989)

1D filters for cascade schemes
(Colella and Woodward, 1984; Zerroukat et al., 2005; Lin

and Rood, 1996)

(c) (d)

(b)(a)

kA A

k ako=2
kA

A

k

kï1

ako=3

ako=4

ak

A

o=1

ψ
n+1
k ∆Ak = ψ

n
k ∆Ak −

4∑
τ=1

F
(τ)
k ,

Shape-preservation can be enforced by

blending monotone and high-order
fluxes (e.g., Flux-Corrected Transport Zalesak, 1979)

making ψnk (x, y) shape-preserving
(Barth and Jespersen, 1989)
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Part II
Beyond linear transport: shallow-water model
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Equations of motion

Shallow water equations on an f -plane:

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂x
− f v − g ∂h

∂x
= 0

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂x
+ f u− g ∂h

∂y
= 0

∂h

∂t
+∇ · (h~v) = 0

∂(h q)

∂t
+∇ · (h q~v) = 0

where f Coriolis, h height, ~v = (u, v) horizontal velocity vector, g gravity.

Momentum equation solved using traditional two-time-level semi-implicit scheme.

Continuity equations solved with cell-integrated scheme: CSLAM
Semi-implicit time-stepping with cell-integrated Lagrangian schemes not straight
forward (consistency, divergence discretization)
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Time-stepping and coupling: mass-conservative semi-implicit approach

Traditionally: semi-Lagrangian advection of ρ is combined with semi-implicit time-stepping:

ρn+1
k =

(
ρn+1
k

)
exp
− ∆t

2
ρ00

(
∇ · ~vn+1

k −∇ · ṽn+1
k

)
,

where

ρ00 a constant reference density

(·)exp is the explicit prediction

~̃vn+1 velocity extrapolated to time-level (n+ 1)

What about tracers?

Solving continuity equation for (ρ q) explicitly

ρ qn+1
k ∆Ak = ρ qnk∆ak

is NOT ‘free-stream’ preserving!

Using ‘traditional’ semi-implicit approach for tracers

ρ qn+1
k ∆Ak = ρ qnk∆ak − ∆t

2
(ρ q)00

(
∇ · ~vn+1

k −∇ · ~̃vn+1
k

)
.

is ‘free-stream’ preserving but problematic (Lauritzen et al., 2008).
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Time-stepping and coupling: mass-conservative semi-implicit approach

Traditionally: semi-Lagrangian advection of ρ is combined with semi-implicit time-
stepping:

ρn+1
k =

(
ρn+1
k

)
exp
− ∆t

2

{
∇ ·
[(
ρn+1
k

)
exp

~vn+1
k

]
−∇ ·

[
(ρnk )exp ṽ

n+1
k

]}
.

where

ρ00 a constant reference density

(·)exp is the explicit prediction

~̃vn+1 velocity extrapolated to time-level (n+ 1)

x

y
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in the nonlinear perturbation case
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Fig. 4. Specific concentration error (q � q0) in LKM for a divergent flow initialized with a
constant q0 = 1 in the (a) linear (�h = 10 m and h0 = 990 m) and (b) nonlinear (�h = 500
m and h0 = 1000 m) height perturbation cases. Note the di↵erent scales in the plots.

34

Radially propagating gravity wave test
(shallow water in Cartesian geometry; Wong et al.,
2013b)

Initial condition: q = 1

Errors are O(10−3)

Problematic? Even when using a shape-preserving filter
the semi-implicit correction term may render the scheme
oscillatory and non-shape-preserving!
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Time-stepping and coupling: mass-conservative semi-implicit approach

Traditionally: semi-Lagrangian advection of ρ is combined with semi-implicit time-
stepping:

ρn+1
k =

(
ρn+1
k

)
exp
− ∆t

2

{
∇ ·
[(
ρn+1
k

)
exp

~vn+1
k

]
−∇ ·

[
(ρnk )exp ṽ

n+1
k

]}
.

where

ρ00 a constant reference density

(·)exp is the explicit prediction

~̃vn+1 velocity extrapolated to time-level (n+ 1)

What about tracers?

A solution is to formulate the semi-implicit terms in flux-form

ρ qn+1
k =

(
ρ qn+1

k

)
exp
− ∆t

2

{
∇ ·
[(
ρ qn+1

k

)
exp

~vn+1
k

]
−∇ ·

[
(ρ qnk )exp ~̃v

n+1
k

]}
.

so that reference states are eliminated (Wong et al., 2013b)
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Time-stepping and coupling: mass-conservative semi-implicit approach

Traditionally: semi-Lagrangian advection of ρ is combined with semi-implicit time-
stepping:

ρn+1
k =

(
ρn+1
k

)
exp
− ∆t

2

{
∇ ·
[(
ρn+1
k

)
exp

~vn+1
k

]
−∇ ·

[
(ρnk )exp ṽ

n+1
k

]}
.
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Fig. 5. Variation of specific concentration error (q � q0) (maximum absolute error, mean
absolute error, and root-mean-squared error) with time step size in LKM (solid line) and
CSLAM-SW (dashed line) for the (a) linear height perturbation and (b) nonlinear height
perturbation cases.

35

Radially propagating gravity wave test: error
measures for q as a function of ∆t
− solid lines is ‘problematic’ formulation
−− dash lines is new formulation

Initial condition: q = 1

Errors in semi-implicit correction term increase
with increasing ∆t

New formulation is ‘free-stream preserving’ and
shape-preserving!

Both formulations are stable for long ∆t’s
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Time-stepping and coupling: mass-conservative semi-implicit approach

Discretization of divergence

In traditional semi-implicit semi-Lagrangian
scheme, divergence is usually discretized with
finite-differences:

∇eul · ~v =
ui+1j − uij

∆x
+
vij+1 − vij

∆y
, (6)

however, cell-integrated schemes ‘see’ a La-
grangian discretization of divergence based on
area change:

∇lgr · ~v =
1

∆Ak

∆Ak − δAk
∆t

(7)

(b)(a)
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Time-stepping and coupling: mass-conservative semi-implicit approach

Simple example graphically illustrating difference between ∇eul · ~v and ∇lgr · ~v

∆v∆t

∆u∆t

∆x

∆
y

Fig. 9: A simple example illustrating the divergence computed using finite differences and the di-
vergence computed using areas. The solid line rectangle is the arrival cell and the dashed rectangle
is the departure cell. When computing the divergence using the Eulerian formula it differs from
the Lagrangian one by the area enclosed by the dashed-dotted line.

where the finite difference operators are defined by

δxQij =
Qi+1j − Qij

∆x
,

δyQij =
Qij+1 − Qij

∆y
,

δ↗Qij = Qi+1j+1 − Qi,j,

δ↖Qij = Qij+1 − Qi+1j .

The latter two operators are associated with the derivatives along the diagonal. The expression
enclosed in the first set of brackets on the right-hand side of (66) corresponds to the Eulerian
approximation of the divergence at the cell center. Computing the divergence using the Eulerian
formula corresponds to the cell configuration of Laprise and Plante (1995) in which cells may
overlap or have cracks between them. The terms enclosed in the square brackets on the right-hand
side of (66) are the diagonal terms. These terms become increasingly important if the departure cell
walls are not aligned with the coordinate axis. A simple example illustrates the order of magnitude
of the terms.

Consider a velocity field which is a function of the geometric distance from the center of the
coordinate system. After one time step a cell placed with its south-west corner at the center will
have expanded as depicted on Fig. 9. If the divergence is computed using the Eulerian formula it

53

Figure: Assume the following velocity components at cell
vertices

~vSW = (0, 0),

~vNW = (0, v),

~vSE = (u, 0),

~vNE = (u, v),

where standard compass notation has been used.

Eulerian discretization of divergence:

∇eul · ~v =
u

∆x
+

v

∆x
(6)

Lagrangian (cell-integrated) discretization of divergence:

∇lgr · ~v =
u

∆x
+

v

∆x
−∆t

u v

∆x∆y
. (7)

→ differ by non-linear term!
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Time-stepping and coupling: mass-conservative semi-implicit approach

Simple example graphically illustrating difference between ∇eul · ~v and ∇lgr · ~v
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∆
y

Fig. 9: A simple example illustrating the divergence computed using finite differences and the di-
vergence computed using areas. The solid line rectangle is the arrival cell and the dashed rectangle
is the departure cell. When computing the divergence using the Eulerian formula it differs from
the Lagrangian one by the area enclosed by the dashed-dotted line.

where the finite difference operators are defined by

δxQij =
Qi+1j − Qij

∆x
,

δyQij =
Qij+1 − Qij

∆y
,

δ↗Qij = Qi+1j+1 − Qi,j,

δ↖Qij = Qij+1 − Qi+1j .

The latter two operators are associated with the derivatives along the diagonal. The expression
enclosed in the first set of brackets on the right-hand side of (66) corresponds to the Eulerian
approximation of the divergence at the cell center. Computing the divergence using the Eulerian
formula corresponds to the cell configuration of Laprise and Plante (1995) in which cells may
overlap or have cracks between them. The terms enclosed in the square brackets on the right-hand
side of (66) are the diagonal terms. These terms become increasingly important if the departure cell
walls are not aligned with the coordinate axis. A simple example illustrates the order of magnitude
of the terms.

Consider a velocity field which is a function of the geometric distance from the center of the
coordinate system. After one time step a cell placed with its south-west corner at the center will
have expanded as depicted on Fig. 9. If the divergence is computed using the Eulerian formula it

53

Figure: Assume the following velocity components at cell
vertices

~vSW = (0, 0),

~vNW = (0, v),

~vSE = (u, 0),

~vNE = (u, v),

where standard compass notation has been used.

To have consistency with CSLAM (use ∇lgr · ~v) and retain a Helmholtz equation for the
semi-implicit solve, the continuity equation is discretized as follows

ρ qn+1
k =

(
ρ qn+1

k

)
exp
− ∆t

2

{
∇eul ·

[(
ρ qn+1

k

)
exp

~vn+1
k

]
−∇lgr ·

[
(ρ qnk )exp ~̃v

n+1
k

]}
+

∆t

2

{
∇eul ·

[(
ρ qn+1

k

)
exp

~vn+1
k

]
−∇lgr ·

[
(ρ qnk )exp ~̃v

n+1
k

]} δak
∆Ak

, (6)

(Lauritzen et al., 2006; Wong et al., 2013b)
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Shallow-water channel on the plane: Gaussian jet (Poulin and Flierl, 2003)
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Fig. 8. Solutions of the Gaussian jet for Ro = 5.0 and Cradv = 0.56 at time T = 1.8⇥ 105 s
(after 1800 time steps). Plotted are positive (solid line) and negative (dashed line) vorticity
between �5 ⇥ 10�4 s�1 and 5 ⇥ 10�4 s�1 with a contour interval of 5 ⇥ 10�5 s�1.

38

Figure: Vorticity

(a) Traditional grid-point method
for momentum equations and
CSLAM for mass

(b) Traditional grid-point method
for momentum and continuity
equations

(c) Same as (a) but with
‘problematic’ semi-implicit method
(LKM)

(d) Eulerian discretization
(semi-implicit leapfrog; Asselin
filter)
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Shallow-water channel on the plane: Gaussian jet (Poulin and Flierl, 2003)
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Fig. 11. Specific constituent concentration q at time T = 1.8⇥ 105 s. Initial minimum and
maximum q are 0.1 and 1.0 respectively. Regions with unphysical overshooting (red) and
undershooting (purple) are highlighted.

41

Note: even with shape-preserving filter on explicit advection the semi-implicit
correction terms render solution non-shape-preserving for the ‘problematic
formulation (LKM)
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Part III
A compressible nonhydrostatic cell-integrated semi-Lagrangian semi-implicit solver

(CSLAM-NH) with consistent and conservative transport
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Two-dimensional (x− z) moist Euler equations in Cartesian geometry

∂u

∂t
+ u

∂u

∂x
+ w

∂u

∂z
= − π

ρm
γRd

∂Θ′m
∂x

+ Fu, (7)

∂w

∂t
+ u

∂w

∂x
+ w

∂w

∂z
= − π

ρm
γRd

∂Θ′m
∂z

+
g

ρm

[
ρd
π′

π
− ρ′m

]
+ Fw, (8)

∂Θm

∂t
+∇ · (Θmv) = FΘ, (9)

∂ρd
∂t

+∇ · (ρdv) = 0, (10)

∂Qj
∂t

+∇ · (Qjv) = FQj , (11)

p = p0

(RdΘm

p0

)γ
, (12)

(Klemp et al., 2007)

Equations linearized about hydrostatically balanced background state

Momentum equations cast in their advective form

All other equations (density, potential temperature, moist species, cast in their
conservative flux-form).
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Density current with mean background flow (Straka et al., 1992)

Wong et al. (2013a):

CSLAM-NH Eulerian Split-Explicit
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Fig. 4. Potential temperature perturbation (K) after 15 min. Contoured as in Fig. 3.
Solution is translated using a mean wind U = 20 m s�1.
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Symmetric solutions!

Stable with 2× split-explicit time-step
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2D squall line (Weisman and Klemp, 1982)

Kessler microphysics scheme: diagnoses ‘warm rain’ (source/sink for water vapour, cloud
water, and rainwater; latent heat release adjusts potential temperature).
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Fig. 8. Vertical cross-sections of vertical velocity (color shading in m s�1) and solid contour
of the convective cloud structure (qc = 0.1 g kg�1) at times 0.6, 0.9, 1.3, 1.7 h of the
simulation for the 500 m grid-spacing runs with a time step of 5.0 s from (left) CSLAM-NH,
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Vertical velocity (colored contours); solid contour - convective cloud structure

CSLAM-NH looks more like 5th-order ‘WRF’ solution than 2nd-order
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2D squall line (Weisman and Klemp, 1982)
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Moisture statistics (Wong et al., 2013a)

M. Wong is currently working on ‘adding’ topography to the CSLAM-NH!
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Questions
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