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• Grids with spherical (lon, lat) coordinates – any pair of:

� Global 2D logically rectangular grids
� Regional 2D logically rectangular grids
� 2D unstructured meshes composed of polygons with any number of 

sides:  triangles, quadrilaterals, pentagons, hexagons,…
� Multi-patch grids (e.g. cubed spheres) currently supported via 

unstructured format

HOMME Cubed Sphere Grid with Pentagons
Courtesy Mark Taylor of Sandia

FIM Unstructured Grid
Courtesy ESRL GSD

Regional Grid

RESULT:
“use of the parallel 
ESMF offline regridding
capability has reduced 
the time it takes to 
create CLM surface 
datasets from hours to 
minutes”  - Mariana 
Vertenstein, NCAR

Conformal, Variable-Resolution Meshes

SCVTs
Spherical Centroidal 
Voronoi Tessellations 

(Michael Duda, MMM)

• Cell center is cell center-of-mass
• Edges of dual grid intersect 

edges of primary grid at right 
angles.

Solution to the C-grid problem of non-stationary 
geostrophic modes on hexagonal grids:

Thuburn, Ringler, Skamarock and Klemp, Numerical 
Representation of Geostrophic Modes on Arbitrarily 
Structured C-Grids.  JCP 2009.

Ringler, Thuburn, Skamarock and Klemp, Numerical Treatment 
of Energy and Potential Vorticity on Arbitrarily Structured 
C-Grids.  JCP, accepted.

USGS raw data 
(~1km resolution) 

gnomonic 
cubed-sphere 

(~3km 
resolution) 

Target grid 

Binning 
(compute  
sub-grid-scale 
variance for turbulent mountain  
stress parameterizations) 

New	  topography	  genera.on	  so0ware	  
(to	  be	  released	  with	  NCARs	  CAM5.2	  in	  November,	  2012)	  

Rigorous remapping  
(compute sub-grid-scale 
variance for gravity wave 
parameterizations) 
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Most	 widely	 used	 test	 case	 in	 the	 
literature	 (global	 models)	 ?	  

Test	 1:	 Solid-body	 advection 

•  No deformation only translation: 
 
    -> Flow does not force tracer features to collapse to the  
        grid scale (as it does in nature) 
      
     Note: More recently, Nair and Machenhauer (2002) and Nair and Jablonowski (2008)  
                  introduced a highly deformational flow field (“Moving vortices” test case) 
 

•  Parcel trajectories are trivial 
 

•  No divergence/convergence (see next slide) 



Most	 widely	 used	 test	 case	 in	 the	 
literature	 (global	 models)	 ?	  

Test	 1:	 Solid-body	 advection 

Idealized transport test cases for global models in the literature

Great-circle trajectories (analogous to straight lines on Cartesian plane)
! this inherently favors most numerical schemes/methods

No divergence/convergence
! modelers basing their schemes on the flux-form of the continuity equations

@⇢

@t

+r · (~v⇢) = 0, (2)

@

(
⇢ �

)

@t

+r · (~v⇢ �

) = 0, (3)

are not forced to distinguish between ⇢ � and � since

@�

@t

+r · (~v�) = �r ·~v = 0, (4)

for non-divergent flow r ·~v = 0, that is, (3) and (4) take the same functional form.

! Modelers are not forced to consider the coupling between tracer and air mass

Single tracer tests and associated standard error norms do not address how well
transport schemes preserve pre-existing functional relations between tracers.

Peter Hjort Lauritzen (NCAR) Tracer Transport October 26, 2010 13 / 29



 
CSLAM = Conservative Semi-LAgrangian Multi-tracer scheme 
Lauritzen et al. (2010,JCP), Harris et al. (2011), Lauritzen et al. (2011,JCP) 
 

Nair and Lauritzen (2010, J. Comput. Phys.) flow field 
 



 
Facilitate scheme intercomparison (model development) 
(specific guidelines on resolution, plotting, test case configuration) 
 
 

Assess important aspects of  accuracy in geophysical fluid dynamics 
using a “minimal” test case suite 
 
 
Keep things simple !!!!  
 
Only 2 analytical wind fields and 4 initial conditions – the rest is 
diagnostics! 
(almost any test case suite could be extended to include more tests that could provide more insights 
into specific aspects of  accuracy particularly useful for some classes of  schemes and applications) 
 

 
 
 
 

Design	 objectives	  
	  





 
 

Passive & inert idealized 2D transport test cases designed to assess:        
 
1. Numerical order of  convergence (C∞ initial conditions) – Δx in [0.3o ,3o] 

2. “Minimal” resolution (C1 initial conditions) 
3. Ability of  transport scheme to preserve filaments 
4. Ability of  transport scheme to transport “rough” distributions 
5. Ability of  the transport scheme to preserve pre-existing functional 
    relations between species (e.g., N2O-NOy, family of  species, …) 
 
under challenging flow conditions 
 

  u(λ, θ, t)  = κ sin2(λ’) sin(2θ) cos(πt/T ) + 2π cos(θ)/T  
  v(λ, θ, t)  = κ sin(2λ’) cos(θ) cos(πt/T ),  

(Nair and Lauritzen, 2010, J. Comput. Phys.). 

 
6. Transport under divergent flow conditions (forces modelers to 
consider coupling between air and tracer mass; at least for finite-
volume based schemes) 
 
 
 
 

”Minimal”	 test	 case	 suite	  
	  



Lauritzen et al. (2012, Geo. Geosci. Model Dev., in prep) 

2 LAURITZEN et al.: Results from standard test case suite

Table 1. A list of acronyms (first column), full names (second column), primary reference (third column), and implementation grid (fourth
column) for schemes used in this paper.

scheme full scheme name primary reference implementation grid
acronym

CAM-FV Community Atmosphere Model - Lin and Rood (1996) Regular latitude-longitude
Finite Volume scheme

CLAW Wave propagation algorithm on mapped grids LeVeque (2002) two-patch sphere grid
CSLAM Conservative Semi-LAgrangian Lauritzen et al. (2010) Gnomonic cubed-sphere

Multi-tracer scheme
FARSIGHT Departure-point interpolation White and Dongarra (2011) Gnomonic cubed-sphere

scheme with a global mass fixer
HEL Hybrid Eulerian Lagrangian Kaas et al. (2012) Gnomonic cubed-sphere
HEL-ND HEL - Non-Diffusive Kaas et al. (2012) Gnomonic cubed-sphere
HOMME High-Order Methods Modeling Environment Dennis et al. (2012) Gnomonic cubed-sphere

(quadrature grid)
ICON-FFSL ICON - Flux-Form semi-Lagrangian scheme Miura (2007) Icosahedral-triangular
LPM Lagrangian Particle Method Bosler (2013, in prep) Icosahedral-triangular
MPAS Model for Prediction Across Scales Skamarock and Gassmann (2011) Icosahedral-hexagonal
SBC Spectral Bicubic interpolation scheme Enomoto (2008) Gaussian latitude-longitude
SFF-CSLAM Simplified Flux-Form CSLAM scheme Ullrich et al. (2012) Gnomonic cubed-sphere
SLFV-SL Semi-Lagrangian type Slope Limited Miura (2007) Icosahedral hexagonal
SLFV-ML Slope Limited Finite Volume scheme Dubey et al. (2012) Icosahedral hexagonal

with method of lines grid
TTS Trajectory–Tracking Scheme Dong and Wang (2012b) Spherical Centroidal

Voronoi Tessellation
UCISOM UC Irvine second-order moments scheme Prather (1986) Regular latitude-longitude
UCISOM-CS UC Irvine second-order moments scheme - Gnomonic cubed-sphere

– Please summarize your scheme in a couple of para-
graphs (in LaTex format). Required information:

– what form of the continuous continuity equation is
your scheme based on?

– what are the CN limitations

– (if applicable) what filters/limiters are used for
shape-preservation?

– what time-integration method is used (how many
levels? Runge-Kutta? two-time-level semi-
Lagrangian?)

– (if applicable) Explain the coupling between tracer
mass and fluid density, in other words, how do you
recover mixing ratio � from ⇢�?

– computational space? (cubed-sphere gnomonic,
tangent plane projection, ...)

– dimensionally split or fully two-dimensional?

If you find it necessary to use equations please use the
notation introduced in section 2.

– Please specify (if applicable) any implementation de-
tails that are not covered in the publication describing
your scheme.

3.1 Regular latitude-longitude grid

3.1.1 Lin-Rood finite-volume scheme

The Lin-Rood transport scheme (Lin and Rood, 1996) is a
finite-volume method based on the flux-form of the continu-
ity equation (1) and is currently used in the National Cen-
ter for Atmospheric Research’s (NCAR) Community Atmo-
sphere Model (CAM) Finite-Volume (FV) dynamical core
Neale et al. (2010). In CAM the LR scheme is used for both
tracer transport and the computation of dynamic variables.

The scheme is based on one-dimensional advection al-
gorithms to solve a multi-dimensional problem that support
‘long’ timestep. In the successive application of operators
the advection operator which is applied first in the coordinate
directions is referred to as the ‘inner’ operator and the flux-
divergence operator applied thereafter is referred to as the
‘outer’ operator. Details on the operator splitting are given
in Lin and Rood (1996). In the CAM-FV specific imple-
mentation the ‘outer operators’ are based on the Piecewise-
Parabolic Method (PPM, Colella and Woodward 1984) with
the modified limiter given in Appendix B of Lin (2004). The
‘inner operator’ is a first-order advective operator. Other lim-
iters or schemes can be applied in the one-dimensional opera-
tors, see e.g. Kent et al. (2011). The coupling between tracer
mass ⇢� and ⇢ is explained in Lin (2004).

NCAR	 Workshop	 (March,	 2011)���
community asked to bring solutions to new test suite 

	  



1.	 Numerical	 convergence	 rate	  
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Fig. 3. Histogram of minimal resolution ��m (upper), Ki, i = 2,� which are the ‘optimal’ convergence rates for ⇥2 (middle) and ⇥�
(lower), for the unlimited (‘un’, red) and shape-preserving (‘sp’, green) versions of the schemes. The histogram is ordered according to
��m for the unlimited schemes (for schemes for which unlimited results are not available ��m for the shape-preserving scheme is used for
the purpose of ordering).

nostic in the following format. The data file naming
convention is similar to the convergence data, that is,
unlimited CSLAM with CFL 5.5 at resolution �� =1.5
would be lf-CSLAM-dx1.5-un-CFL5.5.dat.

The data should be in the format ⇥ ⇤f :600

un = unlimited scheme     sp = shape-preserving version of scheme 

CN = Courant Number 
Lauritzen et al. (2012, Geo. Geosci. Model Dev., in prep) 



1.	 Numerical	 convergence	 rate���
in	 the	 resolution	 range	 approximately	 3°	 to	 0.3°	 (i.e.	 from	 paleo	 to	 high	 resolution	 climate	 modeling)	  

LAURITZEN et al.: Results from standard test case suite 11

 0

 0.5

 1

 1.5

 2

 2.5

FARSIGHT-CN1.0

SLFV-ML-CN0.8

SLFV-SL-CN0.8

UCISOM-CN5.5

ICON-FFSL-CN0.2

ICON-FFSL-CN0.4

ICON-FFSL-CN0.6

CAM-FV-CN0.2

MPAS-CN0.8

CAM-FV-CN1.2

CAM-FV-CN0.8

UCISOM-CS-1.0

HOMME-p3-CN0.26

SFF-CSLAM3-CN0.8

HEL-CN1.0

HEL-ND-CN1.0

CSLAM-CN1.0

SFF-CSLAM4-CN0.8

SBC-CN1.0

FARSIGHT-CN10.4

HEL-CN5.5

HEL-ND-CN5.5

CSLAM-CN5.5

UCISOM-CN0.8

UCISOM-CN1.0

HOMME-p6-CN0.13

SBC-CN5.2

�
� m

 

minimal resolution ��m (Cosine bells)
un
sp

 0

 1

 2

 3

 4

 5

 6

 7

FARSIGHT-CN1.0

SLFV-ML-CN0.8

SLFV-SL-CN0.8

UCISOM-CN5.5

ICON-FFSL-CN0.2

ICON-FFSL-CN0.4

ICON-FFSL-CN0.6

CAM-FV-CN0.2

MPAS-CN0.8

CAM-FV-CN1.2

CAM-FV-CN0.8

UCISOM-CS-1.0

HOMME-p3-CN0.26

SFF-CSLAM3-CN0.8

HEL-CN1.0

HEL-ND-CN1.0

CSLAM-CN1.0

SFF-CSLAM4-CN0.8

SBC-CN1.0

FARSIGHT-CN10.4

HEL-CN5.5

HEL-ND-CN5.5

CSLAM-CN5.5

UCISOM-CN0.8

UCISOM-CN1.0

HOMME-p6-CN0.13

SBC-CN5.2

� 2

 

optimal convergence rate for l2 (Gaussian hills)
un
sp

 0

 1

 2

 3

 4

 5

FARSIGHT-CN1.0

SLFV-ML-CN0.8

SLFV-SL-CN0.8

UCISOM-CN5.5

ICON-FFSL-CN0.2

ICON-FFSL-CN0.4

ICON-FFSL-CN0.6

CAM-FV-CN0.2

MPAS-CN0.8

CAM-FV-CN1.2

CAM-FV-CN0.8

UCISOM-CS-1.0

HOMME-p3-CN0.26

SFF-CSLAM3-CN0.8

HEL-CN1.0

HEL-ND-CN1.0

CSLAM-CN1.0

SFF-CSLAM4-CN0.8

SBC-CN1.0

FARSIGHT-CN10.4

HEL-CN5.5

HEL-ND-CN5.5

CSLAM-CN5.5

UCISOM-CN0.8

UCISOM-CN1.0

HOMME-p6-CN0.13

SBC-CN5.2

� �

 

optimal convergence rate for l� (Gaussian hills)
un
sp

Fig. 3. Histogram of minimal resolution ��m (upper), Ki, i = 2,� which are the ‘optimal’ convergence rates for ⇥2 (middle) and ⇥�
(lower), for the unlimited (‘un’, red) and shape-preserving (‘sp’, green) versions of the schemes. The histogram is ordered according to
��m for the unlimited schemes (for schemes for which unlimited results are not available ��m for the shape-preserving scheme is used for
the purpose of ordering).

nostic in the following format. The data file naming
convention is similar to the convergence data, that is,
unlimited CSLAM with CFL 5.5 at resolution �� =1.5
would be lf-CSLAM-dx1.5-un-CFL5.5.dat.

The data should be in the format ⇥ ⇤f :600

•  Not surprisingly shape-preserving filters/limiters reduce order of convergence 
•  Some shape-preserving filters/limiters are more “invasive” than others   

Lauritzen et al. (2012, Geo. Geosci. Model Dev., in prep) 
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Fig. 3. Histogram of minimal resolution ��m (upper), Ki, i = 2,� which are the ‘optimal’ convergence rates for ⇥2 (middle) and ⇥�
(lower), for the unlimited (‘un’, red) and shape-preserving (‘sp’, green) versions of the schemes. The histogram is ordered according to
��m for the unlimited schemes (for schemes for which unlimited results are not available ��m for the shape-preserving scheme is used for
the purpose of ordering).

nostic in the following format. The data file naming
convention is similar to the convergence data, that is,
unlimited CSLAM with CFL 5.5 at resolution �� =1.5
would be lf-CSLAM-dx1.5-un-CFL5.5.dat.

The data should be in the format ⇥ ⇤f :600

Minimal resolution varies from 0.2° to 2.3°! 

Lauritzen et al. (2012, Geo. Geosci. Model Dev., in prep) 



Motivation: Correlations between long-lived species in the stratosphere

Relationships between long-lived stratospheric tracers, manifested in similar spatial struc-

tures on scales ranging from a few to several thousand kilometers, are displayed most

strikingly if the mixing ratio of one is plotted against another, when the data collapse onto

remarkably compact curves. - Plumb (2007)

E.g., when plotting nitrous oxide (N2O) against ‘total odd nitrogen’ (NOy) or chlorofluorocarbon (CFC’s)

[4] While meteorological variables are frequently dis-
played, as in the leftmost maps of Figures 1 and 2, on
surfaces of constant pressure, this is not the best way to
show, nor to think about, stratospheric transport. Diabatic
processes in the stratosphere, where radiation is the only
significant factor, are generally weak, with characteristic
timescales of tens of days [e.g., Andrews et al., 1987].
Consequently, to a first approximation, air parcels move
adiabatically along surfaces of constant specific entropy s.
Conventionally, the entropy variable used in meteorology is
‘‘potential temperature’’ q, defined in terms of temperature
T and pressure p as q = T(p0/p)

k, where p0 = 1000 hPa and
k = R/cp, where R is the gas constant and cp the specific heat
at constant pressure for air. (For a diatomic gas, k = 2/7.) It

is an elementary result of atmospheric thermodynamics that
s = cplnq, to within an arbitrary constant, and that q is
conserved in adiabatic flow. To a first approximation then,
air parcel motions can best be illustrated on isentropic
surfaces (of constant q). As we shall see, the diabatic
component of motion (through the isentropic surfaces) is
typically much slower than the flow within those surfaces.
[5] Despite the simplicity of the geopotential plots,

transport within the stratosphere is chaotic. The middle
map of Figure 1 shows results of a ‘‘reverse domain filling’’
calculation [Sutton et al., 1994; Schoeberl and Newman,
1995], in which 10 day back trajectories have been used to
construct the distribution of a tracer that has been advected,
from a smooth initial condition, on an isentropic surface

Figure 1. Maps for the Southern Hemisphere middle stratosphere on 6 September 1992. (left)
Geopotential height (km) on the 10 hPa isobaric surface (European Centre for Medium-Range Weather
Forecasts (ECMWF) reanalysis data). (middle) Results of a ‘‘reverse domain filling’’ calculation, in
which a tracer whose concentration is initially equal to latitude is advected by winds on the 1100 K
isentropic surface (near 5 hPa and 35 km) for 10 days, ending 6 September (image courtesy of
D. Waugh). (right) Net diurnally averaged diabatic heating rate (K d!1) on the 10 hPa isobaric surface
(data courtesy of J. Rosenfield). White line is the Q = 0 contour, and the color scale for this map is shown
at right. The Greenwich meridian is at the right; the outer circle is the equator.

Figure 2. Maps for the Northern Hemisphere lower stratosphere on 28 January 1992. (left) Geopotential
height (km) on the 50 hPa isobaric surface (ECMWF reanalysis data). (middle) Results of a ‘‘reverse
domain filling’’ calculation, in which a tracer whose concentration is initially equal to latitude is advected
by winds on the 480 K isentropic surface (near 60 hPa and 19 km) for 10 days, ending 28 January (image
courtesy of D. Waugh). (right) Diurnally averaged net diabatic heating rate Q (K d!1) on the 50 hPa
isobaric surface (data courtesy of J. Rosenfield). White line is the Q = 0 contour, and the color scale for
this map is shown at right. The Greenwich meridian is at the right; the outer circle is the equator.
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time is shown in Figure 6. The dominant feature of the
meteorology is the polar vortex, extending from northwest-
ern Canada across the pole to northern Siberia. Figure 5 left
shows time series along the flight track of q and mixing
ratios of the long-lived chemical tracers N2O, CFC-11
(CCl3F), and NOy. In terms of q the flight profile is
characterized by rapid ascent following takeoff up to about
480 K and a long gentle decline to about 450 K, followed
by a rapid descent prior to landing. Not surprisingly, the
time series of the three tracers show marked and simulta-
neous tendencies during ascent and descent, manifesting the
strong decrease of N2O and CFC-11 and strong increase of
NOy, with q across the tropopause and in the lower
stratosphere. During the cruise phase, N2O increases grad-
ually between 47,500 and 60,500 s, largely a consequence
of the slow descent. However, there is a sudden drop of
about 50 ppbv in the N2O mixing ratio at time t ’ 60,500 s,
which is not accompanied by any corresponding change in
q: what is being detected is a sharp isentropic gradient in the
mixing ratio. This feature, which is located at about (70!N,
39!W), is seen as the aircraft is nearing the edge of the polar
vortex (see Figure 6) and detecting high-latitude air with
lower concentrations of tropospheric source gases. After a
slow increase, there are further sharp reductions at t ’
65,000 s and t ’ 67,000 s. Like the first, these features do
not correspond with sudden changes in q and thus also
represent sharp isentropic gradients of mixing ratio. These
same features are mirrored in the other tracers, as is evident
from their time series. The correspondence between the
tracers is seen most clearly when one is plotted against
another as on Figure 5 right. Figure 5 illustrates the
remarkable correlation between mixing ratios of the tropo-
spheric source gases CFC-11 and N2O and anticorrelation

between those of N2O and the stratospheric source gas NOy.
Despite the considerable range of variability of each species
and the wide range of q and of latitude covered by the
observations the data collapse to remarkably compact
curves for each species pair.
[14] The fact that the data span a range of latitudes and of

q is significant here. The compactness would be much less
significant if the observations comprised vertical profiles at
a single location or latitude profiles on a surface of constant
q, since each mixing ratio would then be a function of a
single variable (latitude or q): Apparently compact functions
of tracer versus tracer would follow from a simple change of
variables. What is significant is that data from near-vertical
and near-isentropic transects collapse in tracer-tracer space
onto the same curve. This is, in fact, another manifestation
of ‘‘equilibrium slopes’’ since if the isosurfaces of the
mixing ratios of two tracers have the same shape, a given
mixing ratio of one tracer is always accompanied by the
same mixing ratio of the second. In fact, the more local
aircraft results make a stronger statement than the climato-
logical one: Plumb and Ko [1992] argued that if compact-
ness is present in the climatology, it is present on shorter
timescales and space scales for these long-lived tracers,
since they are conserved (and their relationship is thus
preserved) under short-term displacement. Building on the
earlier advective-diffusive arguments of Holton [1986] and
Mahlman et al. [1986], Plumb and Ko [1992] also showed
that provided rapid isentropic mixing extends globally, the
net (globally integrated) vertical flux of any species is
diffusive, and, in consequence, the slope of the tracer-tracer
curve between any two species, dc(2)/dc(1), is equal to the
ratio of net global fluxes of the two species, a result that has
been exploited to quantify stratospheric lifetimes of various

Figure 5. Selected data from the ER-2 flight of 14 January 2000. (left) Time series (time is given in
time of day, UTC) of potential temperature (K), mixing ratios of N2O (open triangles (ppbv)), CFC-11
(diamonds (parts per trillion by volume (pptv)), and 10 times the mixing ratio of NOy (dots (ppbv), these
data are offset downward by 100). (right) NOy (triangles) and CFC-11 (dots) plotted against N2O. N2O
and CFC-11 data are from the airborne chromatograph for atmospheric trace species instrument [Elkins et
al., 1996], and NOy data are from the ER-2 NO/NOy instrument [Fahey et al., 1985].
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‘inverse filling’ observations
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4.	 Preserving	 correlations	 
	 

(the	 design	 of	 schemes	 that	 preserve	 linear	 correlations	 was	 discussed	 by	 Lin	 and	 Rood	 (1996)	 and	 Thuburn	 and	 McIntyre	 (1997))���
	  



4.	 Preserving	 correlations���
	  

Motivation: Correlations between long-lived species in the stratosphere

Such compact scatter plots can be physically or chemically significant; for example,
departures from compactness have been used to quantify chemical ozone loss in the
ozone hole (Pro�tt et al., 1990).

� It is therefore highly desirable that transport schemes used in modeling the
atmosphere should respect such functional relations and not disrupt them in
physically unrealistic ways.

Similarly, the total of chemical species within some chemical family may be
preserved following an air parcel although the individual species have a complicated
relation to each other and may be transformed into each other through chemical
reactions. (will address this later)

Similar arguments can be made for aerosol-cloud interactions (Ovtchinnikov and
Easter, 2009) where important physical properties are derived from several tracers.

Goal: design idealized test case suite to address some of these aspects of accuracy!

Peter Hjort Lauritzen (NCAR) NCAR transport e�orts February 28, 2012 8 / 27



 
Initial conditions  
tracer 1: cosine bells   tracer 2: correlated cosine bells Ψ(χ)=aχ2+b 
 

 
 

Lauritzen and Thuburn (2012,QJRMS) 

4.	 Preserving	 correlations���
	  



 
Initial conditions  
tracer 1: cosine bells   tracer 2: correlated cosine bells Ψ(χ)=aχ2+b 
 

 
 

Lauritzen and Thuburn (2012,QJRMS) 

Truncation errors  
 introduce mixing 

4.	 Preserving	 correlations���
	  



 
Classification of  mixing on scatter plot: 
 
a. Mixing that resembles `real’ mixing – convex hull (red area) 
b. Everything else is spurious unmixing 
 

 
 

Thuburn and McIntyre (1997,JGR) 

4.	 Preserving	 correlations���
	  



 
 

Note: 1. Max value decrease, 2. Unmixing even if scheme is 
shape-preserving, 3. No expanding range unmixing 

4.	 Preserving	 pre-existing	 functional	 relation	 between	 
tracers	 under	 challenging	 flow	 conditions	  



 
 

Note: 1. Max value decrease, 2. Unmixing even if scheme is 
shape-preserving, 3. No expanding range unmixing 

4.	 Preserving	 pre-existing	 functional	 relation	 between	 
tracers	 under	 challenging	 flow	 conditions	  



 
 

Note: 1. Max value decrease, 2. Unmixing even if scheme is shape-
preserving, 3. No expanding range unmixing 

4.	 Preserving	 pre-existing	 functional	 relation	 between	 
tracers	 under	 challenging	 flow	 conditions	  



20 LAURITZEN et al.: Results from standard test case suite

Fig. 9. Scatter plots (for subset of cubed-sphere models) at t = T/2 for the Cosine bells and correlated Cosine bells initial conditions for
⇤ and ⇥, respectively. First and third columns are for the unlimited schemes and second and fourth columns are for the shape-preserving
schemes. The first two columns are for simulations at �� = 1.5� and the last two columns are for �� = 0.75�. The scheme acronym is
shown in the lower left corner of each scatter plot with the maximum Courant number (CN) appended.
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Fig. 11. Same as Figure 9 for models defined on a regular latitude-longitude grid.
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Fig. 11. Same as Figure 9 for models defined on a regular latitude-longitude grid.
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Shape-preserving 
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Fig. 12. Same as Figure 9 for models defined on an Icosahedral/Voronoi mesh.

Icosahedral/Voronoi models 

Lauritzen et al. (2012, Geo. Geosci. Model Dev., in prep) 
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and minimum value of the initial condition, and the global
integral I is defined as follows,

I(φ)=
1
4π

∫ 2π

0

∫ π/2

−π/2
φ(λ,θ,t)cosθdλdθ.
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The ‘minimum’ distance function dk is defined as the min-
imal normalized Euclidean distance between the correlation
point (χk,ξk) and the preexisting functional relation curve
(χ,ψ(χ)) within the range of the initial condition

dk = Lk(χ
(ψ)
k ), (B1)

where

χ(ψ)
k = min

[
max

(
χ(min),χ(root)

k

)
,χ(max)

]
. (B2)

constrains the shortest distance to the initial condition in-
terval [χmin,χmax], and the normalized distance function is
given by

Lk(χ)=
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χk−χ

Rχ

)2

+
(

ξk−ψ(χ)
Rξ

)2

, (B3)

where

Rχ = χ(max)−χ(min), (B4)

Rξ = ξ(max)−ξ(min) = ψ
(
ξ(max)

)
−ψ

(
ξ(min)

)
. (B5)

For this particular test case setup Rχ =0.9, Rξ = 0.792, and
the ‘root’ χ(root)

k is given by

χ(root)
k = ck +

1
ck

(
13
75

− 5
12

ξk

)
, (B6)

where

ck =
1
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For the two-tracer test (section 3.5) three mixing diagnostics
are used and defined below (Lauritzen and Thuburn, 2011).
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a scatter point is located in the area labeled withA (mathematically
defined in (C2)) it is categorized as ‘real’ mixing. Similarly for
the area labeled with B (defined in (C4)) it is categorized as range-
preserving unmixing. The remaining part of the domain is referred
to as overshooting. The thick solid line is the preexisting non-linear
functional relation curve. See text or Lauritzen and Thuburn (2011)
for details.
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‘Real’ mixing is defined as numerical mixing that resembles
‘real’ mixing in that values are shifted to the concave side of
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the pre-existing functional relation only (areaA on Fig. C1)

!r =
1
A

K∑

k=1

{
dk∆Ak, if (χk,ξk)∈A,

0, else,
(C1)

where K is the total numbers of cells/points in the domain,
∆Ak is the spherical area of grid cell k and A is the total
area of the domain, A =

∑K
k=1∆Ak. The distance func-

tion dk is the shortest normalized distance between the nu-
merically computed scatter point (χk,ξk) and the preexisting
functional curve within the range of the initial conditions.
For the quadratic functional relation ψ given in (14) with co-
efficients (15), the explicit formula for dk is given in Ap-
pendix B. The domain A (‘convex hull’) is shown on Fig.
C1 and is mathematically defined as

A=
{

(χ,ξ)
∣∣∣∣χk ∈ [χ(min,χ(max)] and F(χk)≤ ξk ≤ψ(χk)

}
,

(C2)
where F is the straight line that connects (χ(min),ξ(max))630

and (χ(max),ξ(min)). Any other mixing (i.e. scatter points
not in A) is numerical unmixing that is accounted for in two
distinct diagnostics defined next.

!"#$%&'()&*&)+,$%- .$/,0,$%

‘Range-preserving’ unmixing is defined as numerical unmix-
ing within the range of the initial data, that is, scatter points
are shifted to the convex side of the preexisting functional
relation or below the convex hull but not outside the range of
the initial data

!u =
1
A

K∑

k=1

{
dk∆Ak, if (χk,ξk)∈B,

0, else,
(C3)

where B are the dark shaded areas in Fig. C1 defined by

B=
{

(χ,ξ)
∣∣∣∣(χk,ξk)∈ [χ(min,χ(max)]× [ξ(min,ξ(max)]

and (χk,ξk) /∈A
}

. (C4)

Note that the shape-preservation constraint is not necessarily635

enough to guarantee !u = 0 since the scheme must be semi-
linear and monotone according to Harten (1983) to guaran-
tee !u = 0 (Thuburn and Mclntyre, 1997). Only first-order
schemes will satisfy these constraints (Godunov, 1959).

1+&)*2334,$%640

Overshooting (or equivalently expanding range unmixing) is
defined as unmixing that is not accounted for in the ! r and !u

diagnostic

!o =
1
A

K∑

k=1

{
dk∆Ak, if (χk,ξk) /∈A and (χk,ξk) /∈B,

0, else.
(C5)

For a shape-preserving scheme !o = 0.
The mixing diagnostics are ‘mutually exclusive’ in the

sense that for a particular scatter point (χk,ξk) a non-zero
value of the distance function dk is only added to one of the
diagnostic functions so

!r +!o +!u =
1
A

∑

A

dk∆Ak. (C6)
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Fig. 13. Histogram of mixing diagnostics for the unlimited (‘un’) and shape-preserving (‘sp’) versions of the schemes, respectively, at
��� 1.5. The ordering is according to minimal resolution ��m (see Figure 3 first row). (upper) The ‘real’ mixing ⇥r is normalized
by ⇥(un)

r for CSLAM using a maximum Courant number of 5.5 and similarly ⇥u and ⇥o are normalized for ⇥(un)
u and ⇥(un)

o for CSLAM,
respectively. Note that the y-axis is on a Logarithmic scale.
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Y-axis: Normalized by CSLAM unlimited l_r at 1.5° 
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Fig. 13. Histogram of mixing diagnostics for the unlimited (‘un’) and shape-preserving (‘sp’) versions of the schemes, respectively, at
��� 1.5. The ordering is according to minimal resolution ��m (see Figure 3 first row). (upper) The ‘real’ mixing ⇥r is normalized
by ⇥(un)

r for CSLAM using a maximum Courant number of 5.5 and similarly ⇥u and ⇥o are normalized for ⇥(un)
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respectively. Note that the y-axis is on a Logarithmic scale.
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Quantifying “real” mixing 
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It is key that tracer features collapse to smaller scales (as in nature) 

 
 

√∫	  

This setup uses a 4th-order non-linear relation Ψ(χ)=aχ4+b 
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moving vortices test case of (Nair and Jablonowski, 2008) and extend the simulation
time so that the filaments are stretched to a level where such processes are important
and/or change the parameters in the (Nair and Lauritzen, 2010) flow field to increase
the amount of deformation (see, e.g., Kent et al., 2012; Pudykiewicz, 2011).

The “filament” preservation diagnostic is formulated as follows. Define A(⇤,t) as the5

spherical area for which the spatial distribution of the tracer ⌅(⇥,�) satisfies

⌅(⇥,�)⇥ ⇤, (27)

at time t, where ⇤ is the threshold value. For a non-divergent flow field and a passive
and inert tracer ⌅, the area A(⇤,t) is invariant in time.

The discrete definition of A(⇤,t) is10

A(⇤,t)=
⇥

k⇤G
�Ak, (28)

where �Ak is the spherical area for which ⌅k is representative, K is the number of grid
cells, and G is the set of indices

G = {k ⇤ (1,...,K )|⌅k ⇥ ⇤}. (29)

For Eulerian finite-volume schemes �Ak is the area of the k-th control volume. For15

Eulerian grid-point schemes a control volume for which the grid-point value is rep-
resentative must be defined. Similarly for fully Lagrangian schemes based on point
values (parcels) control volumes for which the point values are representative must
be defined. Note that the “control volumes” should span the entire domain without
overlaps or “cracks” between them.20

Define the filament preservation diagnostic

⇧f(⇤,t)=

�
100.0� A(⇤,t)

A(⇤,t=0) if A(⇤,t=0) ⌅=0,
0.0, otherwise.

(30)

For infinite resolution (continuous case) and a non-divergent flow, ⇧f(⇤,t) is invariant
in time: ⇧f(⇤,t = 0) = ⇧f(⇤,t) = 100 for all ⇤. At finite resolution, however, the filament

204

This diagnostic does not rely on an analytical solution!  
Lauritzen et al. (2012, Geo. Geosci. Model Dev., in prep) 
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condition at time t= T/2 (a and c) and t = T (b and d) using no filter/limiter (a and b) and a shape-preserving filter (c and d). The standard
error norms for the unfiltered/unlimited solution are !2 = 0.24, !∞ = 0.79, φmin=−0.19, and φmax= 0.15, and for the shape-preserving
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In the tests described in the previous sections the accuracy is
assessed in a single-tracer setup. Now we consider two trac-
ers that are both advected by the same non-divergent flow
field ((18) and (19)). The initial conditions for the two trac-420

ers is the cosine bells initial condition (11) and correlated
cosine bells (13), respectively (see Fig.1b and d). The mix-
ing ratio of the two tracers are referred to as χ and ξ. Fol-
lowing Lagrangian parcels any functional relation between
tracers should mathematically be preserved at all times and425

hence any deviation from the pre-existing functional relation
between the tracers is essentially numerical errors introduced
by the transport scheme. Note that the ‘ideal’ scheme could
be a scheme that does not exactly preserve pre-existing func-
tional relations but for which the numerical errors are less430

than physical diffusive processes in nature.

In any case transport schemes should not disrupt func-
tional relations in unphysical ways. Numerical errors that
perturb such relations essentially introduce mixing or un-
mixing between the tracers. Lauritzen and Thuburn (2011)435

provides a discussion of the physical importance of transport

Lauritzen et al. (2012, Geo. Geosci. Model Dev., in prep) 
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Fig. 7. Contour plot of the CSLAM numerical solution ⇥ at resolution �� =1.5� and time-
step T/120 using the slotted-cylinders initial condition at time t = T/2 (a and c) and t = T (b
and d) using no filter/limiter (a and b) and a shape-preserving filter (c and d). The standard
error norms for the unfiltered/unlimited solution are ⇤2 = 0.24, ⇤⇥ = 0.79, ⇥min =⇤0.19, and
⇥max = 0.15, and for the shape-preserving solution they are ⇤2 = 0.26, ⇤⇥ = 0.80, ⇥min = 0.0,
and ⇥max =⇤4.34 ·10⇤3.
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Fig. 1. Contour plots for the four initial conditions for mixing ratio � used in this test suite. (a) de-
picts the infinitely smooth (C�) initial condition constructed from Gaussian surfaces, (b) the
cosine bells initial condition which is C1, (c) the non-smooth slotted cylinders initial condition,
and (d) is the initial condition which is nonlinearly correlated with (b).
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Initial condition 

Background value is 
non-zero so positivity 
preserving filters do not 
alleviate undershoots! 
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Abstract. It is the purpose of this paper to propose a standard
test case suite for two-dimensional transport schemes on the
sphere intended to be used for model development and facili-
tating scheme intercomparison. The test cases are designed to
assess important aspects of accuracy in geophysical fluid dy-
namics such as numerical order of convergence, “minimal”
resolution, the ability of the transport scheme to preserve fil-
aments, transport “rough” distributions, and to preserve pre-
existing functional relations between species/tracers under
challenging flow conditions.
The experiments are designed to be easy to set up. They

are specified in terms of two analytical wind fields (one non-
divergent and one divergent) and four analytical initial con-
ditions (varying from smooth to discontinuous). Both con-
ventional error norms as well as novel mixing and filament
preservation diagnostics are used that are easy to implement.
The experiments pose different challenges for the range of
transport approaches from Lagrangian to Eulerian. The mix-
ing and filament preservation diagnostics do not require an
analytical/reference solution, which is in contrast to standard
error norms where a “true” solution is needed. Results using
the CSLAM (Conservative Semi-Lagrangian Multi-tracer)
scheme on the cubed-sphere are presented for reference and
illustrative purposes.

1 Introduction

A basic building block in any fluid dynamics solver is the
transport operator that approximates the evolution of the
bulk motion of a scalar. Despite intense research in transport

schemes intended for global modeling on the sphere, only
test 1 of the widely used test case suite by Williamson et al.
(1992) seems to be the standard test, whereas other (newer)
test cases are, in general, only optionally used. Test 1 in
Williamson et al. (1992) is referred to as the solid-body ad-
vection test case, and the exact solution is simply the trans-
lation of the initial condition so that the center of the distri-
bution follows a great circle. The flow field is non-divergent
and does not challenge the transport operator with respect
to deformation or divergence. In the last decade other non-
divergent global test cases have been proposed such as static
(Nair and Machenhauer, 2002) and moving vortices (Nair
and Jablonowski, 2008) test cases that include deformation.
Also for these tests the analytical solution is known at all
times. Scheme developers do, in general, not publish results
for all test cases and, perhaps more importantly, they often
choose different parameter settings making it more difficult
to compare results for different schemes. A purpose of this
paper is to provide specific guidelines for test case setup in
terms of parameters, resolution, time step, and diagnostics.
Perhaps more challenging, analytical wind fields were

recently proposed by Nair and Lauritzen (2010). The La-
grangian fluid parcels follow complex trajectories (not great
circles or small circles) making it harder to compute the an-
alytical solution throughout the simulation. Following LeV-
eque (1996) the flow has a “time-reversing” component so
that after one period the exact solution equals the initial con-
dition. Half way through the simulation, however, the initial
distributions are deformed into thin filaments and an “over-
laid” translational flow transports the filaments as they de-
form. This problem is very challenging. A divergent wind
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