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9.2.1 Conservation Laws
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%*,;**1 ,"* *3*-*1,$5
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F(0" *3*-*1, L "($ #,$ &;1 ())+&?#-(,* 3&0(3 $&37,#&16 (33&;#12 ,"* 23&%(3 $&4
37,#&1 &1 ,& %* /#$0&1,#17&7$ (, ,"* *3*-*1, #1,*+.(0*$ B L±M/K5 !"#$ 3*(/$ ,& ,;&
/#..*+*1, 8(37*$ .&+ ,"* "7? .710,#&1$ (, *(0" #1,*+.(0* B L+M/K^ S(P(B−L+M/K,?)) &1
,"* 3*., (1/ S(P(B+

L+M/K, ?)) &1 ,"* +#2",5 !"#$ /#$0&1,#17#,9 (, ,"* *3*-*1, */2*$
-7$, %* (//+*$$*/ %9 *-)3&9#12 ( 17-*+#0(3 "7? =&+ ())+&?#-(,* Y#*-(11 $&38*+>
jS(P−,P+) = jS[P(B−L+M/K,?),P(B+L+M/K,?)]6 ;"#0" )+&8#/*$ ,"* 0+70#(3 0&7)3#12 %*4
,;**1 ,"* *3*-*1,$5 I#27+* O5K /*$0+#%*$ $0"*-(,#0(339 ,"* /#$0&1,#17#,9 &. ,"* "7?
.710,#&1 (, ,"* *3*-*1, #1,*+.(0* B L+M/K5
!"* 7);#1/ %($*/ 17-*+#0(3 "7?*$ 7$*/ .&+ BW ())3#0(,#&1$ (+* #1 .(0, #/*1,#4

0(3 ,& ,"&$* /*8*3&)*/ .&+ ,"* !1#,*48&37-* -*,"&/$5 : 8(+#*,9 &. 17-*+#0(3 "7?
.&+-73(* (+* (8(#3(%3* ;#," 8(+9#12 0&-)3*?#,96 "&;*8*+6 ,"* X(?4I+#*/+#0"$ =XI>
17-*+#0(3 "7? #$ 0&$,4*..*0,#8* (1/ ;#/*39 7$*/ .&+ -(19 ())3#0(,#&1$ =b#7 *, (36
KLLa>5 !"* XI "7? .&+-73( #$ /*!1*/ ($ .&33&;$^

jS(P−,P+) =
M
K

[
S(P−)+S(P+)− -(?(P+ −P−)

]
=O5R>

;"*+* -(? #$ ,"* 7))*+ %&71/ &. |S ′(P)|6 ,"* "7? J(0&%#(16 &8*+ ,"* *1,#+* /&-(#1
=.&+ $0(3(+ )+&%3*-$>5 G. -(? #$ *8(37(,*/ &139 (, ,"* 3&0(3 *3*-*1, */2*$ ,"*1

=O5R> #$ '1&;1 ($ ,"* 3&0(3 X(?4I+#*/+#0"$ &+ Y7$$(1&8 "7?5 I&+ ( 3#1*(+ (/8*0,#&1
)+&%3*- -(? = |2| (1/ .&+ ,"* #18#$0#/ \7+2*+$Q *A7(,#&1 -(? =-(?(|P−|, |P+|)5

!

!

"#$%&" "#$'

()*
()* +

+

Fig. 9.2 S0"*-(,#0 /#(2+(- #337$,+(,#12 ,"* /#$0&1,#17#,9 &. ,"* $&37,#&1P(B, ?) (1/ ,"* "7? .7104
,#&1 S(P) (, ,"* *3*-*1, #1,*+.(0* =*/2*> BL+M/K5 I#33*/ 0#+03*$ &1 ,"* $-&&," 07+8*$ (+* ,"*
*3*-*1,4;#$* $&37,#&1 )&#1,$ (1/ ,"* &)*1 $A7(+*$ (, ,"* */2*$ (+* ,"* "7? )&#1,$5 :, ,"* #1,*+.(0*
,"* "7? .710,#&1 "($ ,;& 0&1,+#%7,#&1$6 &1* .+&- ,"* 3*., S(P−)6 (1/ &1* .+&- ,"* +#2", S(P+)5
!"* /#$0&1,#17#,9 &. S(P) (, ,"* #1,*+.(0*$ #$ +*$&38*/ %9 *-)3&9#12 ( 17-*+#0(3 "7? .&+-73(5

9.2.4 Space Discretization

G1 &+/*+ ,& $&38* ,"* ;*(' W(3*+'#1 .&+-73(,#&1 =O5P> 6 ;* ($$7-* ,"(, ,"* ())+&?4
#-(,* =17-*+#0(3> $&37,#&1P, ≈P(B,?) (1/ ,"* 0&++*$)&1/#12 ,*$, .710,#&1 , (+*
)&391&-#(3 .710,#&1$ %*3&12#12 ,& ( !1#,*4/#-*1$#&1(3 $)(0*T,5 !"#$ $)(0* -(9 %*
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.&+-(339 /*!1*/ ($T, = {@ ^ @ | L ∈ P.( L)};"*+* P. #$ ,"* $)(0* &. )&391&-#(3$
#1 L ;#," /*2+**≤ .5
I&+ ,"* ())+&?#-(,* $&37,#&1P,(B,?)6 ,"* BW $)(,#(3 /#$0+*,#@(,#&1 %($*/ &1 ,"*

;*(' .&+-73(,#&1 =O5P> 0&-%#1*/ ;#," =O5R> 0(1 1&; %* ;+#,,*1 ($ .&33&;$^
∫

L

P,(B, ?)
? ,(B)%B=

∫

L

S(P,(B,?))
,(B)
B

%B−
[
jS(P−

, ,P+
, ) L+M/K(?) ,(B−L+M/K)− jS(P−

, ,P+
, ) L−M/K(?) ,(B+L−M/K)

]
, =O5a>

;"*+*P,, , ∈T, .&+ (33 Lo L = M, . . . ,.-*65 !"#$ 0&-)3*,*$ ,"* BW .&+-73(,#&1 &.
)+&%3*- =O5K>5
G1 &+/*+ ,& $&38* =O5a> (007+(,*39 (1/ *.!0#*1,396 ;* 1**/ ,& -('* $&-* ]7/#4

0#&7$ 0"&#0*$ .&+ ,"* #1,*2+(3$ (1/ )&391&-#(3 .710,#&1$ *-)3&9*/ #1 =O5a>5 !"* #14
,*2+(3$ 0(1 %* (007+(,*39 0&-)7,*/ 7$#12 ,"* "#2"4&+/*+ W(7$$#(1 A7(/+(,7+* +73*$5
U&+*&8*+6 0"&&$#12 &+,"&2&1(3 )&391&-#(3$ ($ ( %($#$ .&+ P, (1/ , #1 =O5a> $#24
1#!0(1,39 *1"(10*$ 0&-)7,(,#&1(3 *.!0#*1095 !"#$ #$ %*0(7$* ,"* 0&*.!0#*1,$ &. ,"*
,#-* /*+#8(,#8* #1 =O5a> +*/70* ,& ( /#(2&1(3 -(,+#? ;"*1 P, (1/ , (+* &+,"&2&4
1(3 )&391&-#(3$5 !"* &+,"&2&1(3 %($#$ $*, ;"#0" $)(1$ T, -(9 %* %($*/ &1 *#,"*+
63%"* &+ )3%"* *?)(1$#&1$5 C* 0&1$#/*+ ,"*$* ,;& 0($*$ $*)(+(,*39 #1 ,"* .&33&;#12
$*0,#&1$5

9.2.4.1 Modal Formulation

!"* -&/(3 %($#$ $*, 0&1$#$,$ &. &+,"&2&1(3 )&391&-#(3$ &. /*2+** C -&1&,&1#0(339
#10+*($#12 .+&- L ,&.6 (1/ *(0" %($#$ .710,#&1 +*)+*$*1,$ ,"* -&-*1, &. &+/*+ C =&+6
*A7#8(3*1,396 *(0" &+/*+ 0&1,+#%7,*$ (1 *?,+( -&-*1, #1 ,"* *?)(1$#&1 =d(+1#(/('#$
(1/ S"*+;#16 KLLR>>5 !"* X*2*1/+* )&391&-#(3$ 1C( ),C = L,M, . . . ,.6 ∈ [−M,M]
)+&8#/* (1 *?0*33*1, 0"&#0* .&+ ,"* &+,"&2&1(3 %($#$ .710,#&1 #1 T,5 : -(]&+ (/8(14
,(2* &. ,"#$ 0"&#0* #$ ,"(, ,"* 0&-)7,(,#&1$ #1 =O5a> 0(1 %* $#21#!0(1,39 $#-)3#!*/
%9 *?)3&#,#12 ,"* )+&)*+,#*$ &. X*2*1/+* )&391&-#(3$5 !"* !+$, .*; X*2*1/+* )&394
1&-#(3$ (+* ,(%73(,*/ #1 !(%3* O5M5

Table 9.1 X*2*1/+* )&391&-#(3$ 1C( ) &. /*2+** 7) ,& C = P
B*2+** (C) L M K Z P
1C( ) M (Z K−M)/K (R K−Z)/K (ZR P−ZL K+Z)/[

T#2"*+ /*2+** 1C( ) 0(1 %* 2*1*+(,*/ %9 ,"* .&33&;#12 +*07++*10* +*3(,#&1^

1C( ) =
[
KC−M
C

]
1C−M( )−

[
C−M
C

]
1C−K( ), C = K,Z,P, · · · . =O5h>
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:, ,"* */2*$ &. ,"* #1,*+8(3 [−M,M]6 1C(−M) = (−M)C (1/ 1C(M) = M6 .&+ (19 C≥ L5 G1
I#25 O5Z ,"* 3*., )(1*3 $"&;$ ,"* X*2*1/+* )&391&-#(3$ &. /*2+** 7) ,& C = P5 !"*
&+,"&2&1(3#,9 &. 1C( ) #-)3#*$ ,"(,

∫ M

−M
1C( )1!( )% =

K
KC+M C!, ∈ [−M,M], =O5[>

;"*+* C! #$ ,"* d+&1*0'*+ /*3,( .710,#&1 = C! = M #. C = !6 (1/ C! = L #. C += !>5

!"#

!"$

!"%

!"&
!"'

!"%

Fig. 9.3 !"* 3*., )(1*3 $"&;$ X(2*1/+* )&391&-#(3$ &. /*2+** .+&- C = L ,& P6 ;"#0" 0(1 %* 7$*/
($ %($#$ .710,#&1$ .&+ ,"* -&/(3 BW -*,"&/5 !"* +#2", )(1*3 $"&;$ X(2+(12*4X*2*1/+* )&391&-#4
(3$ &. !?*/ /*2+** C = . = P6 ;"&$* @*+&$ (+* (, ,"* W(7$$4X&%(,,&4X*2*1/+* =WXX> A7(/+(,7+*
)&#1,$5 !"* 1&/(3 8*+$#&1 &. BW *-)3&9$ WXX A7(/+(,7+* )&#1,$6 ;"#0" (+* #1 ,"* #1,*+8(3 [−M,M]
(1/ -(+'*/ ($ !33*/ 0#+03*$5

!& (/&), (1 &+,"&2&1(3 %($#$ $*, {1C( )}.C=L .&+ ,"* BW /#$0+*,#@(,#&1 =O5a>6 ;*
!+$, 1**/ ,& #1,+&/70* ( -())#12 %*,;**1 B &1 *(0" *3*-*1, L (1/ ,"* 3&0(3 8(+#4
(%3* ∈ [−M,M]5 G++*$)*0,#8* &. ,"* )"9$#0(3 3*12," B L6 *(0" *3*-*1, L 0(1 %*
-())*/ &1,& ( 71#A7* +*.*+*10* =&+ $,(1/(+/> *3*-*1, N≡ [−M,M] $70" ,"(,

=
K(B− B L)

B L
. =O5O>

I#27+* =O5P> #337$,+(,*$ $0"*-(,#0(339 ,"* -())#12 %*,;**1 *(0" L (1/ ,"* +*.*+4
*10* *3*-*1, N5 G1 ,*+-$ &. ,"* 1*; 3&0(3 8(+#(%3* = (B)6 ;* /*1&,* ,"* ())+&?4
#-(,* $&37,#&1 #1 (19 *3*-*1, L %9PL =PL( , ?) (1/ #, 0(1 %* *?)+*$$*/ ($

PL( ,?) =
.

C=L
PC
L (?)1C( ) .&+ ∈ [−M,M], =O5ML>

;"*+* ,"* *?)(1$#&1 0&*.!0#*1,$6 P C
L (?)6 (+* ,"* 636-)?; &+ /*2+**$ &. .+**/&-

=%3<> *8&38#12 #1 ,#-*5 !"* *?)3#0#, .&+- &. P C
L (?) #$ /*+#8*/ 7$#12 =O5[> (1/ 2#8*1
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%9

PC
L (?) =

KC+M
K

∫ M

−M
PL( ,?)1C( )% , ;"*+* C = L,M, . . . ,.. =O5MM>

!

"#$%"

! !" "#$

!" #"$

&

"'$

"'$

Fig. 9.4 : $0"*-(,#0 /#(2+(- &. ,"* -())#12 %*,;**1 ,"* 71#A7* +*.*+*10* *3*-*1, N = [−M,M]
(1/ *(0" *3*-*1, L #1 ,"* )"9$#0(3 /&-(#1 5 !"* !33*/ $A7(+*$ &1 N #1/#0(,* ,"* W(7$$#(1
A7(/+(,7+* )&#1,$ #1 ,"* #1,*+8(3 [−M,M] (1/ ,"* !33*/ 0#+03*$ (+* ,"* 0&++*$)&1/#12 A7(/+(,7+*
)&#1,$ &1 ,"* *3*-*1,$5 :33 ,"* #1,*2+(3 (1/ /#..*+*1,#(3 &)*+(,#&1$ +*A7#+*/ .&+ BW /#$0+*,#@(,#&1
(+* 0&-)7,*/ &1 N5

N&,* ,"(, =O5MM>-(9 %* #1,*+)+*,*/ ($ ( ,+(1$.&+-(,#&1 =&+ ( )+&]*0,#&1 &)*+(,#&1>
.+&- ,"* )"9$#0(3 $)(0* ,& ,"* $)*0,+(3 =X*2*1/+*> $)(0* ;#," #18*+$* ,+(1$.&+-(,#&1
=O5ML>5 G, #$ 03*(+ .+&- =O5MM> ,"(, ,"* @*+&," -&-*1,6

PLL (?) =P L =
M
K

∫ M

−M
PL( , ?)% , =O5MK>

#$ ,"* (8*+(2* 8(37*P L5 S#-#3(+39 ,"* !+$,6 $*0&1/6 (1/ "#2"*+ -&-*1,$ (+* +*$)&14
$#%3* .&+ ,"* 3#1*(+6 A7(/+(,#06 (1/ "#2"*+4&+/*+ 8(+#(,#&1$ &. P( ) #1 ,"* *3*-*1,5
!"* 3*., )(1*3 #1 I#25 =O5Z> $"&;$ ,"* X*2*1/+* )&391&-#(3$ &. /*2+** 7) ,& . = Po
*(0" )&391&-#(3 0&++*$)&1/$ ,& ,"* C?, -&-*1, #1 ,"* -&/(3 .&+-73(,#&15
C* 0(1 $#-)3#.9 =O5a> %9 $7%$,#,7,#12 P L( ,?) .&+ P,(B,?) (1/ 1C( ) .&+ ,(B)6

"&;*8*+6 ,"#$ +*A7#+*$ ( 0"(12* &. 8(+#(%3* .+&- B ,& #1 =O5a> ;#," ,"* 1*; /&-(#1
&. #1,*2+(,#&1 [−M,M]5 \9 7$#12 ,"* $7--(,#&1 =O5ML> (1/ ,"* .&33&;#12 +*3(,#&1$
.+&- =O5O>

%B=
B L
K % ,

B
=

K
B L

,

,"* ;*(' W(3*+'#1 .&+- =O5a> 0(1 %* ;+#,,*1 #1 ,"* $*-#4/#$0+*,* .&+- ($ 2#8*1
%*3&;^
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B L
K

.

!=L

%
%?
P !
L (?)

∫ M

−M
1C( )1!( )% =

∫ M

−M
S(PL( , ?))1′C( )% −

[ jSL+M/K(?)1C(M)− jSL−M/K(?)1C(−M)
]
,=O5MZ>

;"*+* 1′
C( ) #$ ,"* /*+#8(,#8* &. ,"* X*2*1/+* )&391&-#(3$ =O5h>5 !"* (%&8* *A7(4

,#&1 0(1 %* .7+,"*+ $#-)3#!*/ %9 *-)3&9#12 ,"* &+,"&2&1(3#,9 +*3(,#&1 =O5[> (1/ ,"*
)+&)*+,9 1C(±M) = (±M)C ($ .&33&;$^

M
KC+M

%
%?
PC
L (?) =

M
B L

∫ M

−M
S(PL( ,?))1′C( )% −

M
B L

[
jSL+M/K(?)− jSL−M/K(?)(−M)C

]
, =O5MP>

;"*+* C= L,M, . . . ,.5
!"* #1,*2+(3 ())*(+#12 #1 =O5MP> #$ *8(37(,*/ 7$#12 ( "#2"4&+/*+ =(.+ M)41&/*>

W(7$$#(1 A7(/+(,7+* +73*5 _$7(339 ( W(7$$4X*2*1/+* =WX> A7(/+(,7+*6 ;"#0" #$ *?4
(0, .&+ )&391&-#(3$ &. /*2+** K.+M6 &+ ( W(7$$4X&%(,,&4X*2*1/+* =WXX> A7(/+(4
,7+*6 ;"#0" #$ *?(0, .&+ )&391&-#(3$ &. /*2+** K.− M6 #$ *-)3&9*/o ,"* 0"&#0* &.
( $)*0#!0 A7(/+(,7+* #$ $&-*;"(, ())3#0(,#&1 /*)*1/*1,5 I&+ ( 2#8*1 17-%*+ &.
A7(/+(,7+* )&#1,$6 ,"* WX A7(/+(,7+* #$ -&+* (007+(,* ,"(1 ,"* WXX A7(/+(,7+* %7,
,"* .&+-*+ /&*$ 1&, )3(0* 1&/*$ (, ,"* *1/ )&#1,$ &. ,"* #1,*+8(3 [−M,M] =$** ,"*
-(+'*/ )&#1,$ &1 ,"* +*.*+*10* *3*-*1, N #1 I#25 =O5P> >5 C* .7+,"*+ /#$07$$ ,"*
+*3(,#8* -*+#,$ &. WX (1/ WXX A7(/+(,7+* +73*$ #1 ( KB 0&1,*?, #1 S*0,#&1 O5Z5M5Z5
G1 &+/*+ ,& 0&-)7,* jSL±M/K #1 =O5MP>6 ,"* "7? S(P( )) (, ,"* *3*-*1, */2*$
= ±M -7$, %* '1&;15 G1 ,"* WX 0($*6 ,"#$ -*(1$ ,"(, &1* -7$, #1,*+)&3(,* ,"*

$&37,#&1P( ) 7$#12 =O5ML>5 T&;*8*+6 ,"* WXX A7(/+(,7+* #1037/*$ ,"* */2*$ ;"*+*
8(37*$ &.P( ) (+* +*(/#39 (8(#3(%3*6 (1/ -('*$ ,"* */2* "7? 0&-)7,(,#&1 *($95
Y*2(+/3*$$ &. ,"* 0"&#0* &. A7(/+(,7+*6 ,"* BW $&37,#&1 )+&0*/7+* .&+ ,"* 0&1$*+4

8(,#&1 3(; =O5K> &1 (1 *3*-*1, L +*/70*$ ,& $&38#12 ( $9$,*- &. /*0&7)3*/ &+/#1(+9
/#..*+*1,#(3 *A7(,#&1$ =HBF$> =O5MP>6 ;"#0" -(9 %* ;+#,,*1 #1 ,"* .&33&;#12 .&+-5

M L
%
%?
U L = R(U L), =O5MR>

;"*+*M L #$ ,"* 0&*.!0#*1, -(,+#? ($$&0#(,*/ ;#," ,"* ,#-* /*+#8(,#8* #1 =O5MP> (1/
.&+-(339 +*.*++*/ ,& ($ ,"* 6";; 6"?:$B6 U L #$ ( 0&37-1 8*0,&+ 0&1,(#1#12 ,"* -&4
-*1,$PC(?),C = L,M, . . . ,.6 (1/ R #$ ,"* +*$#/7(3 8*0,&+ 0&++*$)&1/#12 ,& ,"* +#2",4
"(1/ $#/* &. =O5MP>5 \9 8#+,7* &. ,"* &+,"&2&1(3#,9 &. ,"* X*2*1/+* )&391&-#(3$6 ,"*
-($$ -(,+#?M L #$ $,+#0,39 ( /#(2&1(3 -(,+#? ;#," 1&14@*+& *1,+#*$ {M/(KC+M)}.C=L5
!"#$ /#(2&1(3 $,+70,7+* "($ 2+*(, 0&-)7,(,#&1(3 (/8(1,(2* %*0(7$* M L 0(1 %*

#18*+,*/ ,+#8#(339 (1/ $#-)3#!*$ ,"* $&37,#&1 )+&0*$$ #1 =O5MR>5 I&+ ,"* BW /#$0+*,#@(4
,#&1 0&1$#/*+*/ "*+* *(0" *3*-*1, L +*3#*$ &1 ,"* $(-* )&391&-#(3 %($*$6 ,"*+*4
.&+* ,"* -($$ -(,+#? M L =M #$ #/*1,#0(3 .&+ *(0" *3*-*1, #1 ,"* /&-(#1 5 <+*4
-73,#)39#12 =O5MR> %9M−M .&+ *(0" *3*-*1, +*$73,$ #1 ,"* .&33&;#12 $9$,*- &. HBF$
0&++*$)&1/#12 ,& ,"* )+&%3*- =O5K>6
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%
%?
U= L(U) #1 (L,+ ], =O5Ma>

;"*+* U #$ ,"* 23&%(3 8*0,&+ &. /*2+**$ &. .+**/&- ;"#0" *8&38*$ #1 ,#-*6 L #$ (
2*1*+#0 &)*+(,&+ 0&-%#1#12 (33 ,"* $)(,#(3 /#$0+*,#@(,#&1$5 : BW -*,"&/ *-)3&9#12
.+ M -&-*1,$ =&+ ;#," )&391&-#(3 %($*$ 7) ,& /*2+** .> #$ &.,*1 +*.*++*/ ,& ($
( 1. -*,"&/ =D&0'%7+1 (1/ S"76 KLLM>5 C* ;#33 0&1$#/*+ ,"* ,#-* /#$0+*,#@(,#&1
)+&0*/7+* .&+ =O5Ma> #1 ,"* .&33&;#12 $*0,#&15
G1 &+/*+ ,& $** ,"* 03&$* 3#1' %*,;**1 BW (1/ IE ())+&(0"*$6 ;* 0&1$#/*+ ,"*

!+$, .*; -&-*1,$ C = L,M,K #1 =O5MP> ($ .&33&;$^

%
%?
PLL (?) =

M
B L

[ jSL+M/K(?)− jSL−M/K(?)
]
, =O5Mh>

M
Z
%
%?
PML (?) =

M
B L

∫ M

−M
S(PL( ,?))% − M

B L

[ jSL+M/K(?)+ jSL−M/K(?)
]
, =O5M[>

M
R
%
%?
PKL (?) =

a
B L

∫ M

−M
S(PL( ,?)) % − M

B L

[ jSL+M/K(?)− jSL−M/K(?)
]
. =O5MO>

!"* -($$ -(,+#? ($$&0#(,*/ ;#," ,"* (%&8* $9$,*- #$M= /#(2 [M,M/K,M/R]6 (1/ ,"*
-&-*1,$PC

L (?) 0(1 %* 7$*/ .&+ 0&1$,+70,#12 ,"* $&37,#&1 (, ( '1&;1 ,#-* ? = ? ) 8#(
=O5ML> $70" ,"(,

PL( ,?)) =PLL (?))1L( )+PML (?))1M( )+PKL (?))1K( ). =O5KL>

I&+ ,"* $#-)3*$, BW .&+-73(,#&16 ,"* 1L 0($*6 =O5Mh> #$ ,"* &139 *A7(,#&1 ,& $&38*
#1 ,#-*5 G1 ,"#$ 0($* P L

L (?)6 ,"* -&-*1, =%3<> *8&38#12 #1 ,#-*6 #$ 1&,"#12 -&+*
,"(1 ,"* 0*334(8*+(2* P L 2#8*1 #1 =O5MK>6 ;"#0" #$ (1 *3*-*1,4;#$* =&+ )#*0*;#$*>
0&1$,(1,5 !"7$ ,"* BW 1L 0($* +*/70*$ ,& ,"* 03($$#0(3 )#*0*;#$* 0&1$,(1, W&/71&8
IE -*,"&/ =!&+& MOOO6 0"(),*+ [>5 G1 ( $#-#3(+ -(11*+ &1* 0(1 $"&; ,"* BW 1 M (1/
1K -*,"&/$ (+* +*3(,*/ ,& ,"* )#*0*;#$* 3#1*(+ -*,"&/ =<XU6 8(1 X**+ =MOhP>> (1/
,"* )#*0*;#$* )(+(%&3#0 -*,"&/ =<<U6 D&3*33( (1/C&&/;(+/ =MO[P>>6 +*$)*0,#8*395

L Zf7

DG

? ?

FV

L Zf7 LgZf7LgZf7 Lg]f7I ]f7 I IL Z I ILgZLL
? ???

Fig. 9.5 : $0"*-(,#0 $"&;#12 ( 0&-)(+#$&1 %*,;**1 ,"* 03($$#0(3 MB !1#,*48&37-* =IE> (1/ BW
-*,"&/$5 XL = [B L−M/K,B L+M/K] -(9 %* #1,*+)+*,*/ ($ ( 0*33 #1 ,"* IE -*,"&/ &+ (1 *3*-*1, #1 ,"*
BW =1M) -*,"&/5 I&+ ,"* IE -*,"&/6 ,"* 0*334(8*+(2* =$"&;1 ($ !33*/ 0#+03*$ #1 ,"* 3*., )(1*3> #$
,"* &139 /*2+** &. .+**/&- )*+ 0*33 *8&38#12 #1 ,#-*5 !"* BW-*,"&/ "($ -&+* /*2+**$ &. .+**/&-
=-(+'*/ ($ !33*/ 0#+03*$ #1 ,"* +#2", )(1*3> )*+ *3*-*1, *8&38#12 #1 ,#-*6 "&;*8*+ %&," -*,"&/$
*-)3&9 ,"* $(-* )+&0*/7+* ,& (//+*$$ ,"* /#$0&1,#17#,#*$ (, ,"* 0*33 %&71/(+#*$ BL±M/K5
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N*8*+,"*3*$$6 ,"*+* (+* $7%,3* /#..*+*10*$ %*,;**1 +*273(+ IE (1/ BW -*,"&/$5
G1 IE -*,"&/$ $70" ($ <XU &+ <<U ,"*+* #$ &139 &1* %3< )*+ 0&1,+&3 8&37-* *8&384
#12 #1 ,#-*6 1(-*39P L6 #++*$)*0,#8* &. ,"* $)(,#(3 &+/*+ &. (007+(09 &. ,"* -*,"&/
&+ ,"* /#-*1$#&1 &. ,"* )+&%3*-5 H1 ,"* &,"*+ "(1/6 ,"* BW -*,"&/ 0(++#*$ -&+*
%3<; )*+ *3*-*1, =,"* 0*33 &+ ,"* 0&1,+&3 8&37-* #1 (1 IE $*1$*> (1/ ,"* 17-%*+ &.
%3<; 2+&;$ ;#," %&," ,"* &+/*+ &. (007+(09 (1/ ,"* /#-*1$#&1 =$** I#25 O5R>5 G1 &,"*+
;&+/$6 ( BW -*,"&/ )(0'$ -&+* #1.&+-(,#&1 #1,& *(0" 0*33 ,"(1 ,"* IE -*,"&/5 I&+
*?(-)3*6 #1 =O5KL> ,"+** -&-*1,$ (+* +*A7#+*/ ,& 0&1$,+70, ,"* $&37,#&1P L( );#," (
1K -*,"&/6 (1/ ,"* -&-*1,$ /*)*1/ &139 &1 ,"* *3*-*1, L +*$73,#12 #1 ( 0&-)(0,
0&-)7,(,#&1(3 $,*10#35 !"* <<U -*,"&/ +*A7#+*$ ,"* +*0&1$,+70,#&1 &. )(+(%&3($ &.
,"* .&+- =O5KL> %9 7,#3#@#12 ,"* (8*+(2*$P L .+&- ,"* 1*#2"%&+#12 0*33$6 +*$73,#12 #1
( ;#/*+ $,*10#35 G1 %&," -*,"&/$P L( ) *$$*1,#(339 +*)+*$*1,$ ,"* $7%42+#/ $0(3* /#$4
,+#%7,#&1 &. ,"* $&37,#&1 i *8*1 ,"&72" ,"* 71/*+39#12 /#$0+*,#@(,#&1$ (+* /#..*+*1,5
T&;*8*+6 ($ 0&-)(+*/ ,& <<U6 ,"* "#2" (007+(09 (1/ 0&-)(0,1*$$ &. ,"* BW 1 K

-*,"&/ 0&-*$ ;#," (//#,#&1(3 0&-)7,(,#&1(3 0&$,5 !"* BW -*,"&/ )+*$*1,*/ "*+*
-(9 %* 8#*;*/ ($ ( "#2"4&+/*+ 0&-)(0, IE -*,"&/5 : 1 K ,+(1$)&+, $0"*-* #$ (3$&
$#-#3(+ ,& ,"* -73,#4-&-*1, ,+(1$)&+, $0"*-*$ /*8*3&)*/ %9 <+(,"*+ =MO[a>5

9.2.4.2 Nodal Formulation

!"* 1&/(3 *?)(1$#&1 #$ %($*/ &1 X(2+(12* )&391&-#(3$ ;#," +&&,$ (, ( $*, &. )3%"*
)&#1,$6 ;"#0" -(9 #1037/* ,"* */2* )&#1,$5 !"* 1&/(3 %($*$ (+* ;#/*39 )&)73(+ #1
"#2"4&+/*+ $)*0,+(3 *3*-*1, -*,"&/$ =d(+1#(/('#$ (1/ S"*+;#16 KLLR>5 :1 #-)&+4
,(1, ($)*0, &. ,"* BW /#$0+*,#@(,#&1 #$ ,"* 0"&#0* &. (1 *.!0#*1, %($#$ $*, =)&391&-#4
(3$> ,"(, $)(1T,5 \*0(7$* &. ,"* #1"*+*1, 0&-)7,(,#&1(3 (/8(1,(2*$ ($$&0#(,*/ ;#,"
1&/(3 %($*$6 ,"*9 (+* (/&),*/ #1 BW /#$0+*,#@(,#&1 .&+ -(19 ())3#0(,#&1$ =T*$,"(8*1
(1/ C(+%7+,&16 KLL[>5 !"* 1&/(3 BW $0"*-* #$ )&,*1,#(339 -&+* 0&-)7,(,#&1(339
*.!0#*1, %*0(7$* #, +*3#*$ &1 $&37,#&1$ #1 )"9$#0(3 =2+#/ )&#1,> $)(0*6 &%8#(,#12 ,"*
1**/ ,& ,+(1$.&+- %*,;**1 $)*0,+(3 (1/ )"9$#0(3 $)(0*6 ;"#0" #$ +*A7#+*/ .&+ ,"*
-&/(3 BW $0"*-* =O5MP>5
!"* 1&/(3 %($#$ $*, #$ 0&1$,+70,*/ 7$#12 ,"* X(2+(12* )&391&-#(3$ , C( )6 ∈

[−M,M]6 ;#," +&&,$ (, ,"* W(7$$ A7(/+(,7+* )&#1,$5 !"* 1&/(3 )&#1,$ -(9 %* %($*/
&1 ,"* W(7$$4X*2*1/+* =WX> &+ ,"* W(7$$4X&%(,,&4X*2*1/+* =WXX> A7(/+(,7+* +73*5
T&;*8*+6 ;* 0&1$#$,*1,39 *-)3&9 ,"* WXX A7(/+(,7+* .&+ ,"* 1&/(3 .&+-73(,#&1
0&1$#/*+*/ "*+*#15 !"* .+ M WXX )&#1,$ { *}.*=L =#5*56 ,"* 1&/(3 )&#1,$ #1037/#12
,"* */2* )&#1, ±M>6 0(1 %* 2*1*+(,*/ .+&- ,"* +*3(,#&1 (M− K)1′.( ) = L6 ;"*+*
1.( ) #$ ,"* X*2*1/+* )&391&-#(3 &. /*2+** .5 !"* %($#$ .710,#&1$ (+* /*!1*/ %9

,C( ) =
( −M)( +M)1′

.( )
.(.+M)1.( C)( − C)

, =O5KM>

;"*+* 1.( ) #$ ,"* X*2*1/+* )&391&-#(3 &. /*2+** .5 G1 I#25 =O5Z> ,"* +#2", )(1*3
$"&;$ ,"* P?,4/*2+** 1&/(3 %($*$ ,C( )6 (1/ .+ M = R WXX )&#1,$ (+* -(+'*/ ($
!33*/ 0#+03*$5 S#10* ,C( ) #$ ( X(2+(12* )&391&-#(36 ,"* .&33&;#12 )+&)*+,9 "&3/$ (,



O F-*+2#12 N7-*+#0(3 U*,"&/$ .&+ :,-&$)"*+#0 U&/*3#12 Kah

,"* 1&/*$ *^

,C( *) = C* =
{
M #. C = *,
L #. C += *.

=O5KK>

!"* /#$0+*,* &+,"&2&1(3#,9 &. ,!( ) 0(1 %* *$,(%3#$"*/ ,"+&72" ,"* WXX A7(/+(,7+*
+73*6 2#8*1 %9

∫ M

−M
< ( )% ≈

.

C=L
< ( C)DC, =O5KZ>

;"*+* < ( ) #$ (1 (+%#,+(+9 .710,#&1 ;#," '1&;1 8(37*$ (, ,"* 1&/*$ =A7(/+(,7+*
)&#1,$> (1/ DC (+* ,"* ;*#2",$ ($$&0#(,*/ ;#," ,"* WXX A7(/+(,7+* +73*6 /*!1*/ ,&
%*

DC =
K

.(.+M) [1.( C)]K
.

:$ -*1,#&1*/ *(+3#*+6 ,"* WXX A7(/+(,7+* +73* =O5KZ> #$ -B"2? .&+ )&391&-#(3$ &.
/*2+** 7) ,& K.− M5 !"* /#$0+*,* &+,"&2&1(3#,9 &. ,"* %($#$ .710,#&1 , !( ) 0(1 %*
/*+#8*/ 7$#12 =O5KK> (1/ =O5KZ> ($ .&33&;$^

∫ M

−M
,C( ),*( )% ≈

.

!=L
,C( !),*( !)D! = DC C*. =O5KP>

N&,* ,"(, ,"* #1,*2+(1/ ,C( ),*( ) #$ ( )&391&-#(3 &. /*2+** K.6 $& ,"* &+,"&2&1(34
#,9 /&*$ 1&, $,+#0,39 "&3/ 71/*+ *?(0, #1,*2+(,#&15 G1 &,"*+ ;&+/$6 ,"* &+,"&2&1(3#,9
&. ,"* 1&/(3 *?)(1$#&1 2#8*1 #1 =O5KP> #$ 1&, ($ +#2&+&7$ ($ ,"* 0&1,#17&7$ &+,"&2&4
1(3#,9 *-)3&9*/ #1 ,"* -&/(3 0($* =O5[>5 I&+,71(,*396 ,"* *++&+ #107++*/ #1 /#$0+*,*
&+,"&2&1(3#,9 #$ &. ,"* $(-* &+/*+ ($ ,"* 1&/(3 *?)(1$#&1 $& ,"* /#$0+*,#@(,#&1 #$
0&1$#$,*1,5 U&+*&8*+6 #, #$ $"&;1 #1 D(17,& *, (3 =KLLh> ,"(, ,"* /#$0+*,* 1&+- #$
71#.&+-39 *A7#8(3*1, ,& ,"* 0&1,#17&7$ 1&+-5
G1 ,"* 1&/(3 *?)(1$#&16 ,"* ())+&?#-(,* $&37,#&1P L( ,?) .&+ (1 *3*-*1, L 0(1

%* ;+#,,*1 #1 ,*+-$ &. ,C( ) ($ 2#8*1 %*3&;^

PL( ,?) =
.

C=L
PL,C(?),C( ), ∈ [−M,M], =O5KR>

;"*+* PL,C(?) =PL( C,?) (+* ,"* '1&;1 8(37*$ &. P L( ,?) (, ,"* WXX 2+#/ )&#1,$5
:3$&6 .+&- =O5KR> #, #$ *8#/*1, ,"(, ,"* ())+&?#-(,* $&37,#&1 #$ *?)+*$$*/ ($ ( X(4
2+(12* #1,*+)&3(,#&1 )&391&-#(35 :1(3&2&7$ ,& ,"* -&/(3 0($*6 ,"* ;*(' W(3*+'#1
.&+-73(,#&1 =O5a> 0(1 %* $#-)3#!*/ ($ .&33&;$^ $7%$,#,7,* =O5KR> .&+ ,"* ())+&?#4
-(,* $&37,#&1 (1/ ,C( ) .&+ ,"* ,*$, .710,#&16 *-)3&9#12 ,"* )+&)*+,#*$ =O5KP> (1/
,C(±M) = M5 !"#$ 9#*3/$ ,"* *A7(,#&1

DC
K

%
%?
PL,C(?) =

M
B L

∫ M

−M
S(PL( , ?)),′C( )% − M

B L

[ jSL+M/K(?)− jSL−M/K(?)
]
,

=O5Ka>
;"*+* C = L,M, . . . ,.5 !"* +#2",4"(1/ $#/* #18&38*$ ,"* /*+#8(,#8* &. ,"* X(2+(12*
)&391&-#(3 ,′C( )6 ;"#0" 1**/$ ,& %* 0(3073(,*/ (1/ $,&+*/ (, *(0" &. ,"* A7(/+(,7+*
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)&#1,$ #1 &+/*+ ,& *8(37(,* ,"* #1,*2+(3 #1 =O5Ka>5 !"* +*$73,#12 -(,+#?6 '1&;1 ($ ,"*
/#..*+*1,#(,#&1 -(,+#?6 "($ ,"* .&33&;#12 *?)3#0#, .&+- =d(+1#(/('#$ (1/ S"*+;#16
KLLRo D(17,& *, (36 KLLh>^

,′C( *) =






G.( C)
G. ( *)

M
( C− *)

#. C += *,

− (.+M).
P #. C = * = L,

(.+M).
P #. C = * = .,

L &,"*+;#$*5

=O5Kh>

!"* -($$ -(,+#? ($$&0#(,*/ ;#," =O5Ka> #$ ( /#(2&1(3 -(,+#?M ;#," 1&14@*+& *1,+#*$
{DC/K}.C=L (1/6 %9 8#+,7* &. ,"* WXX 2+#/$6 ,"* 17-*+#0(3 "7?*$ jSL±M/K (+* +*(/#39
(8(#3(%3* (, ,"* */2*$ = ±M5 !"* $9$,*- &. HBF$ =O5Ka> 0(1 %* 2*1*+(3#@*/ .&+
,"* ;"&3* /&-(#1 *?(0,39 ($ #1 =O5Ma>6

%
%?
U= L(U) #1 (L,+ ],

;"*+* U #$ ,"* 23&%(3 8*0,&+ &. 2+#/ )&#1, 8(37*$ P L,C6 L = M,K, . . . ,.-*6 (1/ C =
L,M, . . . ,.5
: +*-(+'(%3* /#..*+*10* %*,;**1 ,"* 1&/(3 8*+$#&1 =O5Ka> (1/ ,"* 0&++*$)&1/#12

-&/(3 8*+$#&1 =O5MP> &. ,"* BW /#$0+*,#@(,#&1 #$ ,"* (%$*10* &. ,"* $)*0,+(3 0&*.!4
0#*1,$5 G1 &,"*+ ;&+/$6 ,"* %3<; ,& *8&38* #1 ,#-* #1 =O5Ka> (+* ]7$, ,"* 2+#/ )&#1, 8(34
7*$ &. ,"* ())+&?#-(,* $&37,#&1P L,C(?)6 1&, ,"* $)*0,+(3 0&*.!0#*1,$ ($ #1 ,"* -&/(3
0($*5 T*10*6 ,"*+* #$ 1& 1**/ ,& ,+(1$.&+- %*,;**1 $)*0,+(3 (1/ )"9$#0(3 $)(0*$
(, *8*+9 ,#-* $,*)6 (1/ ,"#$ .*(,7+* -('*$ ,"* 1&/(3 /#$0+*,#@(,#&1 0&-)7,(,#&1(339
-&+* *.!0#*1, =X*89 *, (36 KLLh>5

9.2.5 Time Integration

!"* -&/(3 (1/ 1&/(3 BW /#$0+*,#@(,#&1 %&," +*/70* ,"* &1*4/#-*1$#&1(3 $0(3(+ 0&14
$*+8(,#&1 3(; ,& ( $9$,*- &. HBF$ =O5Ma> ;"#0" 0(1 %* $&38*/ 7$#12 ( 8(+#*,9 &. ,#-*
#1,*2+(,#&1 ,*0"1#A7*$ =0"(),*+ R>5 G1 .(0,6 ,"* BW /#$0+*,#@(,#&1 +*/70*$ 0&1$*+8(4
,#&1 3(; <BF$ ,& ( $9$,*- &. HBF$ #++*$)*0,#8* &. ,"* $)(,#(3 /#-*1$#&15 !"*+*.&+*
;* 0&1$#/*+ ,"* .&33&;#12 2*1*+(3 .&+- &. ,"* HBF $9$,*-^

%
%?
U= L(U) #1 (L,+ ].

!"* -&$, ;#/*39 7$*/ *?)3#0#, ,#-* #1,*2+(,#&1 ,*0"1#A7* .&+ ,"* BW -*,"&/ #$
%($*/ &1 ,"* Y712*4d7,,( =Yd> $0"*-*o ( 0&-%#1(,#&1 &. ,"*$* $)(0* (1/ ,#-* /#$4
0+*,#@(,#&1 ())+&(0"*$ #$ &.,*1 +*.*++*/ ,& ($ ,"* YdBW-*,"&/ =D&0'%7+1 (1/ S"76



O F-*+2#12 N7-*+#0(3 U*,"&/$ .&+ :,-&$)"*+#0 U&/*3#12 KaO

KLLM>5 I&+ ,"* BW /#$0+*,#@(,#&1 0&1$#/*+*/ #1 ,"#$ D"(),*+ ;* *-)3&9 ,"* $,+&12
$,(%#3#,94)+*$*+8#12 =SS<> Yd $0"*-*6 (3$& '1&;1 ($ ,"* ,&,(3 8(+#(,#&1 /#-#1#$"#12
Yd $0"*-* =D&0'%7+1 *, (36 MOOh>o ( /*,(#3*/ (00&71, &. SS<4Yd -*,"&/$ #$ 2#8*1
#1 W&,,3#*% *, (3 =KLLM>5
!"* $*0&1/4&+/*+ =,;&4$,(2*> SS<4Yd #$

U(M) = U) + ?L(U))

U)+M =
M
KU

)+
M
K [U(M) + ?L(U(M))], =O5K[>

(1/ ,"* ,"#+/4&+/*+ =,"+**4$,(2*> SS<4Yd #$

U(M) = U) + ?L(U))

U(K) =
Z
PU

)+
M
P [U(M) + ?L(U(M))] =O5KO>

U)+M =
M
ZU

)+
K
Z [U(K) + ?L(U(K))].

G1 %&," =O5K[> (1/ =O5KO>6 U (M) (1/ U(K) (+* #1,*+-*/#(,* $,(2*$ &. ,"* Yd -*,"&/
;"#3* ,"* $7)*+$0+#),$ ) (1/ )+M /*1&,* ,#-* 3*8*3$ ? (1/ ?+ ?6 +*$)*0,#8*395 !"*
&8*+(33 (007+(09 &. ,"* 17-*+#0(3 $0"*-* #$ /#0,(,*/ %9 ,"* &+/*+ &. (007+(09 &.
%&," ,"* $)(,#(3 (1/ ,*-)&+(3 /#$0+*,#@(,#&1$5 I&+ *?(-)3*6 ,"* BW -*,"&/ 7$#12
)&391&-#(3$ &. /*2+** . (3&12 ;#," (1 .+ M $,(2* Yd -*,"&/ +*$73,$ #1 (1 (.+
M),"4&+/*+ (007+(,* -*,"&/ =D&0'%7+1 (1/ S"76 KLLM>5
T#2"*+4&+/*+ Yd $0"*-*$ )+&8#/* ( ;#/*+ $,(%#3#,9 +*2#&1 =\7,0"*+6 KLL[>6 $& (

3&12*+ ,#-* $,*) -(9 %* 7$*/ #1 ,"* 17-*+#0(3 #1,*2+(,#&15 _1.&+,71(,*396 ( "#2"4
&+/*+ Yd ,#-* /#$0+*,#@(,#&1 "($ -73,#)3* $,(2*$ &. .710,#&1 =+#2",4"(1/ $#/*> *8(34
7(,#&1$ (1/ "7? 0&--71#0(,#&1$6 +*$73,#12 #1 ( 0&-)7,(,#&1(339 *?)*1$#8* $0"*-*
=*$)*0#(339 #1 ( )(+(33*3 0&-)7,#12 *18#+&1-*1,>5 !"*+*.&+*6 -(19 )+(0,#0(3 ())3#4
0(,#&1$ 7$* ( .&7+,"4 &+ 3&;*+4&+/*+ Yd $0"*-* =N(#+ *, (36 KLLR(6 KLLO>5
!"* 3#1*(+ $,(%#3#,9 (1(39$#$ .&+ ,"* -&/(3 BW-*,"&/ /#$07$$*/ #1 D&0'%7+1 (1/

S"7 =KLLM>-(9 %* 7$*/ ($ ( 27#/*3#1* .&+ 0"&&$#12 ,"* ,#-* $,*)$5 I&+ (1 (.+M)4,"
4&+/*+ (007+(,* YdBW -*,"&/6 ,"* DIX =D&7+(1,4I+#*/+#0"$4X*;9> $,(%#3#,9 3#-#,
#$ 2#8*1 %9 2 ?/ B≤ M/(K.+M)6 ;"*+* B #$ ,"* *3*-*1, ;#/," (1/ 2 #$ ,"* 8*3&04
#,95 !"#$ "($ %**1 )+&8*1 ,& %* ,+7* ;"*1 . = M6 "&;*8*+6 1& ,"*&+*,#0(3 )+&&. *?#$,$
;"*1 . > M5 I&+ ., M ,"* *?)3#0#, BW -*,"&/ #$ 8*+9 ,#-* $,*) +*$,+#0,#8*6 #1 $70"
0($*$ ( $*-#4#-)3#0#, &+ #-)3#0#, ,#-* #1,*2+(,#&1 $,+(,*29 -(9 %* /*$#+(%3* =0"()4
,*+ R>5 C* (3$& 1&,* ,"(, ;"*1 . > M6 ,"* 2+#/ $)(0#12 B 7$*/ #1 0(3073(,#12 ,"*
DIX 3#-#, $"&73/ %* ,"* 6$)$656 /#$,(10* %*,;**1 ,"* 1&1471#.&+-39 /#$,+#%7,*/
A7(/+(,7+* )&#1,$ =$** ,"* +#2", )(1*3 &. I#25 O5Z>5 : /*,(#3*/ /#$07$$#&1 &. ,"* DIX
$,(%#3#,9 3#-#, .&+ (/8*0,#&1 )+&%3*-$ .&+ "#2"4&+/*+ W(3*+'#1 -*,"&/$ 0(1 %* .&71/
#1 D"(),*+ a &. d(+1#(/('#$ (1/ S"*+;#1 =KLLR>5
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9.2.6 DG 1D Computational Examples

T*+* ;* #337$,+(,* ,"* BW -*,"&/ %9 $&38#12 ,;& *?(-)3*$ &. ,"* MB 0&1$*+8(,#&1
3(; =O5K>5 !"* !+$, &1* #$ ( $#-)3* 3#1*(+ )+&%3*- #18&38#12 ,"* (/8*0,#&1 &. %&," (
W(7$$#(1 )+&!3* =$-&&," 0($*> (1/ ( +*0,(1273(+ ;(8* =1&14$-&&," 0($*>5 !"* $*04
&1/ *?(-)3* #$ ,"* $&37,#&1 &. ,"* #18#$0#/ \7+2*+$ *A7(,#&16 ( 1&13#1*(+ )+&%3*-5
N7-*+#0(3 $&37,#&1$ (+* 0&-)7,*/ 7$#12 ,"* MB BW $0"*-*$ /#$07$$*/ *(+3#*+5 \&,"
,"* -&/(3 (1/ 1&/(3 8*+$#&1$ &. ,"* $0"*-* (+* 7$*/ .&+ ,"* $#-73(,#&1$5 T&;*8*+6
,"* +*$73,$ )+&/70*/ %9 ,"*$* $0"*-*$ (+* (3-&$, #/*1,#0(36 (1/ ;* $"&; &139 -&/(3
&+ 1&/(3 $&37,#&1 .&+ *(0" ,*$,5

Fig. 9.6 N7-*+#0(3 $&37,#&1 = (.,*+ ML +*8&37,#&1$> &. ,"* MB (/8*0,#&1 )+&%3*- =O5K> ;#," ,"* "#2"4
&+/*+ 1&/(3 BW $0"*-*5 !"* 3*., )(1*3 $"&;$ ,"* $&37,#&1 .&+ ,"* $-&&," 0($*6 ;"*+* ( W(7$$#(1
"#33 #$ 7$*/ ($ ,"* #1#,#(3 0&1/#,#&15 !"* +#2", )(1*3 $"&;$ ,"* $&37,#&1 .&+ ,"* 1&14$-&&," 0($*6
.&+ ;"#0" ( +*0,(1273(+ ;(8* #$ 7$*/ ($ ,"* #1#,#(3 0&1/#,#&15 !"* 0&-)7,(,#&1(3 /&-(#1 [−M,M]
0&1$#$,$ &. PL *3*-*1,$6 *(0" ;#," R WXX A7(/+(,7+* )&#1,$5

I&+ ,"* 3#1*(+ (/8*0,#&1 )+&%3*-6 ,"* /&-(#1 #$ = [−M,M];#," )*+#&/#0 %&71/4
(+9 0&1/#,#&1$5 !"* #1#,#(3 0&1/#,#&1 .&+ ,"* $-&&," )+&%3*- #$P L(B) = *?)(−[BK)6
( W(7$$#(1 "#33 ;#," 71#, "*#2",6 (1/ ,"* ;#1/ 8*3&0#,9 #$ 2 = M5 G1 ,"#$ 0($* ,"*
"7? .710,#&1 #1 =O5K> #$ $#-)39 S(P) =P 5 !"* /&-(#1 #$ )(+,#,#&1*/ #1,& .-*6 = PL
*3*-*1,$6 *(0" ;#," .# = R WXX A7(/+(,7+* )&#1,$6 (1/ ,"* 1&/(3 BW .&+-73(,#&1
=O5Ka> #$ 7$*/ .&+ ,"* /#$0+*,#@(,#&15 !"* +*$73,#12 ,#-*4/*)*1/*1, HBF #$ $&38*/
;#," ,"* ,"#+/4&+/*+ SS<4Yd =O5KO>5 PLL ,#-* $,*)$ (+* +*A7#+*/ .&+ ( 0&-)3*,* +*84
&37,#&1 (3&12 ,"* /&-(#15 I#27+* O5a $"&;$ ,"* W(7$$#(1 "#33 =3*., )(1*36 /($"*/
3#1*> (.,*+ ML +*8&37,#&1$o ,"* +*.*+*10* $&37,#&1 #$ (3$& )3&,,*/ ;#," ( $&3#/ 3#1* %7,
#, #$ 8#$7(339 #1/#$,#127#$"(%3* .+&- ,"* 17-*+#0(3 $&37,#&15
I&+ ,"* 1&14$-&&," (/8*0,#&1 0($* ,"* #1#,#(3 0&1/#,#&1 #$ ( +*0,(1273(+ ;(8* )(,4

,*+1 3&0(,*/ (, ,"* 0*1,*+ &. ,"* /&-(#1 ;#," 71#, "*#2", (1/ ;#/," &. L.R 71#,$o &,"*+
,"(1 ,"#$ ,"* %&71/(+9 0&1/#,#&1$ (1/ /#$0+*,#@(,#&1 (+* *?(0,39 ,"* $(-* ($ #1 ,"*
$-&&," 0($*5 !"* +#2", )(1*3 #1 I#25 O5a $"&;$ ,"* 17-*+#0(3 $&37,#&1 (.,*+ ML +*84
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&37,#&16 (1/ ,"* +*.*+*10* $&37,#&1 =#1#,#(3 0&1/#,#&1> #$ (3$& /#$)3(9*/ =$&3#/ 3#1*>5
!"* BW $&37,#&1 $7..*+$ .+&- &$0#33(,#&1$ (, ,"* 1&14$-&&," */2*$5 !"* $,**) 2+(4
/#*1,$ (, ,"*$* )&#1, )+&/70*$ ,"* W#%%$ )"*1&-*1(6 "&;*8*+6 ,"* &$0#33(,#&1$ (+*
0&1!1*/ =&+ 3&0(3> ,& ( 1(++&; +*2#&1 *8*1 (.,*+ ML +*8&37,#&1$5 !"#$ #$ ( +*-(+'4
(%3* )+&)*+,9 &. ,"* BW -*,"&/o &,"*+ "#2"4&+/*+ ())+&(0"*$6 $70" ($ ,"* $)*0,+(3
*3*-*1, -*,"&/6 )+&)(2(,* ,"* 1&#$* (3&12 ,"* *1,#+* /&-(#15

Fig. 9.7 N7-*+#0(3 $&37,#&1 .&+ ,"* #18#$0#/ \7+2*+$ *A7(,#&1 ;#," ,"* -&/(3 BW $0"*-*5 !"*
$&3#/ 3#1* #1/#0(,*$ ,"* *?(0, $&37,#&1 (1/ /#(-&1/ )&#1,$ $"&; ,"* BW $&37,#&15 !"* /&-(#1
0&1$#$,$ &. [L *3*-*1,$o &139 &1* 8(37* )*+ *3*-*1, #$ )3&,,*/ .&+ 03(+#,9 5 !"* 3*., )(1*3 $"&;$ ,"*
$&37,#&1 (, ,#-* ? = Z/(P )o (, ,"#$ ,#-* ,"* $&37,#&1 #$ $,#33 $-&&," (1/ .+** .+&- $"&0'$5 !"* +#2",
)(1*3 $"&;$ ,"* $&37,#&1 (, ,#-* ? = O/([ )6 (, ;"#0" )&#1, $"&0'$ "(8* /*8*3&)*/5

!"* #18#$0#/ \7+2*+$ *A7(,#&16P? +(PK/K)B = L6 #$ ( $)*0#(3 0($* &. =O5K> ;#,"
S(P) =PK/K5 !"* #1#,#(3 0&1/#,#&1 .&+ ,"#$ )+&%3*- #$PL(B) = M/K+$#1( B) &8*+ (
)*+#&/#0 /&-(#1 = [L,K]5 !"* /&-(#1 #$ )(+,#,#&1*/ #1,& [L *3*-*1,$6 (1/ ( -&/(3
8*+$#&1 BW $0"*-* *-)3&9#12 P WXX A7(/+(,7+* )&#1,$ #$ 7$*/ .&+ ,"* $#-73(,#&1$5
!#-* #1,*2+(,#&1 #$ )*+.&+-*/;#," ,"* ,"#+/4&+/*+ SS<4Yd =O5KO>6 .&+ ;"#0" ( $-(33
,#-* $,*) &. ? = L.LLMR/ #$ 7$*/5 !"* *?(0, $&37,#&1 #$ '1&;1 .&+ ,"#$ )+&%3*-
(1/ #$ $"&;1 ($ $&3#/ 1(++&; 3#1*$ #1 I#25 O5h6 (1/ ,"* BW $&37,#&1 #$ -(+'*/ ($
/#(-&1/ )&#1,$ =&1* 8(37* .&+ *(0" *3*-*1,>5 !"* 3*., )(1*3 #1 I#25 O5h $"&;$ ,"*
$-&&," $&37,#&1 ,#-* ? = Z/(P ) =RLL ,#-* $,*)$>5 D3*(+396 ,"* BW $&37,#&1 #$ #1
2&&/ (2+**-*1, ;#," ,"* (1(39,#0 $&37,#&15 T&;*8*+6 (, ,#-* ? = O/([ ) =hRL ,#-*
$,*)$> ,"* 17-*+#0(3 $&37,#&1 /*8*3&)$ ( ;,32C (, ,"* $,**) 2+(/#*1,6 3*(/#12 ,& &$0#34
3(,#&1$6 ($ $**1 #1 ,"* +#2", )(1*3 &. I#25 O5h5 :$ ,#-* *8&38*$ ,"* &$0#33(,#&1$ %*0&-*
$*8*+* (1/ ,"*9 0(1 )&337,* ,"* 17-*+#0(3 $&37,#&15 :$ #1 ,"* 1&14$-&&," (/8*0,#&1
0($*6 ,"* 2*1*+(,#&1 &. 71)"9$#0(3 &$0#33(,#&1$ #1 ,"* 17-*+#0(3 $&37,#&1 (, 0&1,(0,
/#$0&1,#17#,#*$ &+ $"&0'$ (+* /7* ,& ,"* W#%%$ )"*1&-*1&15 :19 3#1*(+ 17-*+#0(3
-*,"&/ "#2"*+ ,"(1 !+$,4&+/*+ #$ $7%]*0, ,& ,"#$ )+&%3*- =W&/71&86 MORO>6 713*$$
,"*+* #$ $&-* -*($7+* ,& 0&1,+&3 &+ *3#-#1(,* ,"* $)7+#&7$ &$0#33(,#&1$ %9 *$6$?$)E &+
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!*?-:$)E ,"* 17-*+#0(3 $&37,#&15 C* /#$07$$ ,"* 3#-#,#12 )+&0*/7+* .&+ BW -*,"&/$
#1 ,"* .&33&;#12 S*0,#&15

9.3 DG for 2D Cartesian Problems

:3,"&72" ,"* BW -*,"&/ 0(1 %* (/(),*/ ,& (19 ,9)* &. /&-(#1 &+ -*$"6 ;* 0"&&$*
( +*0,(1273(+ /&-(#1!;#," A7(/+#3(,*+(3 *3*-*1,$ .&+ $#-)3#0#,95 D&1$#/*+ ,"* ,;&4
/#-*1$#&1(3 =KB> $0(3(+ 0&1$*+8(,#&1 3(;6

P
?

+ ·F(P) = 0(P), #1 !× (L,+), =O5ZL>

;"*+*P =P(B,J,?) #$ ,"* 0&1$*+8(,#8* 8(+#(%3* $70" ,"(, (B,J)∈!6 ,"* KB 2+(/#*1,
&)*+(,&+ &1 ! #$ /*!1*/ ($ = ( / B, / J)6 F= (SM,SK) #$ ,"* "7? .710,#&16
(1/ 0(P) #$ ,"* $&7+0* ,*+- =#. (19>5 !"* #1,#(3 0&1/#,#&1 .&+ ,"* )+&%3*- #$ $)*0#!*/
($P(B,J,? = L) =PL(B,J) (1/ ;* ($$7-* ,"(, ,"* +*0,(1273(+ /&-(#1! #$ )*+#&/#0
#1 %&," ,"* B4 (1/ J4/#+*0,#&1$5

!"#$%!&#$%

'"#$%

'&#$%

(
(

(

)

)

)
*

*

!

!

'

Fig. 9.8 : $0"*-(,#0 &. ( KB /&-(#1 ;#," +*0,(1273(+ *3*-*1,$5 - #$ ( 2*1*+#0 *3*-*1, ;#,"
%&71/(+9 - (1/ #,$ ;#/," #1 ,"* B4 (1/ J4/#+*0,#&1$ (+* B$ = (B$+M/K−B$−M/K) (1/ JL = (J L+M/K−
J L−M/K)6 +*$)*0,#8*395 !"* &7,;(+/4.(0#12 71#, 1&+-(3 8*0,&+ #$ /*1&,*/ %9 n (1/ ,"* "7? #1,*2+(3$
=3#1* #1,*2+(3$> (+* )*+.&+-*/ (3&12 ,"* %&71/(+9 - ($ #1/#0(,*/ %9 ,"* (++&;$5

I&33&;#12 ,"* $,*)$ 7$*/ #1 ,"* )+*8#&7$ $*0,#&1 ,"* KB *?,*1$#&1 &. ,"* BW
/#$0+*,#@(,#&1 #$ $,+(#2",.&+;(+/5 !"* /&-(#1 ! #$ )(+,#,#&1*/ #1,& .-*6 = .B×.J
+*0,(1273(+ 1&14&8*+3())#12 *3*-*1,$ - $70" ,"(,

- = {(B,J) |B ∈ [B$−M/K,B$+M/K], J ∈ [J L−M/K,J L+M/K]}, != ∪.-*6-=M -, =O5ZM>
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;"*+* -= -($, L) #$ ,"* *3*-*1, #1/*? (1/ $= M,K, . . . ,.B6 L= M,K, . . . ,.J5 I#27+* O5[
$"&;$ ( $#-)3* )(+,#,#&1 &. ! (1/ ( 2*1*+(3 *3*-*1, -5
C* !+$, #1,+&/70* $&-* %($#0 .&+-(3 1&,(,#&1$ +*A7#+*/ .&+ ,"* /#$0+*,#@(,#&15

X*, V, %* ( !1#,*4/#-*1$#&1(3 $)(0* &. )&391&-#(3$ &. /*2+** 7) ,& C= . $70" ,"(,

V, = { ∈ GK(!) ^ | - ∈ P.( -),∀ - ∈ !}, =O5ZK>

;"*+*
P. = $)(1{B6 J) ^ L≤ 6,)≤ .}.

!"* !+$, $,*) .&+ ,"* BW /#$0+*,#@(,#&1 #$ ,"* ;*(' W(3*+'#1 .&+-73(,#&1 &. ,"* )+&%4
3*- =O5ZL>5 G1 2*1*+(36 ,"#$ #$ (0"#*8*/ %9 -73,#)39#12 =O5ZL> ;#," ( ,*$, .710,#&1 (1/
#1,*2+(,#12 %9 )(+,$ =W+**1Q$ -*,"&/> &8*+ ,"* /&-(#16 ;"*+* %&," ,"* ())+&?#-(,*
$&37,#&1 (1/ ,*$, .710,#&1 %*3&12 ,& V,5 S#10* ,"* /#$0+*,#@(,#&1 )+&0*/7+* #$ ,"*
$(-* .&+ *(0" *3*-*1,6 #, #$ &139 1*0*$$(+9 ,& 0&1$#/*+ ( 2*1*+#0 *3*-*1, - ;#,"
%&71/(+9 - #1 ! =($ #1 I#25 O5[>5 !"7$6 ,& !1/ ,"* ())+&?#-(,* $&37,#&1 P, ∈ V,6
=O5ZL> #$ -73,#)3#*/ %9 ( ,*$, .710,#&1 ,(B,J) ∈ V, (1/ ,"*1 #1,*2+(,*/ &8*+ ,"* *3*4
-*1, -5 !"#$ +*$73,$ #1 ,"* .&33&;#12 #1,*2+(3 *A7(,#&1 =#5*56 ,"* ;*(' .&+-73(,#&1>6
(1(3&2&7$ ,& =O5P>^

∫

-

P,(B,J,?)
? ,(B,J)% −

∫

-

F[P,(B,J, ?)] · (B,J)%

+
∫

-

F[P,(B,J,?)] · n ,(B,J)% =
∫

-

0[P,(B,J,?)] (B,J)% , =O5ZZ>

;"*+* n #$ ,"* &7,;(+/41&+-(3 71#, 8*0,&+ &1 ,"* *3*-*1, %&71/(+9 - ($ $"&;1 #1
I#25 O5[5 : -(]&+ /#..*+*10* %*,;**1 ,"* ;*(' .&+-73(,#&1$ =O5a> &. MB (1/ =O5ZZ>
&. KB 0($*$ #$ ,"* ())*(+(10* &. ,"* "7? #1,*2+(3 #1 ,"* KB 0($* =,"* 3($, ,*+- &1
,"* 3*.,4"(1/ $#/* &. =O5ZZ>>5 !"* "7? #1,*2+(,#&1 $"&73/ %* )*+.&+-*/ (3&12 ,"* *3*4
-*1, %&71/(+9 -5 !"* (1(39,#0 "7? F(P,) ·n #1 =O5ZZ> #$ /#$0&1,#17&7$ %*0(7$* ,"*
$&37,#&1 #,$*3. #$ /#$0&1,#17&7$ (, ,"* *3*-*1, */2*$5 !"*+*.&+*6 F(P,) ·n $"&73/ %*
+*)3(0*/ %9 ( 17-*+#0(3 "7? jF(P−

, ,P+
, )5 !"#$ #$ (//+*$$*/ %9 *-)3&9#12 ( $7#,(%3*

"7? .&+-73( =&+ ())+&?#-(,* Y#*-(11 $&38*+> $70" ($ ,"* 3&0(3 X(?4I+#*/+#0"$ "7?
=O5R>5
!"* 17-*+#0(3 "7? +*$&38*$ ,"* /#$0&1,#17#,9 (, ,"* *3*-*1, */2*$ (1/ (2(#1 )+&4

8#/*$ ,"* &139 -*0"(1#$- %9 ;"#0" (/](0*1, *3*-*1,$ #1,*+(0,5 !"* !1#,*48&37-*
0&-)&1*1, &. ,"* BW -*,"&/ #$ ,"* %&71/(+9 "7? #1,*2+(36 ;"#0" #1 .(0, %+#/2*$
,"* /#$0&1,#17&7$ *3*-*1,$ ,&2*,"*+5 !"* "7? *?0"(12* (, ,"* %&71/(+#*$ #$ +*$)&14
$#%3* .&+ t0&--71#0(,#12u )"9$#0(3 #1.&+-(,#&1 (0+&$$ ,"* /&-(#16 (1/ #, )+*$*+8*$
,"* 3&0(3 0&1$*+8(,#&1 )+&)*+,#*$5 !"7$ ,"* "7? #1,*2+(,#&1 )+&0*/7+* #$ *?,+*-*39
#-)&+,(1, (1/ #,$ (007+(,* *8(37(,#&1 #$ )#8&,(3 ,& -(#1,(#1#12 ,"* &8*+(33 (007+(09
&. ,"* BW $0"*-*5 I&33&;#12 #$ ( $#-)3#!*/ 8*+$#&1 &. =O5ZZ> ;#," ,"* 17-*+#0(3
"7? jF= ( jSM, jSK) =.&+ %+*8#,9 /*)*1/*10#*$ &1 (B,J) (1/ ? (+* &-#,,*/>5

%
%?

∫

-

P, , % −
∫

-

F(P,) · , % +
∫

-

jF · n , % =
∫

-

0(P,) ,% .=O5ZP>
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9.3.1 Space Discretization

!"* $)(0* /#$0+*,#@(,#&1 0&1$#$,$ &. $#-)3#.9#12 ,"* #1,*2+(3$ #1 =O5ZP> %9 0"&&$#12
(1 ())+&)+#(,* $*, &. 3&0(3 &+,"&2&1(3 %($#$ .710,#&1$5 :$ #1,+&/70*/ #1 ,"* MB )+&%4
3*-6 ,"* %($#$ $*, 0(1 %* *#,"*+ ( $*, &. X*2*1/+* )&391&-#(3$ .&+ ,"* 63%"* 0($* &+
( $*, &. X(2+(12*4X*2*1/+* )&391&-#(3$ .&+ ,"* )3%"* 0($*5 G1 *#,"*+ 0($*6 ,"* KB
%($#$ $*, 0(1 %* 0&1$,+70,*/ ;#," ( ,*1$&+ )+&/70, &. MB %($#$ .710,#&1$5 !"#$ ()4
)+&(0" $#21#!0(1,39 $#-)3#!*$ ,"* 0&-)7,(,#&1(3 )+&0*/7+*5 G1 &+/*+ ,& *?)3&#, ,"#$
&),#&16 ;* #1,+&/70* ,"* 3&0(3 #1/*)*1/*1, 8(+#(%3*$ ( , ) $70" ,"(,

=
K(B− B$)

B$
, =

K(J− J L)
J L

, =O5ZR>

;"*+* B$ = (B$+M/K+ B$−M/K)/K (1/ J L = (J L+M/K+ J L−M/K)/K5 !"* ;#/," &. (19 *3*4
-*1, - #$ /*!1*/ %9 B$ = (B$+M/K−B$−M/K) (1/ J L = (J L+M/K−J L−M/K) (3&12 ,"*
B4 (1/ J4/#+*0,#&1$6 +*$)*0,#8*39 =I#25 O5[>5 G++*$)*0,#8* &. ,"* )"9$#0(3 $#@* &. ,"*
+*0,(1273(+ *3*-*1, -6 ,"* ,+(1$.&+-(,#&1 =O5ZR> -()$ - &1,& ( 71#A7* *3*-*1,
N ≡ [−M,M]⊗ [−M,M]6 (3$& '1&;1 ($ ,"* +*.*+*10* *3*-*1,5 I#27+* O5O $"&;$ ,"*
-())#12 %*,;**1 ( +*0,(1273(+ *3*-*1, - (1/ N5 N&; ,"* ())+&?#-(,* $&37,#&16
,*$, .710,#&1$ (1/ ,"* %($#$ .710,#&1$ (33 0(1 %* /*!1*/ #1 ,*+-$ &. 3&0(3 0&&+/#4
1(,*$ &1 N5 F..*0,#8*39 N #$ ,"* 0&-)7,(,#&1(3 $,*10#3 &+ 63*-25*- .&+ ,"* KB BW
/#$0+*,#@(,#&16 ;"*+* (33 ,"* #1,*2+(3 (1/ /#..*+*1,#(3 &)*+(,#&1$ +*A7#+*/ #1 =O5ZP>
(+* )*+.&+-*/5

!

"#$%#$& "'$%#$&

"'$%'$&"#$%'$&

(
)

*

+

,

!"#

!"$

-
.

!"%&$

!"%&#

Fig. 9.9 : $0"*-(,#0 &. ,"* -())#12 %*,;**1 ( +*0,(1273(+ *3*-*1, - (1/ ,"* +*.*+*10* =$,(14
/(+/> *3*-*1, N %9 =O5ZR>5 !"* 3&0(3 0&&+/#1(,*$ ( , ) &1 N (+* $70" ,"(, −M ≤ , ≤ M5 !"*
&7,;(+/4.(0#12 71#, 1&+-(3 8*0,&+ n .&+ *(0" ;(33 &. - #$ -(+'*/ =3*., )(1*3>6 (1/ ,"* "7? #1,*4
2+(3$ (3&12 ,"* %&71/(+9 - 0(1 %* %+&'*1 #1,& .&7+ #1,*2+(3$ =O5Za> &1* .&+ *(0" */2* ($ /*$0+#%*/
#1 ,"* ,*?,5
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I&+ ,"* +*0,(1273(+ *3*-*1,$ - ,"* %&71/(+9 "7? #1,*2+(3$ #1 =O5ZP> (3&12 -
0(1 %* /*0&-)&$*/ #1 ,*+-$ &. 71#, 8*0,&+$ i (1/ j6 )(+(33*3 ,& ,"* B4 (1/ J4(?*$
+*$)*0,#8*39^ ∫

-

jF · n , % =
∫

-

( jSMi+ jSK j) ·n , % ,

;"*+* ,"* &7,;(+/4.(0#12 71#, 1&+-(3 8*0,&+ n ,('*$ ,"* 8(37*$ i6 j6−i (1/−j (3&12
,"* *($, = M>6 1&+," = .>6 ;*$, = Q >6 (1/ ,"* $&7," = 0> ;(33$6 +*$)*0,#8*396 ($ $"&;1
#1 I#25 O5O5 !"* %&71/(+9 #1,*2+(3$ 0(1 ,"*1 %* ;+#,,*1 ($
∫

-

jF · n , % =
∫

M

jSM , % +
∫

.

jSK , % −
∫

Q

jSM , % −
∫

0

jSK , % . =O5Za>

9.3.1.1 2D Modal Form

C* !+$, /#$07$$ ,"* KB /#$0+*,#@(,#&1 %($*/ &1 ,"* -&/(3 %($#$ $*,5 G1 ,"* ( , )
0&&+/#1(,* $9$,*- ,"* ,*$, .710,#&1 #$ 0"&$*1 ,& %* ( ,*1$&+4)+&/70, &. X*2*1/+*
)&391&-#(3$ 1!( )16( )6 ;"#0" %*3&12$ ,& P. #1 =O5ZK>5 !"* ())+&?#-(,* $&37,#&1
P,( , ,?) 0(1 %* ;+#,,*1 #1 ,*+-$ &. ,"* %($#$ .710,#&1$6

P,( , , ?) =
.

!=L

.

6=L
P !6
, (?)1!( )16( ) .&+ −M≤ , ≤ M =O5Zh>

;"*+*P !6
, (?) (+* ,"* ,#-* /*)*1/*1, KB -&-*1,$ =%3<;> (1/ /*!1*/ ,& %*

P !6
, (?) =

(K!+M)(K6+M)
P

∫ M

−M

∫ M

−M
P( , , ?)1!( )16( )% % . =O5Z[>

!"* ;*(' .&+-73(,#&1 =O5ZZ> 0(1 %* .7+,"*+ $#-)3#!*/ %9 -())#12 ,"* #1,*2+(3$
&1,& N 7$#12 ,"* ,+(1$.&+-(,#&1 =O5ZR>6 (1/ ,"* )+&)*+,#*$ &. X*2*1/+* )&391&-#(3$
=%($#$ .710,#&1$>5 !"* -($$ -(,+#? =O5MR> ($$&0#(,*/ ;#," ,"* KB /#$0+*,#@(,#&1 #$
(3$& /#(2&1(3 (1/ 0(1 %* *($#39 #18*+,*/5 !"* !1(3 0&-)7,(,#&1(3 .&+- 0(1 %* ;+#,,*1
($ ( /*0&7)3*/ $9$,*- &. ,#-*4/*)*1/*1, HBF$ .&+ *8*+9 *3*-*1, -6

%
%?
P !6
, (?) =

(K!+M)(K6+M)
K B$ J L

[X=+ XSM + XSK + X0] , =O5ZO>

;"*+* L ≤ !,6 ≤ .5 N&,* ,"(, ,"* $&7+0* ,*+- 0(P) = L #1 =O5ZL> .&+ ,"* )7+*
(/8*0,#&1 )+&%3*-o .&+ 2*1*+(3#,9 ;* 0&1$#/*+ ( 1&14@*+& $&7+0* ,*+-5 !"* #1,*2+(3$
())*(+#12 #1 ,"* +#2",4$#/* &. =O5ZO> 0(1 %* /*!1*/ &1 N ($ %*3&;6
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X= =
∫ M

−M

∫ M

−M

[
J L SM(P,)1′!( )16( )+ B$ SK(P,)1!( )1′6( )

]
% % =O5PL>

XSM = − J L
∫ M

−M

[
jSM(P(M, ,?))− (−M)! jSM(P(−M, , ?)

]
16( )% =O5PM>

XSK = − B$
∫ M

−M

[ jSK(P( ,M,?)− (−M)6 jSK(P( ,−M,?)
]
1!( )% =O5PK>

X0 =
B$ J L
K

∫ M

−M

∫ M

−M
0(P,( , ,?))1!( )16( )% % , =O5PZ>

;"*+* X= (1/ X0 (+* ,"* $7+.(0* #1,*2+(3$ 0&++*$)&1/#12 ,& ,"* 2+(/#*1, (1/ ,"* $&7+0*
,*+-$ #1 =O5ZZ>6 +*$)*0,#8*396 (1/ XSM (1/ XSK (+* %&71/(+9 "7? #1,*2+(3$ =O5Za> (3&12
,"* (1/ 4/#+*0,#&1$6 +*$)*0,#8*395 jSM (1/ jSK (+* ,"* 17-*+#0(3 "7?*$ (, ,"* *3*4
-*1, #1,*+.(0*$6 ;"#0" 0(1 %* 0&-)7,*/ %9 7$#12 =O5R>5
!"* #1,*2+(3$ ())*(+#12 #1 =O5ZO> (+* *8(37(,*/ 7$#12 "#2"4&+/*+ (007+(,* W(7$4

$#(1 A7(/+(,7+* +73*$ (1/ ;#33 %* /#$07$$*/ #1 ,"* .&33&;#12 $*0,#&15 !"* -&/*$P !6
,

(+* )+*/#0,*/ (, ( 1*; ,#-* 3*8*3 %9 =O5ZO>6 ,"*1 ,"* 0&++*$)&1/#12 ())+&?#-(,*
$&37,#&1P,( , ) #$ 0&-)7,*/ .+&- =O5Zh>5 T&;*8*+6 ,"#$ )+&0*$$ #18&38*$ ,+(1$.&+4
-(,#&1$ .+&- ,"* $)*0,+(3 ,& ,"* )"9$#0(3 $)(0* ($ /#$07$$*/ #1 MB 0($*5 !"* HBF
=O5ZO> 0(1 %* $&38*/ %9 ,"* SS<4Yd )+&0*/7+* 2#8*1 #1 =O5KO>5

9.3.1.2 2D Nodal Form

!"* %($#0 /#..*+*10* %*,;**1 ,"* -&/(3 (1/ ,"* 1&/(3 .&+- #$ ,"* 0"&#0* &. %($#$
$*,5 !"* -())#12 %*,;**1 ,"* *3*-*1, - (1/ $,(1/(+/ *3*-*1,N +*-(#1$ ,"* $(-*
($ #1 ,"* -&/(3 0($*5 G1 ,"* KB 1&/(3 0($*6 ,"* ,*$, .710,#&1 , ($ ;*33 ($ ,"* ()4
)+&?#-(,* $&37,#&1P, (+* *?)(1/*/ #1 ,*+-$ &. ,"* ,*1$&+4)+&/70, &. MB .710,#&1$
.+&- ,"* 1&/(3 %($#$ $*,5 G1 ,"* ( , ) 0&&+/#1(,* $9$,*- ,"* ,*$, .710,#&1 #$ 0"&4
$*1 ,& %* ,!( ),6( )6 ( ,*1$&+4)+&/70, &. X(2+(12*4X*2*1/+* )&391&-#(3$ =O5KM>
;#," +&&,$ (, WXX A7(/+(,7+* )&#1,$o ,!( ),6( ) %*3&12$ ,& P. #1 =O5ZK>5 !"7$ ,"*
())+&?#-(,* $&37,#&1P,( , , ?) 0(1 %* *?)(1/*/ ($

P,( , ,?) =
.

!=L

.

6=L
P!6(?),!( ),6( ), .&+ −M≤ , ≤ M, =O5PP>

;"*+*P!6(?) (+* ,"* 2+#/4)&#1, 8(37*$ =%3<;> &. ,"* ())+&?#-(,* $&37,#&1 (, ,"* KB
WXX )&#1,$5 !"* ;*(' .&+-73(,#&1 =O5ZZ> #$ $#-)3#!*/ %9 -())#12 ,"* *3*-*1,$
&1,& ,"* +*.*+*10* *3*-*1, N6 (1/ ,"* )+&0*/7+* #$ A7#,* (1(3&2&7$ ,& ,"* -&/(3
0($*5 !"* !1(3 ())+&?#-(,#&1 &. =O5ZL> .&+ (1 *3*-*1, - ,('*$ ,"* .&+-

%
%?
P!6(?) =

P
B$ J L D!D6

[X=+ XSM + XSK + X0] , =O5PR>

;"*+* D! (1/ D6 (+* ,"* ;*#2",$ ($$&0#(,*/ ;#," ,"* WXX A7(/+(,7+* +73* (1/ X=
#$ ,"* $7+.(0* #1,*2+(3 0&++*$)&1/#12 ,& ,"* 2+(/#*1, ,*+-5 XSM (1/ XSK (+* ,"* 3#1*
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#1,*2+(3$ (3&12 ,"* 4 (1/ 4/#+*0,#&1$6 +*$)*0,#8*396 (1/ ,"*9 (+* 2+&7)*/ (00&+/#12
,& =O5Za>5 !"* $#-)3#!0(,#&1 =O5PR> #$ )&$$#%3* %*0(7$* ,"* -($$ -(,+#? ($$&0#(,*/
;#," /#$0+*,#@(,#&1 #$ /#(2&1(3 (1/ *($#39 #18*+,#%3*5
!"* *?)3#0#, .&+-$ &. ,"*$* #1,*2+(3$ (+* A7#,* $#-#3(+ ,& ,"&$* .&+ ,"* -&/(3

0($* =O5PL>4=O5PZ>6 "&;*8*+6 ;* ,('* (1 (//#,#&1(3 $,*) (1/ /#$0+*,#@* ,"*- 7$#12
,"* WXX A7(/+(,7+* +73*5 !"* $7+.(0* =KB> #1,*2+(3$ (+* ())+&?#-(,*/ %9 ( ,*1$&+4
)+&/70, &. MB #1,*2+(3$ %($*/ &1 ,"*.?,4&+/*+WXX A7(/+(,7+* +73*5 !"7$ &1N ,"*+*
(+* (.+ M)K WXX A7(/+(,7+* )&#1,$ ;#," 0&&+/#1(,*$ ( *, ))o *,) ∈ {L,M, . . . ,.}5
G1 ,"#$ )(+,#073(+ 0($* ;* "(8* ,"* .&33&;#12 ())+&?#-(,#&1$ %9 7$#12 ,"* /#$0+*,*
&+,"&2&1(3#,9 +*3(,#&1 =O5KK> (1/ ,"* )+&)*+,9 =O5KZ>5

X= ≈
J L
K D6

.

*=L
SM,*6(?),′!( *)D* +

B$
K D!

.

)=L
SK,!)(?),′6( ))D), =O5Pa>

XSM ≈ −
J L
K D6

[ jSM(P(M, 6,?)) !.− jSM(P(−M, 6, ?)) !L
]
, =O5Ph>

XSK ≈ − B$
K D!

[ jSK(P( !,M, ?)) .6− jSK(P( !,−M,?)) L6
]
, (1/ =O5P[>

X0 ≈
B$ J L
P 0!6(?)D!D6, =O5PO>

;"*+* ,′! (1/ ,′6 (+* ,"* /*+#8(,#8*$ &. ,"* X(2+(12* )&391&-#(3 ($ /*!1*/ #1 =O5Kh>
(1/ !6 #$ ,"* d+&1*0'*+ /*3,( .710,#&1 /*!1*/ #1 =O5KK>5

9.3.1.3 Approximating the Integrals

!"* #1,*2+(3$ ())*(+#12 #1 ,"* HBF$ =O5ZO> (1/ =O5PR> (+* $7+.(0* #1,*2+(3$ .&+ ,"*
#1,*+1(3 )&#1,$ (1/ 3#1* #1,*2+(3$ .&+ ,"* %&71/(+#*$5 :))+&?#-(,#&1 &. ,"*$* #1,*4
2+(3$ "($ ( -(]&+ +&3* #1 -(#1,(#1#12 ,"* (007+(09 (1/ 0&-)7,(,#&1(3 *.!0#*109 &.
,"* KB $)(0* /#$0+*,#@(,#&15 :$ ;* $(; #1 ,"* MB 0($*6 W(7$$#(1 A7(/+(,7+* +73*$ (+*
,"* -&$, (007+(,* (1/ *.!0#*1, -*(1$ .&+ *8(37(,#12 #1,*2+(3$5 b7(/+(,7+* .&+-73($
$70" ($ ,"* W(7$$4X*2*1/+* =WX> &+ WXX (+* ;#/*39 7$*/ .&+ ,"#$ )7+)&$*5
!"* WX A7(/+(,7+* +73* *-)3&9#12 .+M A7(/+(,7+* )&#1,$ #$ -B"2? .&+ )&391&4

-#(3$ &. /*2+** K.+ M ;"#3* ,"* WXX A7(/+(,7+* +73* ;#," ,"* $(-* 17-%*+ &.
A7(/+(,7+* )&#1,$ #$ *?(0, .&+ )&391&-#(3$ &. /*2+** K.− M5 G. ,"* #1,*2+(1/ #$ (
)&391&-#(3 &. /*2+** K.6 ($ #1 ,"* 0($* &. "7? #1,*2+(3$6 ,"*1 ,"* #1,*2+(,#&1 +*$73,4
#12 .+&- ,"* WXX A7(/+(,7+* #$ $)-B"2? 5 G1 ,"* (1(39$#$ %9 D&0'%7+1 *, (3 =MOOL>6
#, #$ $"&;1 ,"(,6 .&+ ( (. + M)4," &+/*+ BW $0"*-* 7$#12 )&391&-#(3$ &. /*2+**
.6 ,"* A7(/+(,7+* +73* 7$*/ .&+ ,"* $7+.(0* =#1,*+1(3> #1,*2+(3$ $"&73/ %* *?(0, .&+
)&391&-#(3$ &. /*2+** K. (1/ ,"* A7(/+(,7+* +73* 7$*/ .&+ %&71/(+9 "7? #1,*2+(3$
$"&73/ %* *?(0, .&+ )&391&-#(3$ &. /*2+** K.+ M5 G1 ( $,+#0, $*1$*6 ,"#$ #1/#0(,*$
,"(, ,"*+* #$ 1& $#123* $*, &. . + M A7(/+(,7+* )&#1,$ ,"(, 0(1 %* 7$*/ ,& *8(37(,*
(33 ,"* #1,*2+(3$ ,& ,"* +*A7#+*/ (007+(09 =:,'#1$ (1/ S"76 MOOa>5 G1 &+/*+ ,& -**,
,"* +*A7#+*-*1,$ .&+ ,"* *?(0, #1,*+1(3 #1,*2+(,#&1 (1/ 0&1$#$,*1, %&71/(+9 ="7?>
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#1,*2+(,#&16 ,"*$* #1,*2+(3$ (+* 7$7(339 ,+*(,*/ ;#," /#..*+*1, &+/*+$ &. A7(/+(,7+*
.&+-73($5
_,#3#@#12 ,"* $(-* ,9)* &. "#2"4&+/*+ A7(/+(,7+* +73* .&+ %&," #1,*+1(3 (1/ %&71/4

(+9 #1,*2+(3$ #$ 0*+,(#139 (1 &),#&15 !"#$ #$ 8*+9 0&18*1#*1, .&+ )+(0,#0(3 ())3#0(,#&1$
(1/ 3*(/$ ,& 0&-)7,(,#&1(339 *.!0#*1, 0&/* /*8*3&)-*1,5 N*8*+,"*3*$$6 #, #$ +*)&+,*/
,"(,6 .&+ $&-* ())3#0(,#&1$6 3#-:K$)?-E:"?$3) +*$73,#12 .+&- '**)#12 ,"* %&71/(+9
(1/ "7? #1,*2+(3$ &. ,"* $(-* &+/*+ -(9 3*(/ ,& #1$,(%#3#,#*$ =X&-,*8 *, (36 KLLL>5
H1 ,"* &,"*+ "(1/6 0&-)7,(,#&1(3 /&-(#1$ ;#," 0&-)3*? 2*&-*,+#*$ ,"(, 0&1$#$,
&. $,+&12 07+8(,7+* &+ 07+8*/ %&71/(+#*$ -(9 +*A7#+* -&+* A7(/+(,7+* )&#1,$ ,"(1
$#-)3* D(+,*$#(1 0($*$o ,"#$ #$ 1*0*$$(+9 ,& -(#1,(#1 ( $)*0#!0 &+/*+ &. (007+(09 #1
,"* /#$0+*,#@(,#&15 G1 &,"*+ ;&+/$6 ,"* 0"&#0* &. ( )(+,#073(+ A7(/+(,7+* +73* #$ ())3#4
0(,#&1 /*)*1/*1,6 (1/ #$ (3$& %($*/ &1 ,"* )+(0,#0(3 0&1$#/*+(,#&1 &. 0&-)7,(,#&1(3
*.!0#*109 (1/ *($* &. #-)3*-*1,(,#&15
C* 1&; +*8#*; ,"* WX (1/ WXX A7(/+(,7+* +73*$ .&+ ,"* #1,*2+(3$5 : ,*1$&+4

)+&/70, &. MB A7(/+(,7+*$ #$ 7$7(339 *-)3&9*/ ,& *.!0#*1,39 *8(37(,* ,"* KB #14
,*2+(3$ =B*8#33* *, (36 KLLK>5 I#27+* O5ML( #$ ( WXX 2+#/ ;#," P× P A7(/+(,7+*
)&#1,$5 I#27+*$ O5ML% (1/ O5ML0 (+* ,"* WX 2+#/$ ;#," Z×Z A7(/+(,7+* )&#1,$ ($$&4
0#(,*/ ;#," ,"* KB WXX (1/ WX A7(/+(,7+* +73*$6 +*$)*0,#8*39o ,"* #1,*+1(3 =$&374
,#&1> )&#1,$ (+* -(+'*/ ($ !33*/ 0#+03*$5 !"* !33*/4$A7(+*$ (3&12 ,"* %&71/(+#*$ #1
I#25 O5ML% (1/ O5ML0 #1/#0(,* "7? )&#1,$ ;"#0" (+* #1,*+)&3(,*/ .+&- ,"* $&37,#&15
!*0"1#0(339 %&," &. ,"* A7(/+(,7+*$ (+* *?(0, .&+ )&391&-#(3$ &. /*2+** 7) ,& C= R6
(1/ $7.!0#*1, .&+ ( ,"#+/4&+/*+ &+ 1K BW -*,"&/5 !"* WXX 2+#/ "($ -&+* )&#1,$
=%3<;> ,"(1 ,"* WX 0($*6 %7, ,"* #1,*+1(3 #1,*2+(3 #$ $,#33 #1*?(0, .&+ ( 1 Z -*,"&/5

!"# !$# !%#

Fig. 9.10 B#..*+*1, ,9)*$ &. KB 2+#/ 0&1!27+(,#&1$ %($*/ &1 W(7$$4X*2*1/+*4X&%(,,& =WXX> (1/
W(7$$4X*2*1/+* =WX> A7(/+(,7+* +73*$ &1 ( $A7(+* /&-(#1 [−M,M]K5 !"* $&37,#&1 )&#1,$ (+* -(+'*/
%9 !33*/ 0#+03*$ (1/ "7? )&#1,$ (3&12 ,"* %&71/(+#*$ (+* -(+'*/ %9 !33*/ $A7(+*$5 =(> WXX 2+#/
;#," P× P A7(/+(,7+* )&#1,$ ;"*+* ,"* "7? )&#1,$ &1 ,"* %&71/(+9 0&#10#/* ;#," ,"* $&37,#&1
)&#1,$5 =%> WX 2+#/ ;#," Z×Z )&#1,$ .&+ #1,*+1(3 #1,*2+(3$ (1/ Z "7? )&#1,$ &1 *(0" %&71/(+95 =0>
S(-* ($ #1 0($* =%> %7, ;#," P "7? )&#1,$ &1 *(0" %&71/(+95

!"* WXX A7(/+(,7+* -7$, *-)3&9 -&+* )&#1,$ ,"(1 ,"* WX A7(/+(,7+* ,& 27(+4
(1,** ,"* $(-* &+/*+ &. (007+(095 T&;*8*+6 ,"* WXX 2+#/ "($ $&-* #1"*+*1, 0&-)74
,(,#&1(3 (/8(1,(2*$5 !"* WXX A7(/+(,7+* )&#1,$ #1037/* )&#1,$ (3&12 ,"* %&71/(+9
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3#1*$ (1/ 0&+1*+$ &. ,"* $A7(+* /&-(#1 [−M,M]K i 0&-)7,#12 ,"* "7? #1,*2+(3$ =XSM
(1/ XSK #1 =O5ZO>> (3&12 ,"* %&71/(+#*$ #$ ,+#8#(3 #1 ,"#$ 0($*6 %*0(7$* ,"* $&37,#&1 (1/
"7? )&#1,$ 0&#10#/* (, ,"* A7(/+(,7+* )&#1,$5 !"#$ (8&#/$ ,"* #1,*+)&3(,#&1$ +*A7#+*/
.&+ ,"* "7? *8(37(,#&16 ;"#0" #$ ( $#21#!0(1, 0&-)7,(,#&1(3 $(8#12$5 T&;*8*+6 (
0(8*(, .&+ ,"#$ WXX 2+#/ 0&1!27+(,#&1 #$ ,"(, ,"* %&71/(+9 "7? #1,*2+(3 +*/70*$ ,&
,"* $(-* &+/*+ &. (007+(09 ($ ,"* #1,*+1(3 #1,*2+(3 (1/ 3*(/$ ,& #1*?(0, #1,*2+(,#&15
!"#$ -(9 %* (1 #$$7* ;"*1 ,"* /*2+** &. ,"* )&391&-#(3 #$ 3&; =C ≤ Z> %*0(7$*
3&$#12 (1 &+/*+ &. (007+(09 #$ 1&, (..&+/(%3*6 %7, .&+ "#2"*+ 8(37*$ &. C ,"* 3&$$ &.
(1 &+/*+ &. (007+(09 #$ &.,*1 &7,;*#2"*/ %9 ,"* 0&-)7,(,#&1(3 *.!0#*109 (1/ *($*
&. #-)3*-*1,(,#&1 =N(#+6 KLLO>5 G1 )+(0,#0*6 ,"#$ ,9)* &. WXX 2+#/ #$ 7$*/ .&+ -(19
"#2"4&+/*+ 1&/(3 BW #-)3*-*1,(,#&1$ =T*$,"(8*1 (1/ C(+%7+,&16 KLL[>5
!"* WX 2+#/ ($ $"&;1 #1 I#25 O5ML% #$ *?(0, .&+ ,"* BW 1 K $0"*-* %7, ,"*

%&71/(+9 "7? #1,*2+(3$ "(8* ,"* $(-* &+/*+ &. (007+(09 ($ ,"* #1,*+1(3 #1,*2+(3$5
G1 I#25 O5ML06 ,"* &+/*+ &. (007+(09 &. ,"* "7? #1,*2+(3$ *?0**/$ ,"(, &. ,"* #1,*+1(3
#1,*2+(3 ($ )*+ ,"* ,"*&+*,#0(3 +*A7#+*-*1, )&#1,*/ &7, %9 D&0'%7+1 *, (3 =MOOL>5
G1 &+/*+ ,& 0&-)7,* ,"* "7?*$ (3&12 ,"* %&71/(+#*$6 #1,*+)&3(,#&1$ (+* +*A7#+*/ ,&
,+(1$.*+ ,"* $&37,#&1 ,& ,"* %&71/(+9 A7(/+(,7+* )&#1,$ i ,"* %($#$ .710,#&1$ -(9 %*
7$*/ .&+ ,"* (007+(,* #1,*+)&3(,#&1 &. $&37,#&1 =O5Zh>5 !"#$ ;#336 &. 0&7+$*6 #10+*($*
,"* 0&-)7,(,#&1(3 *?)*1$*5 :$ )+*8#&7$39 1&,*/6 ,"* WX A7(/+(,7+* +73* /&*$ 1&, 7$*
,"* *1/ )&#1,$±M #1 [−M,M]6 ;"#0" -*(1$ ,"(, #1 KB ,"* 0&+1*+ )&#1,$ (+* *?037/*/5
I&+ +*0,(1273(+ /&-(#1$6 ,"* )+&%3*-(,#0 0&+1*+ $#1273(+#,#*$ -(9 %* (8&#/*/ %9
,"* WX 2+#/$5 S& ,"* WX A7(/+(,7+* -(9 %* %*1*!0#(3 .&+ /&-(#1$ ;#," #$&3(,*/ $#14
273(+#,#*$ $70" ($ ,"* 3(,#,7/*43&12#,7/* $)"*+*5 :1 #1,*+*$,#12 /#$07$$#&1 (%&7, ,"*
0"&#0* &. A7(/+(,7+* +73*$ 0(1 %* .&71/ #1 ( +*0*1, )()*+ %9 d&)+#8( (1/ W($$1*+
=KLML>5 G1 ,"* .&33&;#12 $*0,#&1 ;* 0&1$#/*+ $*8*+(3 *?(-)3*$ ;#," %&," WX (1/
WXX 2+#/$5

9.3.2 Computational Examples: Advection Tests

!;& $,(1/(+/ ,*$,$ .&+ (/8*0,#&1 )+&%3*-$ (+* ,"* $&3#/4%&/9 +&,(,#&1 ,*$, (1/ /*4
.&+-(,#&1(3 "&; ,*$,5 C* *?(-#1* ,"*$* 1&14/#8*+2*1, ,*$, 0($*$ #1/#8#/7(3395

9.3.2.1 Solid-Body Rotation Test

!& ,*$, ,"* BW $0"*-*$ /#$07$$*/ (%&8* ;* !+$, 0&1$#/*+ ( $&3#/4%&/9 +&,(,#&1
)+&%3*- ;#," ( $-&&," .710,#&1 &1 ( $A7(+* /&-(#15 !"* /&-(#1 ! #1 =O5ZL> #$
0"&$*1 ,& %* [− , ]K ;#," )*+#&/#0 %&71/(+9 0&1/#,#&1$ (1/ ,"* #1#,#(3 0&1/#,#&1 #$
,"* W(7$$#(1 "#33P(B,J,? = L) = *?)[−R((B−B2)K+(J−J2)K))] 0*1,*+*/ (, (B2,J2)5
!"* 8*3&0#,9 #$ )+*$0+#%*/ ($ (5,#) = (− J, B) (1/ ,"* "7? .710,#&1 #$ F(P) =
(5P,#P)5 !"* W(7$$#(1 "#33 #$ )3(0*/ (, ,"* 0*1,*+ &. ,"* /&-(#1 (B2 = L,J2 = L)
.&+ ,"* 0&18*+2*10* $,7/9 $& ,"(,P #$ 0&1,#17&7$ (, ,"* =)*+#&/#0> %&71/(+#*$5
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!"* ,*$,$ (+* 0&1/70,*/;#," %&," -&/(3 (1/ 1&/(3 8*+$#&1$ &. ,"* BW /#$0+*,#@(4
,#&1 (1/ .&+ /#..*+*1, $)(,#(3 +*$&37,#&15 C* 8(+9 %&," ,"* ,&,(3 17-%*+ &. *3*-*1,$
=.-*6 ∈ {KLK,PLK,[LK,MaLK}> (1/ ,"* )&391&-#(3 /*2+** =C ∈ {M,K,Z,P}>5 !"* 1&+4
-(3#@*/ $,(1/(+/ *K *++&+ #$ 0&-)7,*/ (.,*+ &1* 0&-)3*,* +&,(,#&16 (1/ I#25 O5MM(
$"&;$ ,"* +*$73,$ ;#," ,"* -&/(3 8*+$#&1 *-)3&9#12 WXX A7(/+(,7+* =,"* 1&/(3 8*+4
$#&1 2#8*$ 8#$#%39 #1/#$,#127#$"(%3* +*$73,$>5 !;& ,9)*$ &. *++&+$6 ,4*++&+ (1/ @4*++&+6
(+* 7$*/ .&+ ,"* 0&18*+2*10* ,*$,$ &. *3*-*1,4%($*/ "#2"4&+/*+ W(3*+'#1 -*,"&/$
$70" ($ BW5 !"* ,4*++&+ -*($7+*$ ,"* *++&+ 0&-)7,*/ %9 8(+9#12 17-%*+ &. *3*4
-*1,$ (1/ '**)#12 ,"* )&391&-#(3 /*2+** =C> 0&1$,(1,6 ;"#3* ,"* @4*++&+ -*($7+*$
,"* *++&+ ;"*1 ,"* )&391&-#(3 /*2+** #$ 8(+#*/ %7, ,"* 17-%*+ &. *3*-*1,$ #$ '*),
!?*/5 I&+ ( 2#8*1 .-*6 ,"* @4*++&+ #$ +*/70*/ ($ ,"* )&391&-#(3 /*2+** #10+*($*$6 #1
I#25 O5MM( #, #$ $"&;1 ($ %3(0' /&,$ (3#21*/ #1 ,"* 8*+,#0(3 /#+*0,#&15 !"* -*($7+*$
&. ,"* @4*++&+ 8(+9 -&+* +()#/39 =(, (1 *?)&1*1,#(3 +(,*> ,"(1 ,"(, &. ,"* ,4*++&+5 !"*
*?)&1*1,#(3 =$)*0,+(3> 0&18*+2*10* #$ (3$& +*)&+,*/ .&+ $#-#3(+ ,*$,$ #1 X*89 *, (3
=KLLh>5
I#27+* O5MM% $"&;$ ,"* ;?:3)E ;2"*$)E +*$73,$ &1 ( )(+(33*3 0&-)7,*+ (+0"#,*0,7+*6

( -*($7+* &. )(+(33*3 *.!0#*109 ;"*1 ,"* )+&%3*- $#@* #$ "*3/ 0&1$,(1,5 G/*(3396 ,"*
,&,(3 ;&+' ;&73/ %* $)3#, *8*139 (-&12 )+&0*$$&+$ $& ,"(, /&7%3#12 ,"* 17-%*+ &.
)+&0*$$&+$ ;&73/ "(38* ,"* +71,#-*5 !"#$ #$ -*($7+*/ %9 `$)**/47)6Q ,"* +(,#& &.
,"* +71,#-* &1 &1* )+&0*$$&+ ,& ,"* +71,#-* &1 ( 2#8*1 17-%*+ &. )+&0*$$&+$5 G1
,"#$ $*1$* I#25 O5MM% $"&;$ (3-&$, )*+.*0, $0(3#12 .&+ ,"* 1&/(3 BW $0"*-* =+71
;#," .-*6 = [LK *3*-*1,$6 *(0" ;#," a× a WXX 1&/*$>5 !"#$ $#-73(,#&1 0&1$#$,*/
&. PL,LLL ,#-* $,*)$ &1 ( MLKP /7(341&/* \37*W*1*VX 037$,*+5 S)*0,+(3 0&18*+2*10*
=.&+ $-&&," )+&%3*-$> (1/ *?0*33*1, $0(3#12 (+* ,;& +*-(+'(%3* )+&)*+,#*$ &. BW
(32&+#,"-$5

!"#
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Fig. 9.11 (> D&18*+2*10* +*$73,$ =*K *++&+> .&+ ,"* $&3#/4%&/9 +&,(,#&1 ,*$, (, /#..*+*1, +*$&37,#&1$
(1/ 8(+9#12 )&391&-#(3 /*2+** =C>5 %> !"* $,+&12 $0(3#12 +*$73,$ ($ -*($7+*/ ;#," ( +*$&37,#&1 &.
.-*6 = [LK (1/ *(0" *3*-*1, 0&1,(#1#12 a×a WXX )&#1,$5
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9.3.2.2 Deformational Flow Test

I&+ ,"* /*.&+-(,#&1(3"&; ,*$, 0($* ;* 0&1$#/*+ ,"* ,*$, )+&)&$*/ %9 S-&3(+'#*;#0@
=MO[K>5 !"#$ )+&%3*- #$ +*3*8(1, ,& -*,*&+&3&29 %*0(7$* #, $#-73(,*$ ,"* *..*0, &.
03&$*/ 8&+,#0*$ &1 ;(+- (#+ )(+0*3$5 !"* ,*$, /*$0+#%*$ ,"* (/8*0,#&1 &. ( $0(3(+
!*3/ =#5*56P #1 =O5ZL>>6 ;"#0" #$ #1#,#(339 /*!1*/ ,& %* ( 0&1* &. "*#2", M (1/ +(/#7$
MR 71#,$ 3&0(,*/ (, ,"* 0*1,*+ &. ( $A7(+* /&-(#1 &. $#/* G = MLL 71#,$5 !"* 1&14
/#8*+2*1, "&; !*3/ #$ /*!1*/ %9 ,"* $,+*(- .710,#&16

(B,J) = [ $#1(P B/G)0&$(P J/G), 5= −
J

, #=
B

,

;"*+* 5 (1/ # (+* ,"* 0&-)&1*1,$ &. ,"* ;#1/ !*3/5 S,(1#.&+," *, (3 =MO[h> )+&8#/*
(1 (1(39,#0(3 $&37,#&1 .&+ ,"#$ ,*$, #1 ,*+-$ &. *33#),#0 .710,#&1$ (1/ $"&;*/ ,"(,
,"*+* #$ ( %+*('#12 ,#-* +> = KaZh.a6 %*9&1/ ;"#0" ,"* 3*12," $0(3* &. ,"* *?(0,
$&37,#&1 /#-#1#$"*$ ($ ( .710,#&1 &. ,#-*5 C* *?(-#1* ,"* BW $&37,#&1$ (, ,#-*
? = +>/RL6 ;"*1 ,"* $&37,#&1 *?"#%#,$ 8*+9 !1* $,+70,7+*$ &. /*.&+-(,#&15 !"#$ ,*$, #$
8*+9 0"(33*12#12 %*0(7$* &. ,"* $*8*+* /*.&+-(,#&1 &. ,"* !*3/$ (1/ $"(+) 2+(/#*1,$
;"#0" *8&38* #1 ,#-*5

!" #"

Fig. 9.12 N7-*+#0(3 $&37,#&1$ .&+ ,"* /*.&+-(,#&1(3 "&; ,*$, (, ,#-* ? = +>/RL ;#," ,"* BW (/4
8*0,#&1 $0"*-* &1 ( KB D(+,*$#(1 /&-(#1 ;#," PL× PL *3*-*1,$5 (> S&37,#&1 ;#," ,"* 1&/(3 BW
$0"*-* *-)3&9#12 P× P WXX )&#1,$ =($ $"&;1 #1 I#25 O5ML(> &1 *(0" *3*-*1,5 !"* %&71/(+9
"7? #1,*2+(3$ (+* ())+&?#-(,*/ ;#," ,"* $(-* &+/*+ MB WXX A7(/+(,7+* +73*5 %> S&37,#&1 ;#," ,"*
-&/(3 BW $0"*-* *-)3&9#12 Z×Z WX )&#1,$ =($ $"&;1 #1 I#25 O5ML% &+ O5ML0> &1 *(0" *3*-*1,5
!"* "7? #1,*2+(3$ (+* )*+.&+-*/ ;#," ,"* $(-* &+/*+ WX A7(/+(,7+*5
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!"* 17-*+#0(3 +*$73,$ (+* )+*$*1,*/ #1 I#25 O5MK &1 ( PL×PL *3*-*1, /&-(#1 *-4
)3&9#12 ,"* WXX (1/ WX A7(/+(,7+*$ =2+#/$> ($ $"&;1 #1 I#25 O5ML6 )3&,,*/ &1 ,"*
1(,#8* 0&-)7,(,#&1(3 2+#/ ,& (8&#/ #1,*+)&3(,#&1 *++&+$5 I#27+* O5MK( $"&;$ ,"* +*4
$73,$ .&+ ,"* 1&/(3 BW $0"*-* ;#," ( P×P WXX 2+#/6 ;"*+* ,"* %&71/(+9 #1,*2+(3$
7$* ,"* $(-* &+/*+ WXX A7(/+(,7+*5 !"#$ 0"&#0* &. A7(/+(,7+* *?"#%#,$ $)7+#&7$
&8*+$"&&,$ (1/ 71/*+$"&&,$6 (1/ ,"* -&/(3 BW $0"*-* ;#," ,"* WXX A7(/+(,7+*
)+&/70*$ ( $#-#3(+ +*$73,5 D"(12#12 ,"* $)(,#(3 &+/*+ &. (007+(09 =7) ,& h×h A7(/+(4
,7+* )&#1,$> ;#," ,"* WXX 1&/*$ /&*$ 1&, #-)+&8* ,"* +*$73,$6 (1/ $#-#3(+ +*$73,$ (+*
+*)&+,*/ %9 D+&;*33 *, (3 =KLLO>5 I#27+* O5MK% $"&;$ ,"* +*$73,$ ;#," ( -&/(3 8*+4
$#&1 &. ,"* BW 1K -*,"&/ *-)3&9#12 Z×Z WX )&#1,$5 C#," WX 2+#/$6 ,"* $&37,#&1
#$ $#21#!0(1,39 $-&&,"*+5 :2(#16 ,"* 1&/(3 8*+$#&1 )+&/70*$ $#-#3(+ +*$73,$5
!"#$ #1/#0(,*$ ,"(,6 #++*$)*0,#8* &. ,"* -&/(3 &+ 1&/(3 8(+#(1, &. ,"* BW -*,"&/6

,"* WX A7(/+(,7+* "($ $&-* A7(3#,(,#8* (/8(1,(2* &8*+ ,"* WXX A7(/+(,7+*o *$)*4
0#(339 ;"*1 ,"* "&; !*3/ #$ 8*+9 0&-)3*?5 !"* BW $0"*-*$ *-)3&9#12 WX A7(/+(4
,7+* (+* -&+* +&%7$, ,"(1 ,"&$* ;#," ,"* WXX A7(/+(,7+*5 H1 ,"* &,"*+ "(1/6 .&+
( !?*/ &+/*+ &. (007+(096 ;* 1&,#0*/ ,"(, ,"* BWVWXX 0&-%#1(,#&1 "($ ( -&+*
3*1#*1, DIX $,(%#3#,9 +*$,+#0,#&1 ,"(1 ,"* BWVWX 0&-%#1(,#&15 !"#$ #$ -(#139 /7*
,& ,"* /#$,+#%7,#&1 &. ,"* #1,*+1(3 A7(/+(,7+* )&#1,$ #1 ,"* +*.*+*10* *3*-*1, =$**
I#25 O5ML>5 G1 ,"* 0($* &. ,"* WX A7(/+(,7+* )&#1,$6 ,"* $"&+,*$, /#$,(10* %*,;**1
,"* #1,*+1(3 )&#1,$ (1/ ,"* %&71/(+9 #$ $-(33*+ ,"(1 ,"(, &. ,"* WXX )&#1,$6 3*(/#12
,& +*3(,#8*39 $-(33*+ 2+#/ $)(0#12 = B>5 G1 &,"*+ ;&+/$6 ,"* DIX *$,#-(,* /#$07$$*/
#1 S*0,#&1 O5K5R6 M/(K.+ M) .&+ ,"* BW 1. -*,"&/ =D&0'%7+1 (1/ S"76 KLLM>6
())*(+$ ,& %* (1 &8*+*$,#-(,* ;"*1 ,"* BWVWXX 0&-%#1(,#&1 #$ 7$*/5

9.3.2.3 Barotropic Vorticity Equation

C* 1&; /#$07$$ ( 2*1*+(3 .&+- &. =O5ZL> ;#," ( 1&14@*+& $&7+0* ,*+-6 ( $#-)3*
1&14/#8*+2*1, %(+&,+&)#0 -&/*3 %($*/ &1 ,"* 03($$#0(3 %(+&,+&)#0 8&+,#0#,9 *A7(,#&1
=\EF>5 : %(+&,+&)#0 (,-&$)"*+* #$ ( $#123*43(9*+*/ "7#/o 71/*+ ,"#$ ($$7-),#&1
,"*+* #$ 1& 8*+,#0(3 0&-)&1*1,6 $& ,"* *A7(,#&1 ,& %* $&38*/ #$ KB5 !"* \EF "($
$)*0#(3 #-)&+,(10* #1 -*,*&+&3&29 (1/ ( "#$,&+#0(3 )*+$)*0,#8* &. ,"* \EF 0(1 %*
.&71/ #1 X910" =KLL[>5 !"* \EF #$ 7$*.73 .&+ -&/*3#12 ,"* =#/*(3#@*/> *8&37,#&1 &.
,+&)#0(3 0903&1*$ =B*U(+#(6 MO[R>6 (1/ (3$& .&+ ,"* ,"*&+*,#0(3 $,7/9 &. ,"* #1,*+(04
,#&1$ &. 8&+,#0*$ #1 03&$* )+&?#-#,95 Y*0*1,396 X*89 *, (3 =KLLO> "(8* /*8*3&)*/ (1
*3*-*1,4%($*/ W(3*+'#1 -*,"&/ .&+ $&38#12 ,"* \EF 7$#12 ,"* BW /#$0+*,#@(,#&1o
;* +*8#*; ,"#$ -&/*3 #1 ,"* )+*$*1, 0&1,*?,5
!"* \EF 0(1 %* 0($, #1 ,"* .&33&;#12 .&+- =X*89 *, (36 KLLO>^

?
+

B
(5 )+

J
(# ) = − #, =O5RL>

;"*+* 5 (1/ # (+* ,"* "&+#@&1,(3 0&-)&1*1,$ &. ,"* ;#1/ 8*0,&+ v $70" ,"(,
v = (5,#)6 = ( × v) · jk #$ ,"* +*3(,#8* 8&+,#0#,9 (1/ jk #$ ( 71#, 1&+-(3 8*0,&+ #1
,"* 8*+,#0(3 /#+*0,#&15 G1 =O5RL>6 = </ J #$ %($*/ &1 ,"* %*,(4)3(1* ())+&?#-(4
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,#&1 =E(33#$6 KLLa> ;"*+* < #$ ,"* D&+#&3#$ )(+(-*,*+5 !"* $&37,#&1 )+&0*$$ #18&38*$
)+*/#0,#12 (, *8*+9 ,#-* $,*)6 "&;*8*+6 ,"* (5,#) !*3/ (3$& *8&38*$ #1 ,#-* (1/
,"*+*.&+* 1**/$ ,& %* 0&-)7,*/ (, *8*+9 1*; ,#-* $,*)5 S#10* ,"* ;#1/ !*3/ #$ 1&14
/#8*+2*1, #, 0(1 %* )+*$0+#%*/ #1 ,*+-$ &. ,"* $,+*(- .710,#&1 $70" ,"(, 5= − J
(1/ #= B6 ;"*+* ,"* $7.!?*$ /*1&,* )(+,#(3 /#..*+*1,#(,#&15 !"* +*3(,#&1 = # B−5J
3*(/$ ,& ,"* .&33&;#12 <&#$$&1 *A7(,#&1 .&+ ^

K = . =O5RM>

_$7(339 ,"* #1#,#(3 0&1/#,#&1$ .&+ =O5RL> (+* )+*$0+#%*/ #1 ,*+-$ &. ,"* ,(12*1,#(3
8*3&0#,96 .+&- ;"#0" ,"* #1#,#(3 8(37*$ .&+ v (1/ 0(1 %* /*+#8*/5 :, *8*+9 ,#-*
$,*) #$ )+*/#0,*/ (1/ ,"* 0&++*$)&1/#12 $,+*(- .710,#&1 (, ,"* 1*; ,#-*43*8*3 #$
0&-)7,*/ %9 $&38#12 ,"* <&#$$&1 )+&%3*- =O5RM>5 !"#$ #$ +*A7#+*/ %*0(7$* ,"* ;#1/
!*3/ (5,#) -7$, %* (8(#3(%3* .&+ ,"* 1*; )+*/#0,#&1 0903*o ($ -*1,#&1*/6 #, 0(1 %*
0&-)7,*/ /#+*0,39 .+&- 7$#12 ,"* +*3(,#&1 (5,#) = (− J, B)5
!"7$ ,"* $&37,#&1 )+&0*$$ .&+ ,"* \EF #18&38*$ $&38#12 ,"* (/8*0,#&1 *A7(,#&1

=O5RL> (1/ ,"* <&#$$&1 *A7(,#&1 =O5RM> ($ ( $9$,*-5 !"* *33#),#0 ,9)* *A7(,#&1 =O5RM>
-(9 %* $&38*/ 7$#12 ,"* BW -*,"&/ ($ /*$0+#%*/ #1 Y#8#}*+* =KLL[>6 ,"* "#2"4&+/*+
$)*0,+(3 -*,"&/ =d&)+#8(6 KLLO>6 &+ (19 17-%*+ &. &,"*+ -*,"&/$5 S#10* &7+ .&07$
#$ )+#-(+#39 &1 "9)*+%&3#0 )+&%3*-$6 ;* /& 1&, 0&1$#/*+ ,"* $&37,#&1 )+&0*/7+* .&+
=O5RM> "*+*6 *?0*), ,& $(9 ,"(, ;* (/&), ( $)*0,+(34*3*-*1, %($*/ <&#$$&1 $&38*+
=X*896 KLLO> .&+ ,"* \EF -&/*35

Fig. 9.13 D&1,&7+$ &. ,"* 8&+,#0#,9 !*3/ = > #1 ,"* ,+&)#0(3 0903&1* $#-73(,#&16 $"&;1 (.,*+ M (1/
Z /(9$5 !"* 3*., )(1*3 $"&;$ ,"* #1#,#(3 !*3/$o ,"* $#-73(,*/ +*$73,$ (.,*+ M (1/ Z /(9$ (+* $"&;1 #1
,"* 0*1,+(3 (1/ ,"* +#2", )(1*3$5 D(3073(,#&1$ (+* /&1* &1 ( $A7(+* /&-(#1 0&1$#$,#12 &. MLL×MLL
*3*-*1,$ *(0" ;#," P×P WXX )&#1,$5

!"* #1#,#(3 ;#1/ )+&!3* .&+ ,"* 8&+,*? 0*1,*+*/ (, (B2,J2) 0(1 %* *?)+*$$*/ #1
,*+-$ &. ,(12*1,#(3 8*3&0#,9 T (:) ;"*+* : = [(B− B2)K + (J− J2)K]M/K #$ ,"* +(/#(3
/#$,(10* .+&- ,"* 0*1,*+5 !"* ;#1/ !*3/ (1/ T (:) (+* 2#8*1 %9
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5= −T (:)(J− J2)/:, #=T (:)(B− B2)/:, T (:) =
KT6: *?)[−"(:/:6)>]
:6[M+(:/:6)K]

.

=O5RK>
!"* #1#,#(3 +*3(,#8* 8&+,#0#,9 0(1 %* /*+#8*/ ($

(:) =
{
T ′(:)+T(:)/: #. : += L,
KT ′(L) #. : = L. =O5RZ>

!"* )"9$#0(3 /#-*1$#&1 &. ,"* /&-(#1 ! #$ ( PLLL '- × PLLL '- $A7(+*6 (1/ !
#$ )*+#&/#0 #1 %&," /#+*0,#&1$5 !"* &,"*+ )(+(-*,*+$ 7$*/ #1 =O5RK> (+* T6 = ZL -V$6
:6 = [L '-6 " = ML−a6 > = a6 ,"* 8&+,*? 0*1,*+ (B2,J2) )&$#,#&1*/ (, (KLLL,KLLL)
'-6 (1/ #$ 0&-)7,*/ (, ,"* 3(,#,7/* KL◦N5
!"* .&+-73(,#&1 .&+ ,"* \EF =O5RL> -(9 %* 0&1$#/*+*/ ($ ( $)*0#(3 0($* &. ,"*

"7?4.&+- ,+(1$)&+, *A7(,#&1 =O5ZL> ;#," ( 1&14@*+& $&7+0* ,*+- 0(P)5 !"*+*.&+* #, #$
03*(+ ,"(, ,"* t0&1$*+8(,#8* u 8(+#(%3* #$P = 6 ,"* "7? .710,#&1 #$ F(P) = (5 ,# )
(1/ ,"* $&7+0* #$ 0(P) = − #5 I&+ ,"* BW /#$0+*,#@(,#&1 &. =O5RL>6 ;* *-)3&9 ,"*
1&/(3 $0"*-* ($ /*$0+#%*/ #1 S*0,#&1 O5Z5M5K5 !"* 0&-)7,(,#&1(3 /&-(#1 0&1$#$,$ &.
MLL×MLL *3*-*1,$ *(0" ;#," P×P WXX )&#1,$ =I#25 O5ML(> $& ,"* (8*+(2* "&+#@&14
,(3 +*$&37,#&1 #$ ())+&?#-(,*39 MZ5Z '-5 : ,"#+/4&+/*+ Y712*4d7,,( $0"*-* =O5KO>
#$ 7$*/ ,& $&38* ,"* HBF =O5PR> 0&++*$)&1/#12 ,& =O5RL>6 ;#," ( =$7%4&),#-(3> ,#-*
$,*) &. ? = OL $*05
G1 ,"* 1&/(3 .&+-73(,#&1 ,"* +*3(,#8* 8&+,#0#,9 (1/ $,+*(- .710,#&1 =.+&-

=O5RM>> (+* ())+&?#-(,*/ (, ,"* WXX A7(/+(,7+* )&#1,$ ( * , )) 7$#12 ,"* $7--(,#&1
=O5PP>5 !& !1/ ,"* 1&14/#8*+2*1, ;#1/ (, (19 ,#-*43*8*3 .+&- ,"* $,+*(- .710,#&1
!*3/$ (, ,"* WXX )&#1,$ ,"* .&33&;#12 0&33&0(,#&1 /#..*+*1,#(,#&1 0(1 %* *-)3&9*/6

5( , ) = − ≈−
.

!=L

.

6=L
!6 ,!( ),′6( ),

#( , ) = ≈
.

!=L

.

6=L
!6,′!( ),6( ).

!"* 17-*+#0(3 +*$73,$ (+* $"&;1 #1 I#25 O5MZ5 !"* 3*.,-&$, )(1*3 $"&;$ ,"* #1#,#(3
+*3(,#8* 8&+,#0#,9 !*3/$6 (1/ $#-73(,*/ +*$73,$ (.,*+ KP (1/ hK "&7+$ (+* $"&;1 #1
,"* 0*1,+(3 (1/ +#2", )(1*3$6 +*$)*0,#8*395 :$ *?)*0,*/6 ,"* 0*1,*+ &. 0903&1#0 8&+,*?
#$ ;*33 +*$&38*/ (1/ ,"* 0903&1#0 -&,#&1 "($ /+#.,*/ #1 ,"* 1&+,";*$,;(+/ /#+*0,#&1
=B*U(+#(6 MO[R>5 Y*(3#$,#0 "7++#0(1* $#-73(,#&1 1**/$ "#2"4+*$&37,#&1 0&-)3*? ZB
-&/*3$ 0()(%3* &. .($, $#-73(,#&1$5 !"* BW -*,"&/$ (+* ;*334$7#,*/ ,& (//+*$$ ,"#$
)+&%3*- %*0(7$* BW (32&+#,"-$ (+* '1&;1 .&+ ,"*#+ "#2" )(+(33*3 *.!0#*109 (1/
(/(),#8* -*$" +*!1*-*1, 0()(%#3#,#*$5
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9.4 Limiters for DGMethods

T#2"4&+/*+ 17-*+#0(3 $0"*-*$ ;#33 )+&/70* $)7+#&7$ &$0#33(,#&1$ #1 ,"* 8#0#1#,9 &.
/#$0&1,#17#,#*$ &+ $"&0'$ (1/ 1*(+ 71/*+4+*$&38*/ $&37,#&1 2+(/#*1,$5 !"* 71)"9$#4
0(3 &$0#33(,#&1$ 1&, &139 )&337,* ,"* $&37,#&1 %7, -(9 3*(/ ,& 17-*+#0(3 #1$,(%#3#,#*$5
<+*$*+8(,#&1 &. )"9$#0(339 +*(3#@(%3* )+&)*+,#*$ &. ,"* $&37,#&1 $70" ($ -&1&,&1#0#,9
=$"()*4)+*$*+8(,#&1> &+ ,"* 3*$$ +*$,+#0,#8* )&$#,#8#,9 #$ &. 2+*(, #-)&+,(10* #1 (,-&4
$)"*+#0 ,+(1$)&+, -&/*3#12 =0"(),*+ [>5 I&+ #1$,(10*6 ,"* -#?#12 +(,#& =*5256 +*3(,#8*
"7-#/#,9> &+ /*1$#,9 $#-73(,*/ %9 (1 (,-&$)"*+#0 -&/*3 $"&73/ (3;(9$ )+*$*+8* #,$
)&$#,#8* $#21 =)&$#,#8*4/*!1#,*>5 F8*1 &$0#33(,#&1$ ;#," $-(33 (-)3#,7/*$ 0(1 0+*(,*
1*2(,#8* /*1$#,9 ;"#0" #1 ,7+1 )+&/70* )"9$#0(339 71(00*),(%3* 1*2(,#8* -($$ q
,"#$ -#2", (+#$* *8*1 #. ( -#17,* 1*2(,#8* /*1$#,9 #$ -73,#)3#*/ %9 ,"* 8&37-* =&+
#1,*2+(,*/ &8*+ ( +*2#&1>5 !"* )+&0*$$ &. 0&1,+&33#12 &+ 0&-)3*,*39 *3#-#1(,#12 ,"*
$)7+#&7$ &$0#33(,#&1$ #1 ,"* 17-*+#0(3 $&37,#&1 #$ &.,*1 +*.*++*/ ,& ($ 3#-#,#125 :
3#-#,*+ (3$& )+&8#/*$ 1&13#1*(+ $,(%#3#,9 ,& ,"* $&37,#&15
!"* W&/71&8 ,"*&+*- =W&/71&86 MORO> ($$*+,$ ,"(, ,"* t-&1&,&1* 3#1*(+ $0"*-*$

(+* (, -&$, !+$,4&+/*+ (007+(,*5u I&+ "#2"4&+/*+ -*,"&/$ ,"#$ #-)3#*$ ,"(, /*$#21#12
( -&1&,&1* $0"*-* #$ ( /(71,#12 ,($' %*0(7$* ,"* 0&*?#$,*10* &. -&1&,&1#0#,9 (1/
,"* "#2"4&+/*+ 1(,7+* &. ,"* $&37,#&1 #$ /#.!073, #. 1&, #-)&$$#%3*5 !"* -&1&,&1#0
3#-#,#12 #$ ( 1&143#1*(+ )+&0*$$ ,"(, +*-&8*$ ,"* &$0#33(,#&1$ .+&- ,"* $&37,#&1 (,
+*2#&1$ =)&#1,$> ;"*+* -&1&,&1#0#,9 #$ 8#&3(,*/6 (1/ ;"*1 (0,#8(,*/ ,"* 3#-#,*+ +*4
/70*$ ,"* &$0#33(,&+9 ="#2"4&+/*+> $&37,#&1 ,& !+$,4&+/*+5 G, #$ +*A7#+*/ ,"(, ( 3#-4
#,*+ /&*$ 1&, 8#&3(,* ,"* -($$ 0&1$*+8(,#&1 )+&)*+,9 =#5*56 )+*$*+8(,#&1 &. ,"* 0*334
(8*+(2*> &. ,"* 71/*+39#12 0&1$*+8(,#8* 17-*+#0(3 $0"*-* (1/6 ,& ,"* 2+*(,*$, *?,*1,
)&$$#%3*6 #, $"&73/ +*,(#1 ,"* "#2"4&+/*+ (007+(09 &. ,"* $&37,#&15 !"*+*.&+*6 ( 3#-4
#,*+ $"&73/ %* ())3#*/ ,& ,"* "#2"4&+/*+ $0"*-* #1 ( $7+2#0(3 -(11*+ (1/ #, $"&73/
1&, %* (0,#8(,*/ #1 $-&&," +*2#&1$ &. ,"* $&37,#&15 !"7$ #, #$ 8*+9 #-)&+,(1, ,& "(8*
( 0+#,*+#&1 .&+ 3#-#,#12 ,"(, 27#/*$ D,-) (1/ D,-:- ,& 3#-#, ,"* $&37,#&15
:1&,"*+ )&,*1,#(3 8*17* .&+ 0&1,+&33#12 17-*+#0(3 1&#$* /7* ,& 71/*+4+*$&38*/

$&37,#&1 2+(/#*1,$ #$ ,"* ())3#0(,#&1 &. $&40(33*/ ,K@ (/(),#8#,95 T*+* , $,(1/$ .&+
17-%*+ &. *3*-*1,$ #1 ,"* /&-(#1 (1/ @ #$ ,"* )&391&-#(3 &+/*+ ;#,"#1 #1 ,"*
*3*-*1, =d(+1#(/('#$ (1/ S"*+;#16 KLLR>5 S#10* $"&0'$ (+* 1&, +*(339 )+*$*1, #1
(,-&$)"*+#0 -&/*36 ,"* +*A7#+*-*1, #$ ,& )+*8*1, ,"* 2*1*+(,#&1 &. 71/*+4+*$&38*/
2+(/#*1,$ &1 ,"* 2+#/5 !"* )+&%3*- "*+* #$ &),#-#@* ,"* ,K@ %3<; ,& ,"* 3&0(3 $,+70,7+*
&. ,"* $&37,#&15 I&+ *?(-)3*6 "#2"4&+/*+ *3*-*1,$ ;"*+* "#2"42+(/#*1,$ (+* /*8*3&)4
#12 0(1 %* /#8#/*/ #1,& K *3*-*1,$ &. &+/*+ @/K ,& )+*8*1, ,"* 2+&;," &. &$0#33(,#&1$5
_3,#-(,*39 &1* 0&73/ *1/47) ;#," @ !+$, &+/*+ *3*-*1,$ ,"(, (+* 27(+(1,**/ ,& )+*4
$*+8* ,"* *?,+*-( &. ,"* $&37,#&15 !"#$ ())+&(0" -(9 %* -&+* #1,*1$#8* &1 $&.,;(+*
*12#1**+#12 (1/ 2+#/ +*!1*-*1, %($*/ &1 *++&+ *$,#-(,&+$6 %7, 0&73/ %* (1 (3,*+1(4
,#8* ,& ,"* %+7,* .&+0* ())+&(0" &. $3&)* 3#-#,*+$5 !"* BW -*,"&/$ (+* (-*1(%3*
,& (/(),#8* -*$" +*!1*-*1, =:UY> $,+(,*29 %($*/ &1 ,K@ (/(),#8#,95 B*8*3&)-*1,
&. -&/*3$ %($*/ &1 :UY #$ (1 (0,#8* (+*( &. +*$*(+0" #1 2*&$0#*10*$ =S,4D9+ (1/
N*0'*3$6 KLLOo d7%(,'& *, (36 KLLO>5
!"* $*0&1/4&+/*+ !1#,*48&37-* =IE> $0"*-*$ 0(1 $700*$$.7339 #10&+)&+(,* 3#-4

#,*+$ $70" ($ ,"* $3&)* 3#-#,*+$ =8(1 X**+6 MOhP> &+ "7? 3#-#,*+$ =\&+#$ (1/ \&&'6
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MOhZ>5 !"#$ #$ /&1* *#,"*+ %9 /*$#21#12 ( $0"*-* ;"#0" #1"*+*1,39 )+&"#%#,$ &$0#33(4
,&+9 $&37,#&1 =S-&3(+'#*;#0@6 MO[P> &+ %9 ())39#12 ,"* 3#-#,*+ #1 ,"* +*0&1$,+70,#&1
&+ ,"* )&$,4)+&0*$$#12 $,(2*5 :$ ,"* &+/*+ &. ,"* 17-*+#0(3 $0"*-* #10+*($*$ ,"*
3#-#,#12 )+&0*/7+* %*0&-*$ -&+* 0&-)3*? (1/ 0&-)7,(,#&1(339 *?)*1$#8*5 : 03($$
&. "#2"4&+/*+ !1#,*48&37-* $0"*-*$ '1&;1 ($ *$$*1,#(339 1&14&$0#33(,&+9 =FNH>
/*8*3&)*/ %9 T(+,*1 *, (3 =MO[h> (1/ #,$ (/8(10*/ 8(+#(1, ;*#2",*/ *$$*1,#(339 1&14
&$0#33(,&+9 =CFNH> %9 X#7 *, (3 =MOOP> 0(1 $700*$$.7339 0&1,+&3 $)7+#&7$ &$0#33(4
,#&1$ #1 ,"* $&37,#&15 :$ ,"* 1(-* $722*$,$ ,"* FNH &+ CFNH $&37,#&1$ (+* 1&,
$,+#0,39 -&1&,&1#05 !"* $&37,#&1 -(9 $,#33 "(8* &$0#33(,#&1$ &. $-(33 (-)3#,7/* %7,
,"*9 /& 1&, 2+&; ;#," ,#-*5 !"*$* $0"*-*$ 7$* (/(),#8* $,*10#3$ #1 ,"* +*0&1$,+704
,#&1 )+&0*/7+* ;"#0" (+* %($*/ &1 3&0(3 $-&&,"1*$$ &. ,"* 17-*+#0(3 $&37,#&16 (1/
(7,&-(,#0(339 (0"#*8* "#2"4&+/*+ (007+(09 (1/ 1&14&$0#33(,&+9 )+&)*+,#*$ 1*(+ /#$4
0&1,#17#,#*$5
S#10* ,"* BW -*,"&/ "($ ( $,+&12 IE43#'* 0&11*0,#&16 #, -(9 %* ,*0"1#0(339

)&$$#%3* ,& *?,*1/ ,"* 3#-#,*+$ /*8*3&)*/ .&+ IE -*,"&/$ ,& (, 3*($, 3&;4&+/*+ BW
-*,"&/$5 T&;*8*+6 .&+ BW $0"*-*$ ,"* /#+*0, ())3#0(,#&1 &. ( IE4%($*/ 3#-#,*+
$70" ($ ,"* "7? 3#-#,*+ #$ 1&, ,+#8#(3 %*0(7$* ,"* %3< *8&38*/ #1 ,#-* )*+ *3*-*1,
=0*33> #$ "#2"*+ ,"(1 ,"(, &. ,"* IE -*,"&/5 X#-#,#12 "#2"4&+/*+ BW -*,"&/$ &1
2*1*+(3 -*$"*$ #$ $,#33 (1 &)*1 A7*$,#&15 T*+* ;* 0&1$#/*+ ,"* %($#0 $3&)* 3#-#,*+
=D&0'%7+1 (1/ S"76 MO[O> (1/ ,"* CFNH4%($*/ 3#-#,#12 )+&)&$*/ %9 b7# (1/ S"7
=KLLR%> .&+ +*3(,#8*39 3&;4&+/*+ BW -*,"&/$5

9.4.1 The 1D Limiters for DG Methods

!"* %($#0 3#-#,*+ /*8*3&)*/ .&+ ,"* BW $0"*-* =D&0'%7+1 (1/ S"76 MO[O> +*3#*$ &1
,"*U_SDX =U&1&,&1#0_)$,+*(-D*1,*+*/ S0"*-*$ .&+ D&1$*+8(,#&1 X(;$> $3&)*
3#-#,#12 ,*0"1#A7* =8(1 X**+6 MOhh>5 !"* U_SDX ())+&(0" *-)3&9$ ,"* )#*0*;#$*
3#1*(+ +*0&1$,+70,#&1 .&+ ,"* $7%2+#/40*33 /#$,+#%7,#&1$ +*$73,#12 #1 ( $*0&1/4&+/*+ (04
07+(,* $0"*-*5 !"* +*0&1$,+70,#&1 )+&0*$$ #1 ,"#$ 0($* #$ 0&1$,+(#1*/ ,& %* .+** .+&-
$)7+#&7$ &$0#33(,#&1$ =-&1&,&1#0> %9 ())39#12 ,"* 6$)63% 3#-#,*+5 !& 71/*+$,(1/
"&; ,"* -#1-&/ 3#-#,*+ ;&+'$6 ;* 0&1$#/*+ ,"* )#*0*;#$* 3#1*(+ +*0&1$,+70,#&1 .&+
,"* MB 2+#/ 7$*/ #1 S*0,#&1 O5K5Z5

9.4.1.1 The minmod Limiter

X*, PL(B) %* ,"* /*1$#,9 /#$,+#%7,#&1 #1 ( 0*33 &. ;#/," B L = B L+M/K− B L−M/K5 !"*
)#*0*;#$* 3#1*(+ +*)+*$*1,(,#&1 &.P L(B) 0(1 %* *?)+*$$*/ #1 ,*+-$ &. ,"* $3&)*PB, L
(1/ ,"* 0*334(8*+(2*/ /*1$#,9P L =$** I#25 O5MP>6

PL(B) =P L +(B− B L)PB, L, P L =
M
B L

∫ B L+M/K

B L−M/K
PL(B)%B, =O5RP>



O F-*+2#12 N7-*+#0(3 U*,"&/$ .&+ :,-&$)"*+#0 U&/*3#12 K[h

j−1/2x x

u uujj−1 j+1

j+1/2

Fig. 9.14 : $0"*-(,#0 #337$,+(,#&1 &. ,"* )#*0*;#$* 3#1*(+ +*0&1$,+70,#&15 !"* 0*33 (8*+(2*$ PL (+*
$"&;1 ($ "&+#@&1,(3 3#1*$ (1/ ,"* 0*33 %&71/(+#*$ (+* 3(%*3*/ %9 BL±M/K5 !"* $-&&," /($"*/43#1*
#1/#0(,*$ ,"* (0,7(3 $&37,#&1P(B) ;"#0" #$ ())+&?#-(,*/ %9 )#*0*;#$* 3#1*(+ /#$,+#%7,#&1$ =%+&'*1
,"#0' 3#1*$> &1 *(0" 0*335

;"*+* B L = (B L−M/K + B L+M/K)/K5 !"*+* (+* (1 #1!1#,* 17-%*+ &. )&$$#%#3#,#*$ ,&
0"&&$* ,"* 8(37* &. PB, L #1 =O5RP> ;#,"&7, 8#&3(,#12 -($$ 0&1$*+8(,#&1 =)+*$*+8#12
P L>6 1&1*,"*3*$$6 ;* 0"&&$* ,"* 3#-#,*/ $3&)* rPB, L %($*/ &1 ,"* -#1-&/ ())+&(0"5
: -#1-&/ .710,#&1 "($ ,"+** (+27-*1,$5 !"* !+$, (+27-*1, #$ ,"* $3&)* &. ,"* 0*33
#1 A7*$,#&1 (1/ +*-(#1#12 (+27-*1,$ (+* ,"* $3&)*$ &. ,"* 1*#2"%&+#12 0*33$5 G. ,"*
*-<? (1/ ,"* :$E,? $3&)*$ )+*$*+8* ,"* $(-* $#216 ,"*1 ,"* -#1-&/ .710,#&1 +*,7+1$
,"* -#1#-7- &. ,"* (%$&37,* 8(37* &. ,"* $3&)*$ ;#," ,"* $(-* $#21o &,"*+;#$*6 #.
,"* $#21$ (+* &))&$#,*6 #, $*,$ ,"* $3&)* ,& @*+&5 !"#$ 0(1 %* ;+#,,*1 ($ .&33&;$^

P(B) L =P L +(B− B L) rPB, L, rPB, L ⇐-#1-&/(PB, L,PB, L−M/K,PB, L+M/K), =O5RR>

;"*+* ,"* (++&; #1/#0(,*$ ,"* +*)3(0*-*1, &. ,"* $3&)*PB, L %9 ,"* 3#-#,*/ $3&)* rPB, Lo
,"* -#1-&/ .710,#&1 #$ .&+-(339 /*!1*/ ,& %*

-#1-&/(",>,2) =
{
;-#1(|"|, |>|, |2|) #. ;= $#21(") = $#21(>) = $#21(2),
L &,"*+;#$* .

=O5Ra>

!"* $3&)*$ &. ,"* 1*#2"%&+#12 0*33$ =&1 ( 1&1471#.&- 2+#/> (+* 2#8*1 %9

PB, L−M/K =
P L−P L−M

( B L + B L−M)/K
, PB, L+M/K =

P L+M−P L

( B L+M+ B L)/K
.

!"#$ 3#-#,*+ .(33$ 71/*+ ,"* 03($$ &. ,"* ,&,(3 8(+#(,#&1 /#-#1#$"#12 =!EB> 3#-#,*+$
=!&+&6 MOOO>5 !"* -#1-&/ 3#-#,*+ #$ $,+#0,39 1&14&$0#33(,&+96 %7, 71.&+,71(,*39 #,
03#)$ ,"* 3*2#,#-(,* *?,+*-( &. $-&&," $&37,#&1$ (1/ /*2+(/*$ "#2"4&+/*+ (007+(095
T&;*8*+6 ,"* *?0*$$#8* 3#-#,#12 &. ,"* -#1-&/ .710,#&1 (, $-&&," +*2#&1$ 0(1 %*
0&1,+&33*/ ,& $&-* *?,*1, %9 -&/#.9#12 =+*3(?#12> ,"* 3#-#,#12 0+#,*+#( #1 =O5Ra>5 !"*
+*$73,#12 63%$!-% 6$)63% *$6$?-: "($ ,"* ,&,(3 8(+#(,#&1 %&71/*/ =!E\> )+&)*+,96
;"#0" )+*$*+8*$ "#2"4&+/*+ (007+(09 (, $-&&," *?,+*-( (, ,"* 0&$, &. (33&;#12 -#4
1&+ &$0#33(,#&1$ #1 ,"* $&37,#&15 X*, `U#1-&/Q %* ,"* -&/#!*/ -#1-&/ .710,#&1
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;"#0" #$ /*!1*/ ,& %*

U#1-&/(",>,2) =
{
" #. |"|≤A*,
-#1-&/(",>,2), &,"*+;#$*6 =O5Rh>

;"*+* A* #$ ( )+&%3*-4/*)*1/*1, )&$#,#8* 17-%*+5 !"#$ )(+(-*,*+ #$ -&+* &+ 3*$$
( 6"E$2 17-%*+ ;"#0" ;&+'$ A7#,* ;*33 .&+ ( .*; $*,$ &. )+&%3*-$ =$**6 D&0'%7+1
(1/ S"7 =KLLM>>5 S-(33*+ 8(37*$ &.A* #1,+&/70* 2+*(,*+ 3&0(3 /#$$#)(,#&16 %7, 3(+2*+
8(37*$ )+&/70* &$0#33(,#&1$ #1 ,"* $&37,#&15 :3,"&72" ,"*+* (+* *..&+,$ ,& -('* A*
)+&%3*- #1/*)*1/*1, =W"&$,#1* *, (36 KLLO>6 ( 2*1*+(3#@*/ ())+&(0" .&+ 8(+#&7$ ()4
)3#0(,#&1$ )(+,#073(+39 #1 -73,#4/#-*1$#&1(3 $9$,*-$ "($ 9*, ,& %* *$,(%3#$"*/5

9.4.1.2 Generalized Slope Limiter

!"* -&/(3 *?)(1$#&1 =O5ML> .&+ ,"* ())+&?#-(,* $&37,#&1P L( ) 0(1 %* +*(++(12*/
($ .&33&;$ =;#," ,"* ,#-* /*)*1/*109 &-#,,*/ .&+ %+*8#,9>^

PL( ) =PLL +PML +
.

C=K
PC
L 1C( ), =O5R[>

;"*+* ,"* *?)(1$#&1 0&*.!0#*1,$ =&+ -&-*1,$> P C
L (+* /*!1*/ #1 =O5MM>5 G. ,"*

$&37,#&1 PL( ) #$ ())+&?#-(,*/ ($ *3*-*1,4;#$* 3#1*(+ .710,#&1$6 ,"*1 P L( ) =
PLL +PML 6 ;"*+* ,"* 0&*.!0#*1,$ P L

L = P L #$ ,"* (8*+(2* 8(37* (1/ P M
L = P ′

L( )
#$ ,"* $3&)*5 !"#$ #$ $#-)39 ,"* 1M )(+, &. ,"* $&37,#&1 =O5R[>6 ;"#0" #$ (1(3&2&7$ ,&
,"* )#*0*;#$* 3#1*(+ +*0&1$,+70,#&1 =O5RP>5 !"*+*.&+* ,"* 3#-#,*/ $&37,#&1 .&+ ,"* 1 M
0($*6 #1 ,*+-$ &. 6 0(1 %* ;+#,,*1 ($

PL( ) =P L + rPML , rPML ⇐-#1-&/(P M
L ,
P L−P L−M

,
P L+M−P L ), =O5RO>

;"*+* rPML #$ ,"* 3#-#,*/ $3&)* %9 ,"* -#1-&/ .710,#&1 (1/ = K5 G. rPML +=PML ,"*1 #,
#1/#0(,*$ ,"(, -#1-&/ 3#-#,*+ #$ #1 (0,#&1o &,"*+;#$*6 #. rPML =PML ,"*1 ,"* #1/#0(,#&1
#$ ,"(, ,"* *3*-*1, #$ 1&14&$0#33(,&+9 (1/ /&*$ 1&, 1**/ 3#-#,#125 G1 &,"*+ ;&+/$ ,"*
-#1-&/ .710,#&1 -(9 (3$& %* 7$*/ ,& /*,*0, *3*-*1,$ ;"#0" +*A7#+* 3#-#,#125
N&,* ,"(, ,"* 3*., (1/ +#2", $3&)*$ 7$*/ #1 ,"* -#1-&/ .710,#&1 #1 =O5RO> -(9 %*

+*)3(0*/ ;#," ,"* 3*$$ +*$,+#0,#8* $3&)*$ K(P L−P L−M)/ (1/ K(P L+M−P L)/ 6
+*$)*0,#8*396 =D&0'%7+1 (1/ S"76 KLLM>5 !"#$ 3*(/$ ,& ( $#-)3#!*/ $3&)* *$,#-(,* (,
,"* *3*-*1, */2*$ #1 ,"* 40&&+/#1(,* ($ *-)3&9*/ #1 =O5RO>5

PL( ) =P L + rPML , rPML ⇐-#1-&/(P M
L ,P L−P L−M,P L+M−P L). =O5aL>

G1 ,"* 0&1,*?, &. ,"* "#2"4&+/*+ BW -*,"&/6 D&0'%7+1 (1/ S"7 =MO[O> .7+,"*+ *?4
,*1/*/ ,"* -#1-&/ 3#-#,*+ ,& ,"* E-)-:"*$H-% ;*3@- *$6$?-:5 !"#$ #$ (0"#*8*/ %9 $*4
3*0,#8*39 ())39#12 ,"* 3#-#,*+ =O5aL> ,& ,"* "#2"4&+/*+ $&37,#&1 =O5R[> ;"*+* ,"* $&4
37,#&1 #$ 1&, $-&&,"5 !"* $*3*0,#&1 )+&0*/7+* =#5*56 /*,*0,#12 ,"* *3*-*1,$ ;"#0" +*4



O F-*+2#12 N7-*+#0(3 U*,"&/$ .&+ :,-&$)"*+#0 U&/*3#12 K[O

A7#+* 3#-#,#12> #18&38*$ !1/#12 ,"* 3*., (1/ +#2", */2* 8(37*$P L±M/K =PL( = ±M)
.+&- =O5R[>6 (1/ 0"*0'#12 .&+ &$0#33(,#&1 7$#12 ,"* -#1-&/ .710,#&1^

rP−
L+M/K = P L +-#1-&/(P−

L+M/K−P L,P L−P L−M,P L+M−P L), =O5aM>
rP+
L−M/K = P L−-#1-&/(P L−P+

L+M/K,P L−P L−M,P L+M−P L), =O5aK>

;"*+* P−
L+M/K (1/ P

+
L−M/K /*1&,* ,"* 3*., (1/ +#2", 3#-#,$ =$** I#25 O5M> &. ,"* */2*

8(37*$PL+M/K (1/PL−M/K6 +*$)*0,#8*395
N&; ,"* 2*1*+(3#@*/ $3&)* 3#-#,*+ (32&+#,"- .&+ ( "#2"4&+/*+ $&37,#&1 =O5R[> 0(1

%* $7--(+#@*/ ($ .&33&;$5

• I#+$,6 0&-)7,* ,"* 3#-#,*/ */2* 8(37*$ rP−
L+M/K (1/ rP

−
L+M/K 7$#12 =O5aM> (1/ =O5aK>5

• G. rP−
L+M/K=P−

L+M/K (1/ rP
+
L−M/K=P+

L−M/K6 ,"*1 #, #1/#0(,*$ ,"(, ,"*+* #$ 1& $)7+#&7$
&$0#33(,#&1 =&+ 1& 1**/ .&+ 3#-#,#12> #1 ,"* *3*-*1, #1 A7*$,#&16 (1/ ,"* $&37,#&1
=O5R[> #$ (00*),(%3* ($ #$5

• G. rP−
L+M/K +=P−

L+M/K (1/V&+ rP
+
L−M/K +=P+

L−M/K6 ,"*1 #, #1/#0(,*$ ,"*+* #$ &$0#33(,#&1
#$ #1 ,"* *3*-*1, (1/ ,"* $&37,#&1 $"&73/ %* 3#-#,*/ %9 7$#12 =O5aL>5

• G1 ,"* 3#-#,*/ 0($* &139 ,"* 3#-#,*/ 1M4)(+, &. $&37,#&1 #$ 0&1$#/*+*/6 (33 ,"* "#2"4
&+/*+ 0&*.!0#*1,$ #1 =O5R[>P C

L = L .&+ C ≥ K5

:$ /#$07$$*/ (%&8* ,"* -#1-&/ 3#-#,*+$ (+* /#$$#)(,#8*6 (1/ -(9 1&, %* $7#,(%3* .&+
$&-* ())3#0(,#&1$5 G1 $70" 0($*$6 #. ( $&37,#&1 ;#," &$0#33(,#&1$ &. $-(33 (-)3#,7/*
#$ (00*),(%3*6 ,"*1 #, #$ ())+&)+#(,* ,& 7$* ,"* -&+* +*3(?*/ U#1-&/ .710,#&1 =O5Rh>
#1$,*(/ &. ,"* +*273(+ -#1-&/ .710,#&15

9.4.1.3 The Moment Limiter

\#$;($ *, (3 =MOOP> 2*1*+(3#@*/ ,"* -#1-&/ 3#-#,*+ ,& ( 636-)? *$6$?-: $7#,(%3* .&+
3#-#,#12 "#2"4&+/*+ BW -*,"&/$5 !"* -&-*1, 3#-#,*+ 3#-#,$ ,"* /*+#8(,#8* &. ,"*
$&37,#&1 $,(+,#12 ;#," ,"* "#2"*$, &+/*+6 (1/ #, #$ 2#8*1 %9

rPC
L =

M
KC−M-#1-&/((KC−M)PC

L ,P
C−M
L −PC−M

L−M ,P
C−M
L+M −P

C−M
L ). =O5aZ>

C"*1 C = M6 03*(+39 ,"* 3#-#,*+ =O5aZ> +*/70*$ ,& ,"* -#1-&/ 3#-#,*+ #1 =O5aL>5 !"*
3#-#,*+ #$ ())3#*/ #1 (1 (/(),#8* -(11*+ $,(+,#12 ;#," ,"* "#2"*$,4&+/*+ 0&*.!0#*1,
=-&-*1,>PC

L 5 G. rPC
L =PC

L ,"*1 #, #1/#0(,*$ 3#-#,#12 #$ 1&, +*A7#+*/o #. 1&,6 3#-#,#12 #$
+*A7#+*/ (1/ =O5aZ> #$ ())3#*/ ,& ,"* 1*?, 3&;*+4 3*8*3 0&*.!0#*1,$P C−M

L 5 !"* )+&0*$$
$,&)$ ;"*1 1& -&/#!0(,#&1 &. ,"* 0&*.!0#*1, &007+$ %9 ())39#12 =O5aZ>o &,"*+;#$*6
,"* 1*?, "#2"*$, &+/*+ 0&*.!0#*1, #$ 3#-#,*/5 !"* -&-*1, 3#-#,*+ )*+.&+-$ %*,,*+
,"(1 ,"* 2*1*+(3#@*/ $3&)* 3#-#,*+ (, 3*($, #1 ,"* MB 0($*o "&;*8*+6 *?,*1/#12 ,"*
(32&+#,"- ,& -73,#4/#-*1$#&1 =d+#8&/&1&8(6 KLLh> #$ 0&-)7,(,#&1(339 *?)*1$#8*5
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9.4.1.4 The WENO-based Limiter

!"*+* #$ ( 1&8*3 03($$ &. 3#-#,*+$ .&+ BW -*,"&/$ +*0*1,39 #1,+&/70*/ %9 b7# (1/
S"7 =KLLR%> %($*/ &1 ,"* CFNH -*,"&/5 : -(]&+ (/8(1,(2* &. ,"#$ ())+&(0" #$ #,$
(%#3#,9 ,& +*,(#1 "#2"4&+/*+ (007+(09 .&+ ,"* BW $0"*-* ;"#3* $7))+*$$#12 $)7+#&7$
&$0#33(,#&1$5 !"* CFNH %($*/ 3#-#,#12 $,+(,*29 .&+ BW -*,"&/$ 0&1$#$,$ &. ,;&
0+70#(3 $,*)$5 !"*$* (+* ,"* #/*1,#!0(,#&1 &. $&40(33*/ ?:35>*-% 2-**; &+ ,"* 0*33$ =*34
*-*1,$> ,"(, 1**/ 3#-#,#126 .&33&;*/ %9 ( +*0&1$,+70,#&1 $,*) .&+ ,"* 1&14&$0#33(,&+9
$&37,#&1 #1 ,"* ,+&7%3*/ 0*33$ 7$#12 ,"* 1*#2"%&+#12 0*334(8*+(2*$5 !& #/*1,#.9 ,"*
,+&7%3*/ 0*33$ &1* -(9 7$* (19 &. ,"* $3&)* 3#-#,#12 ,*0"1#A7*$ /*$0+#%*/ (%&8*5
G.6 .&+ *?(-)3*6 ,"* $3&)* #1 ( 0*33 0"(12*$ ;"*1 7$#12 ,"* -#1-&/ 3#-#,*+6 ,"*1
,"(, )(+,#073(+ 0*33 #$ /*03(+*/ ( ,+&7%3*/ 0*33 (1/ 3#-#,#12 #$ )*+.&+-*/ %9 7$#12 ,"*
CFNH ())+&(0"5 :3,"&72" ,"* CFNH 3#-#,*+ /&*$ 1&, (/8*+$*39 (..*0, ,"* &+/*+
&. (007+(09 &. ,"* $&37,#&1 #1 ( $-&&," 0*336 ( ]7/#0#&7$ #/*1,#!0(,#&1 &. ,+&7%3*/
0*33$ #$ +*A7#+*/ ,& (8&#/ 711*0*$$(+9 0&-)7,(,#&1$ #1 $-&&," +*2#&1$5
!"* /*,(#3$ &. ,"* CFNH 3#-#,*+ #-)3*-*1,(,#&1 #$ 2#8*1 #1 b7# (1/ S"7

=KLLR%>6 (1/ ;* /& 1&, /#$07$$ #, "*+*#15 : BW 1. -*,"&/ #$ .&+-(339 (.+M)," &+4
/*+ (007+(,* #. ,"* A7(/+(,7+* +73* #$ *?(0, .&+ )&391&-#(3$ &. /*2+** (, 3*($, K.+M5
G1 &+/*+ ,& -(,0" ,"* $(-* &+/*+ &. (007+(096 ( CFNH +*0&1$,+70,#&1 $"&73/ %*
(, 3*($, (K.+M)," &+/*+ (007+(,* ($ ;*335 : CFNH4%($*/ 3#-#,*+ &. ,"#$ &+/*+ +*4
A7#+*$ K.+M 1*#2"%&+#12 *3*-*1,$ L−. , . . . , L+. ,& 3#-#, (1 *3*-*1, L 3&0(,*/
(, ,"* 0*1,*+ &. ,"* $,*10#35 _1.&+,71(,*396 ,"#$ +*A7#+*-*1, 1*0*$$#,(,*$ ( ;#/*+ 0&-4
)7,(,#&1(3 $,*10#3 ;"*1 . > K6 ;"#0" #-)*/*$ ,"* 3&0(3 1(,7+* =(1/6 ,"*+*.&+*6 ,"*
)(+(33*3 *.!0#*109> &. ,"* 0&-%#1*/ BW4CFNH $0"*-*5

Fig. 9.15 N7-*+#0(3 $&37,#&1 (.,*+ &1* +*8&37,#&1 ;#," ,"* -&/(3 BW $0"*-* 0&-%#1*/ ;#," 8(+#4
&7$ 3#-#,*+$ .&+ ,"* 3#1*(+ (/8*0,#&1 )+&%3*- =O5K>5 !"* 3*., (1/ +#2", )(1*3$ $"&; $&37,#&1$ .&+ ,"*
$-&&," 0($* =W(7$$#(1 "#33> (1/ 1&14$-&&," 0($* =+*0,(1273(+ ;(8*> ($ #1#,#(3 0&1/#,#&1$6 +*$)*04
,#8*396 ;"*+* ,"* $&3#/ 3#1* #1/#0(,*$ ,"* *?(0, $&37,#&15 !"* /#(-&1/ )&#1,$ =0> $"&; ,"* $&37,#&1
;#," ,"* %($#0 -#1-&/ 3#-#,*+6 (1/ `+Q )&#1,$ #1/#0(,* ,"* $&37,#&1 ;#," ,"* 2*1*+(3#@*/ $3&)* 3#-4
#,*+ *-)3&9#12 ,"* U#1-&/ .710,#&1 ;#," ,"* )(+(-*,*+ A* = L.LK5 H1 ,"* 3*., )(1*36 $A7(+* )&#1,$
$"&; ,"* $&37,#&1 ;#," ,"* 2*1*+(3#@*/ $3&)* 3#-#,*+ %7, ,"* )(+(-*,*+ A* = L.La5
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Fig. 9.16 S(-* ($ #1 I#25 O5MR %7, ;#," ,"* ,"#+/4&+/*+ CFNH 3#-#,*+ =`0Q )&#1,$> (1/ ,"* -&-*1,
3#-#,*+ =`+Q )&#1,$>5 !"* 0&-)7,(,#&1(3 /&-(#1 [−M,M] 0&1$#$,$ &. RL *3*-*1,$ *(0" ;#," P WXX
A7(/+(,7+* )&#1,$5

9.4.1.5 Computational Examples with Limiters

C* +*)*(, ,"* 17-*+#0(3 *?(-)3*$ 7$*/ #1 S*0,#&1 O5K5a ,& /*-&1$,+(,* ,"* *..*04
,#8*1*$$ &. ,"* 3#-#,*+$ ($ /#$07$$*/ (%&8*5 I#+$,6 ,"* $#-)3* 3#1*(+ (/8*0,#&1 )+&%4
3*- P? +PB = L #$ $&38*/ ;#," #1#,#(3 0&1/#,#&1$ +*)+*$*1,#12 ,;& *?,+*-* 0($*$6
( W(7$$#(1 "#33 =$-&&," 0($*> (1/ ( +*0,(1273(+ ;(8* =1&14$-&&," 0($*>5 : -&/(3
8*+$#&1 &. ,"* BW /#$0+*,#@(,#&1 #$ *-)3&9*/ ;#," RL *3*-*1,$6 *(0" ;#," P WXX
A7(/+(,7+* )&#1,$6 #1 ,"* /&-(#1 [−M,M]6 (1/ PLL ,#-* $,*)$ (+* 7$*/ .&+ ( 0&-)3*,*
+*8&37,#&15 G/*(3396 ,"* 0"(33*12* .&+ ( 3#-#,*+ #$ ,& )+*$*+8* "#2"4&+/*+ (007+(09 #1
$-&&," +*2#&1$ &. ,"* $&37,#&1 ;"#3* *3#-#1(,#12 $)7+#&7$ &$0#33(,#&1$ 3)*J .+&-
,"* 1&14$-&&," +*2#&1$5
I#27+* O5MR $"&;$ ,"* 17-*+#0(3 $&37,#&1$ ;#," ,"* %($#0 -#1-&/ 3#-#,*+ =O5RR>

(1/ ,"* 2*1*+(3#@*/ $3&)* 3#-#,*+ 0&-%#1*/ ;#," ,"* -&/#!*/ U#1-&/ 3#-#,*+
=O5Rh>5 H139 &1* )&#1, )*+ *3*-*1, #$ )3&,,*/ .&+ 03(+#,95 !"* U#1-&/ .710,#&1 *-4
)3&9$ ( )+&%3*-4/*)*1/*1, )(+(-*,*+A* ;"#0" 0&1,+&3$ ,"* 3#-#,#12 &)*+(,#&15 !"*
*?(0, $&37,#&1 =#1#,#(3 0&1/#,#&1> #$ $"&;1 ($ $&3#/ 3#1*$ #1 I#25 O5MR6 (1/ ,"* $&37,#&1
;#," ,"* %($#0 -#1-&/ 3#-#,*+ #$ 8*+9 /#..7$*/ #1 %&," 0($*$ =`0Q )&#1,$>5 I&+ ,"* 1&14
$-&&," 0($* =I#25 O5MR +#2", )(1*3>6 +*3(,#8*39 >-??-: $&37,#&1$ (+* &%,(#1*/ ;#," ,"*
2*1*+(3#@*/ $3&)* 3#-#,*+ =`+Q )&#1,$> .&+ ;"#0" ,"* )(+(-*,*+ 8(37* #$ A* = L.LKo
"&;*8*+6 .&+ A* > L.LK ,"* 3#-#,*+ +*#1,+&/70*$ &$0#33(,#&1$5 I&+ ,"* $(-* 8(37*
A* = L.LK6 ,"* 2*1*+(3#@*/ $3&)* 3#-#,*+ 03#)$ ,"* )*(' $-&&," +*2#&1$ &. ,"* W(7$4
$#(1 "#33 ($ $**1 #1 ,"* 3*., )(1*3 &. I#25 O5MR =`+Q )&#1,$>5 N*8*+,"*3*$$6 ;"*1 A*
#$ #10+*($*/ ,& L.La ,"* 3#-#,*+ .7+,"*+ +*3(?*$ ;#,"&7, /*$,+&9#12 ,"* 3*2#,#-(,* *?4
,+*-( &. ,"* W(7$$#(1 "#33 =$A7(+* )&#1,$>5 :3,"&72" ,"*$* 3#-#,*+$ (+* $#-)3* (1/
*($9 ,& #-)3*-*1,6 ( -(]&+ /+(;%(0' #$ ,"(, ,"*9 "(8* ( $,+&12 /*)*1/*10* &1 ,"*
)(+(-*,*+ A* 5 U&+*&8*+6 ,"* %($#0 -#1-&/ =1M> 3#-#,*+ #$ 71(00*),(%39 /#..7$#8*
.&+ "#2"4&+/*+ BW -*,"&/$ .&+ )+(0,#0(3 ())3#0(,#&1$ =G$'(1/(+(1# *, (36 KLLR>5
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N&; ;* 0&1$#/*+ ,"* $(-* *?)*+#-*1, ;#," ,"* -&-*1, 3#-#,*+ =O5aZ> (1/ (
,"#+/4&+/*+ CFNH4 %($*/ 3#-#,*+5 I&+ ,"* 0&-)7,(,#&1(3 *?(-)3*$ 0&1$#/*+*/ "*+*
;* *-)3&9 ( BW 1K 0($* 0&-%#1*/ ;#," ( CFNH 3#-#,*+ *-)3&9#12 ,"* WXX
A7(/+(,7+* +73* ;#," P )&#1,$5 I#27+* O5Ma $"&;$ ,"* 3#-#,*/ $&37,#&1 ;#," ,"*
CFNH 3#-#,*+ =`0Q )&#1,$> (1/ -&-*1, 3#-#,*+ =`+Q )&#1,$>5 \&," ,"* 3#-#,*+$ )*+4
.&+- 8*+9 ;*33 .&+ ,"* ,;& *?,+*-* 0($*$5 T&;*8*+6 ,"*CFNH %($*/ 3#-#,*+ #$ 8*+9
+&%7$, (1/ )*+.&+-$ $3#2",39 %*,,*+ ,"(1 ,"* -&-*1, 3#-#,*+ #1 ,*+-$ &. ,"* $9--*4
,+9 &. ,"* $&37,#&1 =$"()* )+*$*+8(,#&1>5 !"* CFNH 3#-#,*+ 71.&+,71(,*39 0&-*$
;#," ( "#2"*+ 0&-)7,(,#&1(3 0&$, %*0(7$* .&+ ,"* ,"#+/4&+/*+ =1 K> 0($* ( R4*3*-*1,
;#/* $,*10#3 #$ +*A7#+*/ .&+ ,"* +*0&1$,+70,#&1$5

Fig. 9.17 X#-#,*/ 17-*+#0(3 $&37,#&1 .&+ ,"* #18#$0#/ \7+2*+$ *A7(,#&1 (, ,#-* ? = Z/(K ) ;#,"
,"* -&/(3 BW $0"*-*5 !"* $&3#/43#1* #1/#0(,*$ ,"* *?(0, $&37,#&1 (1/ `0Q )&#1,$ $"&; ,"* 3#-#,*/
BW $&37,#&15 !"* 3*., )(1*3 $"&;$ $&37,#&1 %9 BW $0"*-* 0&-%#1*/ ;#," ,"* -&-*1, 3#-#,*+ (1/
+#2", )(1*3 $"&;$ BW $&37,#&1$ 0&-%#1*/ ;#," ,"* CFNH 3#-#,*+5

!"* -&-*1, 3#-#,*+ =O5aZ> (1/ ,"* ,"#+/4&+/*+ CFNH 3#-#,*+ (+* ())3#*/ ,& ,"*
1K BW $0"*-* .&+ $&38#12 ,"* #18#$0#/ \7+2*+$ *A7(,#&1 P? + (PK/K)B = L6 ;#,"
,"* #1#,#(3 0&1/#,#&1PL(B) = M/K+ $#1( B)5 :$ -*1,#&1*/ #1 S*0,#&1 O5K5a6 ,"#$ #$ (
$#-)3* 1&143#1*(+ 0($* ;"*+* ( $"&0' ;(8* /*8*3&)$ /7+#12 ,"* #1,*2+(,#&16 %7, ,"*
(1(39,#0 $&37,#&1 #$ '1&;1 (, (19 ,#-*5 !"* 0&-)7,(,#&1(3 /&-(#1 [L,K] 0&1$#$,$ &.
[L *3*-*1,$6 *(0" 0&1,(#1#12 P WXX )&#1,$5 !"* 3#-#,*/ 17-*+#0(3 $&37,#&1 (, ,#-*
? = Z/(K ) =MLLL ,#-* $,*)$> #$ $"&;1 #1 I#25 O5Mh6 ;"*+* ,"* 3*., (1/ +#2", )(1*3$
$"&; $&37,#&1$ ;#," ,"* -&-*1, (1/ CFNH 3#-#,*+$6 +*$)*0,#8*395 I&+ 03(+#,96 &139
&1* )&#1, )*+ *3*-*1, #$ $(-)3*/ .&+ /#$)3(9#12 ,"* 17-*+#0(3 +*$73,$5 \&," 3#-#,*+$
$700*$$.7339 *3#-#1(,* $)7+#&7$ &$0#33(,#&1$ 1*(+ ,"* $"&0' =($ $**1 #1 I#25 O5h>6
(1/ ,"* 0&-)7,*/ $&37,#&1$ (+* 8*+9 $#-#3(+ ,& ,"* +*.*+*10* $&37,#&1$5 N&,* ,"(,
#1 I#25 O5h6 .&+ ;"#0" 1& 3#-#,#12 #$ *-)3&9*/6 $"&0'$ /*8*3&) /7+#12 ,"* #1,*2+(4
,#&1 (1/ &$0#33(,#&1$ ())*(+ (, ? = O/([ ) =hRL ,#-* $,*)$>5 F8*1,7(339 ,"* 2+&;#12
$)7+#&7$ &$0#33(,#&1$ 0&1,(-#1(,* ,"* 17-*+#0(3 $&37,#&1 #1 ,"#$ 0($*5
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9.4.2 2D limiters for the DG Method

!"* MB 3#-#,*+$ 7$*/ .&+ ,"* "#2"4&+/*+ BW -*,"&/ (+* A7#,* $700*$$.73 #1 *3#-#4
1(,#12 $)7+#&7$ &$0#33(,#&1$5 _1.&+,71(,*396 *?,*1/#12 ,"*$* 3#-#,*+$ ,& KB )+&%3*-$
#$ 1&, ,+#8#(35 G1 (//#,#&1 ,& ,"* $3&)*$ =/*+#8(,#8*$>6 ,"* "#2"4&+/*+ /*+#8(,#8*$ (1/
0+&$$4/*+#8(,#8* ,*+-$ (+* (3$& $7%]*0, ,& 3#-#,#126 -('#12 ,"* 3#-#,#12 )+&0*$$ (34
2&+#,"-#0(339 0&-)3*? (1/ 0&-)7,(,#&1(339 *?)*1$#8*5 !"* /*8*3&)-*1, &. 3#-#,4
#12 ,*0"1#A7*$ .&+ "#2"4&+/*+ BW -*,"&/$ #$ (1 (0,#8* (+*( &. +*$*(+0"6 (1/ ,;&
)+&-#$#12 ())+&(0"*$ #1 ,"#$ /#+*0,#&1 (+* %($*/ &1 ,"* -&-*1, 3#-#,*+ =\#$;($
*, (36 MOOP> (1/ ,"* CFNH 3#-#,*+ =b7# (1/ S"76 KLLR%>5 Y*0*1,396 ,"* -&-*1,
3#-#,*+ "($ %**1 +#2&+&7$39 *?,*1/*/ ,& KB )+&%3*-$ ;#," "#2" 0&-)7,(,#&1(3 *?4
)*1$* =d+#8&/&1&8(6 KLLh>5 : -(]&+ (/8(1,(2* &. ,"#$ 3#-#,*+ #$ ,"(, #, &139 1**/$
#1.&+-(,#&1 .+&- ,"* 1*(+*$, 1*#2"%&+$ &. ,"* *3*-*1, ;"#0" #$ ,& %* 3#-#,*/5 !"*
MB CFNH 3#-#,*+ 0(1 %* *?,*1/*/ ,& KB )+&%3*-$ #1 ( ,*1$&+4)+&/70, .&+- ($
/*-&1$,+(,*/ #1 X*89 *, (3 =KLLh>5
T&;*8*+6 +*0*1,39 ( 0&-)(0, 3#-#,*+ %($*/ &1 ,"* T*+-#,*CFNH =&+ T4CFNH>

-*,"&/ "($ %**1 )+&)&$*/ %9 b7# (1/ S"7 =KLLR(>5 !"#$ 1*; 3#-#,*+ "($ %**1 $704
0*$$.7339 #-)3*-*1,*/ #1 ())3#0(,#&1$ #18&38#12 $9$,*- &. 0&1$*+8(,#&1 3(;$ =\(34
$(+( *, (36 KLLho X7& *, (36 KLLh>5 !"* T4CFNH 3#-#,*+ 1&, &139 *?)3&#,$ ,"* 0*334
(8*+(2*$ %7, (3$& ,"* +*(/#39 (8(#3(%3* /*+#8(,#8* #1.&+-(,#&1 ="#2"4&+/*+ -&-*1,$>
.+&- ,"* 1*(+*$, 1*#2"%&+#12 0*33$5 !"#$ *1(%3*$ ,"* CFNH +*0&1$,+70,#&1 )+&0*$$
,& +*39 &1 1(++&; $,*10#3$6 (1/ ($ ( +*$73, ,"* 3#-#,*+ #$ 0&-)7,(,#&1(339 (,,+(0,#8*5
T&;*8*+6 .&+ ,"* KB 0($* ;* &139 0&1$#/*+ ,"* -&-*1, 3#-#,*+ 0&-%#1*/ ;#," (
)&$#,#8#,94)+*$*+8#12 $3&)* 3#-#,*+5

9.4.2.1 A Limiter for the DG 1K Method

C* 0&1$#/*+ ( ,"#+/4&+/*+ =1K> -&/(3 BW $0"*-* ;#," ,"* *?)(1$#&1 =O5Zh> *-4
)3&9#12 ,"* %($#$ $*,B = {M, , , ,(Z K−M)/K,(Z K−M)/K}5 !"* ())+&?#-(,*
$&37,#&1P$ L( , ) 0&++*$)&1/#12 ,& *3*-*1, $ L #$ ,"*1 2#8*1 ($

P$ L( , ) =PL,L$ L + PM,L$ L +PL,M$ L +PM,M$ L

+ PK,L$ L (Z K−M)/K+PL,K
$ L (Z K−M)/K, =O5aP>

;"*+* ,"* 0&*.!0#*1,$P !,6
$ L 0&++*$)&1/ ,& ,"* -&-*1,$ =O5Z[>6 (1/P L,L

$ L #$ ,"* (8*+4
(2* 8(37* &8*+ $ L5 G1 ,"* ,*1$&+4)+&/70, *?)(1$#&1 =O5Zh> .&+ ,"* 1 K 0($*6 ,"* %($#$
$*, *-)3&9$ (//#,#&1(3 %($#$ .710,#&1$ 1K( )1M( )6 1M( )1K( ) (1/ 1K( )1K( ) #1
B5 T&;*8*+6 .&+ ,"* $('* &. $#-)3#0#,9 ;* *?037/* (//#,#&1(3 %($#$ .710,#&1$ #1
=O5aP>5
!"* -&-*1, 3#-#,*+ =O5aZ> #1,+&/70*/ .&+ ,"* MB 0($* 0(1 %* *?,*1/*/ .&+ ,"* KB

0($* =\#$;($ *, (36 MOOPo d+#8&/&1&8(6 KLLh>5 C* /*1&,* ,"* 3#-#,*/ 0&*.!0#*1,$ #1
=O5aP> ($ rP !,6

$ L ;"#0" (+* -&/#!*/ %9 ( 2*1*+(3#@*/ 8*+$#&1 &. ,"* -#1-&/ 3#-#,*+
=O5aZ>^
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rPK,L$ L = -#1-&/
[
PK,L$ L , *(P

M,L
$ L −PM,L$−M, L), *(P

M,L
$+M, L−P

M,L
$ L )

]
,

rPL,K$ L = -#1-&/
[
PL,K$ L , *(P

L,M
$ L −PL,M$, L−M), *(P

L,M
$, L+M−P

L,M
$ L )

]
,

rPM,M$ L = -#1-&/
[
PM,M$ L , *(P

M,L
$ L −PM,L$, L−M), *(P

M,L
$, L+M−P

M,L
$ L ),

*(P
L,M
$ L −PL,M$−M, L), *(P

L,M
$+M, L−P

L,M
$ L )

]
, =O5aR>

rPM,L$ L = -#1-&/
[
PM,L$ L , *(P

L,L
$ L −PL,L$−M, L), *(P

L,L
$+M, L−P

L,L
$ L )

]
,

rPL,M$ L = -#1-&/
[
PL,M$ L , *(P

L,L
$ L −PL,L$, L−M), *(P

L,L
$, L+M−P

L,L
$ L )

]
,

;"*+* * #$ ( )(+(-*,*+ #1 [L,M] ;"#0" 0&1,+&3$ ,"* *..*0, =/#$$#)(,#&1> &. 3#-#,#125
S-(33*+ * 8(37*$ +*/70* ,"* *..*0, &. 3#-#,#125 N&,* ,"(, ,"* -#1-&/ .710,#&1 7$*/
#1 =O5aR> "($ !8* (+27-*1,$6 %7, #, (0,$ ($ ,"* $,(1/(+/ -#1-&/ .710,#&1 /*!1*/
#1 =O5Ra>^ #, +*,7+1$ ,"* -#1#-7- &. ,"* (%$&37,* 8(37* &. (+27-*1,$ #. (33 &. ,"*
(+27-*1,$ "(8* ,"* $(-* $#216 &,"*+;#$* #, +*,7+1$ @*+&5 !"* 3#-#,#12 (32&+#,"- .&+
=O5aP> 0(1 %* $7--(+#@*/ #1 ,"* .&33&;#12 $,*)$5

• G. rPK,L$ L =PK,L$ L (1/ rPL,K$ L =PL,K$ L ,"*1 ,"*+* #$ 1& 1**/ .&+ 3#-#,#12 (1/ ,"* 3#-#,4
#12 )+&0*$$ 0(1 %* $,&))*/5 G. 1&,6 +*)3(0* ,"* 0&*.!0#*1,$P K,L

$ L (1/ PL,K
$ L %9 ,"*

0&++*$)&1/#12 3#-#,*/ 0&*.!0#*1,$ (1/ -&8* ,& ,"* 1*?, $,*)5
• G. rPM,M$ L = PM,M$ L ,"*1 $,&) 3#-#,#126 &,"*+;#$* +*)3(0* ,"* 0&*.!0#*1, P M,M

$ L %9 ,"*
3#-#,*/ 0&*.!0#*1, rPM,M$ L (1/ -&8* ,& ,"* 3($, $,*)5

• G. rPM,L$ L =PM,L$ L (1/ rPL,M$ L =PL,M$ L ,"*1 $,&) 3#-#,#125 G. 1&,6 +*)3(0* ,"* 0&*.!0#*1,
%9 ,"* 0&++*$)&1/#12 3#-#,*/ 0&*.!0#*1,$ =#5*56 $3&)*$>5

X#-#,#12 (1 *3*-*1, $ L 7$#12 ,"* (%&8* (32&+#,"- +*A7#+*$ #1.&+-(,#&1 .+&- ,"*
1*(+*$,41*#2"%&+#12 .&7+ *3*-*1,$ = $±M, L6 $, L±M>5 !"* -&$, #1"7*1,#(3 .(0,&+ 0&14
,+&33#12 ,"* A7(3#,9 &. ,"* 3#-#,*/ $&37,#&1 #$ ,"* $*, &. 0&*.!0#*1,$ 0&++*$)&1/#12 ,&
,"* $3&)*$ =P L,M

$ L (1/ PM,L
$ L > 7$*/ #1 ,"* 3($, $,*)5 :$ $"&;1 #1 ,"* MB 0($*6 *?0*$4

$#8* 7$* &. ,"* -#1-&/ $3&)* 3#-#,*+ =U_SDX> -('*$ ,"* $&37,#&1 8*+9 /#$$#)(,#8*5
I&+ ,"* -&-*1, 3#-#,*+ /*$0+#%*/ (%&8*6 ,"* 3#-#,#12 "#*+(+0"9 $,(+,$ ;#," ,"* "#2"4
*$, &+/*+ 0&*.!0#*1,$ (1/ )+*8*1,$ *?0*$$#8* $3&)* 3#-#,#12 (, ,"* 3($, $,*)5 C* (3$&
*?(-#1* ( )&$#,#8#,94)+*$*+8#12 3#-#,*+ =;"#0" #$ 3*$$ +*$,+#0,#8* ,"(1 ,"* -#1-&/
$3&)* 3#-#,*+> #1 ,"* .&33&;#12 $*0,#&1 ($ (1 (3,*+1(,#8* ,& ,"* $3&)* 3#-#,*+ (, ,"* 3($,
$,*) &. ,"* 3#-#,#12 (32&+#,"-5

9.4.2.2 A Positivity-Preserving Slope Limiter

: )&$#,#8#,94)+*$*+8#12 =<<> $0"*-* 27(+(1,**$ ,"(, ,"* 0*334(8*+(2*$ ;"#0" *8&38*
#1 ,#-* ;#33 3#* #1 ( 0*+,(#1 +(12* 2&8*+1*/ %9 ,"* #1#,#(3 0&1/#,#&1$5 :3,"&72" ,"*
$&37,#&1 -(9 0&1,(#1 -#1&+ &$0#33(,#&1$ ;#,"#1 ,"#$ +(12*6 #, #$ 3*$$ /#$$#)(,#8* ,"(1
,"* +#2&+&7$ -&1&,&1#0 0($*5 Y*0*1,396 f"(12 (1/ S"7 =KLML> #1,+&/70*/ ( 71#4
.&+-39 "#2"4&+/*+ (007+(,* << $0"*-* .&+ ,"* 0&-)+*$$#%3* F73*+ *A7(,#&1$5 !"#$
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$0"*-* (8&#/$ 0+*(,#12 1*2(,#8* )+*$$7+* (1/ /*1$#,9 #1 ,"* $&37,#&1 (, ( +*($&1(%3*
0&-)7,(,#&1(3 0&$,5
!"* << $&37,#&1 #$ (00*),(%3* .&+ )+(0,#0(3 ())3#0(,#&1$ $70" ($ (,-&$)"*+#0

,+(0*+ ,+(1$)&+, -&/*3#126 ;"*+* )&$#,#8#,9 )+*$*+8(,#&1 #$ ( "#2"39 /*$#+(%3* )+&)4
*+,95 !"* -#1-&/ 3#-#,*+ #1,+&/70*/ #1 ,"* U_SDX $0"*-* #$ $,+#0,39 -&1&,&1#0o
71.&+,71(,*396 #, #$ 8*+9 /#..7$#8* ,&&5 T&;*8*+6 ,"* KB << 3#-#,*+ #1,+&/70*/ %9
S7+*$" =KLLL> .&+ IE -*,"&/$ #$ 3*$$ +*$,+#0,#8* ,"(1 ,"* %($#0 -#1-&/ 3#-#,*+
=O5Ra>6 (1/6 713#'* ,"* -&/#!*/ U#1-&/ 3#-#,*+ =O5Rh>6 /&*$ 1&, "(8* ( )+&%3*-4
/*)*1/*1, )(+(-*,*+5
C* (/(), ,"#$ << 3#-#,*+ ($ ( +*)3(0*-*1, .&+ ,"* -#1-&/ $3&)* 3#-#,*+ 7$*/ #1

,"* (%&8*4-*1,#&1*/ 3#-#,#12 )+&0*$$ .&+ ,"* 0&*.!0#*1,$ P L,M
$ L (1/ PM,L

$ L 5 !"* KB
<< 3#-#,*+ +*A7#+*$ #1.&+-(,#&1 .+&- ,"* 1*(+*$, 1*#2"%&+$ ($ ;*33 ($ ,"* 0&+1*+
*3*-*1,$ = $±M, L±M>6 ;"#0" 0+*(,* ( Z× Z "(3& +*2#&1 ;#," $ L (, ,"* 0*1,*+5 !"*
(8*+(2* 8(37* &. ,"* $&37,#&1 &1 $ L #$ /*1&,*/ P$ L5 !& 71/*+$,(1/ "&; ,"* <<
$0"*-* ;&+'$ ;* 7$* ,"* 3#1*(+ )(+, &. =O5aP>6 ;"#0" 0(1 %* ;+#,,*1 ($

P$ L( , ) =P$ L +PM,L$ L +PL,M$ L . =O5aa>

G1 &+/*+ ,& (/8(10* #1 ,#-*6 ,"* U_SDX $0"*-* +*A7#+*$ ( +*0&1$,+70,#&1 $,*)
=O5aa> ;"#0" #18&38*$ 0&-)7,#12 1*; $3&)*$ P M,L

$ L (1/ PL,M
$ L .+&- ,"* 1*#2"%&+#12

0*33 (8*+(2*$P$±M, L (1/ P$, L±M5 !"* -#1-&/ $3&)* 3#-#,*+ #$ 0&1$,+(#1*/ #1 $70" (
;(9 ,"(, ,"*P$ L #1 =O5aa> 3#* #1 ,"* +(12* &.P $ L (1/ .&7+ #1/*)*1/*1, 0*33 (8*+(2*$
P$±M, L (1/P$, L±M5 !"* << 3#-#,*+ *$$*1,#(339 *?,*1/$ ,"#$ +(12* %9 (//#12 ,"* 0&+1*+
0*334(8*+(2*$5 !"* $3&)*$ (+* ,"*1 +*$,+#0,*/ $& ,"(, ,"* +*0&1$,+70,*/ 8(37*$ (, ,"*
0&+1*+ )&#1,$ (3$& 3#* ;#,"#1 ,"* 1*; +(12*$ =S7+*$"6 KLLL>5 !"* -&/#!0(,#&1 &.
,"* $3&)*$ #$ /&1* $& ,"(, ,"*9 0&1,#17&7$39 /*)*1/ &1 ,"* 1*#2"%&+#12 /(,(5 !"*
.&33&;#12 )+&0*/7+* %+#*"9 &7,3#1*$ ,"* )+&0*$$ &. -&/#.9#12 ,"* $3&)*$5
C* !+$, 0&1$,+70, ( Z× Z -(,+#? D( ) 0&1$#$,#12 &. ,"* /#..*+*10*$ %*,;**1 ,"*

(8*+(2*$ &. *(0" *3*-*1, #1 ,"* "(3& +*2#&1 (1/ ,"* (8*+(2* 8(37* &. ,"* *3*-*1,
$ L ,"(, +*A7#+* 3#-#,#12^

D( ) =




P$−M, L+M−P$ L P$, L+M−P$ L P$+M, L+M−P$ L
P$−M, L−P$ L P$+M, L−P$ L
P$−M, L−M−P$ L P$, L−M−P$ L P$+M, L−M−P$ L



 , =O5ah>

;"*+* #$ ( $-(33 )&$#,#8* 17-%*+ =W(ML−KL)> #1 &+/*+ ,& -('* ,"* (32&+#,"- +&%7$,5
!"* *?,+*-* 8(37*$ &. D( ) (+* 0&-)7,*/ ($

T-#1 =-#1[D(− )], T-(? =-(?[D(+ )].

!"* 0&+1*+ 8(37*$ &. ,"* +*0&1$,+70,*/ $&37,#&1 =O5aa> 0(1 %* *..*0,#8*39 %&71/*/
;#,"#1 #1 ,"* #1,*+8(3 [T-#1,T-(?] %9 +*$,+#0,#12 ,"* $3&)*$ |P L,M

$ L |+ |PM,L$ L |5 G1 &,"*+
;&+/$ ;* +*$0(3* ,"* $3&)*$ 7$#12 ,"* +(,#&

T; =
-#1(|T-#1|, |T-(?|)
|PL,M$ L |+ |PM,L$ L |

.
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!"* !1(3 << 3#-#,*/ $3&)*$ (+* 2#8*1 %9

rPL,M$ L =-#1(M,T;)PL,M$ L , rPM,L$ L =-#1(M,T;)PM,L$ L =O5a[>

!"* -&/#!*/ $3&)*$ #1 =O5a[> -(9 %* 7$*/ ($ ( $7%$,#,7,* .&+ ,"* $3&)*$ 0&-)7,*/
%9 ,"* -#1-&/ #1 ,"* -&-*1, 3#-#,*+5

Fig. 9.18 G1#,#(3 0&1/#,#&1$ .&+ ,"* $&3#/4%&/9 +&,(,#&1 ,*$,5 !"* #1#,#(3 $0(3(+ !*3/ 0&1$#$,$ &. (
A7($#4$-&&," 0&1* (1/ ( 1&14$-&&," $A7(+* %3&0' ;"&$* "*#2", +(12* .&+- L ,& M5 !"* /&-(#1 #$
[−M,M]K ;#," [L *3*-*1,$ #1 *(0" /#+*0,#&15 H139 &1* 8(37* )*+ *3*-*1, #$ $(-)3*/ #1 ,"* )3&,$ .&+
03(+#,95

9.4.2.3 2D Numerical Experiments

!& ,*$, ,"* 3#-#,*+ ;* 7$* ,"* KB (/8*0,#&1 )+&%3*- =O5ZL> .&+ ( $&3#/4%&/9 +&,(,#&1
,*$,5 !"* ,*$, 0&1$#$,$ &. A7($#40&1,#17&7$ /(,( (1/ )+&8#/*$ (1 *?0*33*1, ,*$, .&+
,"* -&1&,&1#0#,9 &. ,"* (/8*0,#12 !*3/ =X*E*A7*6 KLLKo D"*+787 *, (36 KLLh>5 !"*
8*3&0#,9 !*3/ #$ 2#8*1 %9 (5,#) = (J,−B) &1 ( $A7(+* /&-(#1! ;"*+* B,J ∈ [−M,M]6
(1/ ,"* #1#,#(3 0&1/#,#&1 #$ /*!1*/ #1 ( )#*0*;#$* .($"#&1^ P(B,J,? = L) =PL = L
*?0*), #1 ( $A7(+* +*2#&1 ;"*+* PL = M (1/ ( 0#+073(+ +*2#&1 ;"*+* PL #$ 0&1*4
$"()*/6 2+&;#12 ,& ,"* -(?#-7- 8(37* M (, ,"* 0*1,*+5 I&+-(3396

PL(B,J) =






M #. L.M< B< L.a (1/ −L.KR< J< L.KR,
M− 2/L.ZR #. 2 =

√
(B+L.PR)K+ JK < L.ZR,

L &,"*+;#$*5
=O5aO>
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Fig. 9.19 N7-*+#0(3 $&37,#&1 ;#," ( ,"#+/4&+/*+ BW $0"*-* (.,*+ &1* +*8&37,#&15 !"* 3*., )(1*3
$"&;$ ,"* $&37,#&1 ;#,"&7, 3#-#,#12 ;"*+* ,"* /($"*/ 3#1*$ 0&++*$)&1/ ,& ,"* @*+&40&1,&7+$6 #14
/#0(,#12 $)7+#&7$ 71/*+$"&&,$5 !"* +#2", )(1*3 $"&;$ 3#-#,*/ -&1&,&1#0 $&37,#&1 ;#," ( -&-*1,
3#-#,*+6 ;"*+* ( U_SDX ,9)* -#1-&/ 3#-#,*+ #$ *-)3&9*/ .&+ 3#-#,#12 ,"* 0&*.!0#*1,$ PL,M (1/
PM,L 0&++*$)&1/#12 ,& ,"* $3&)*$5

Fig. 9.20 N7-*+#0(3 $&37,#&1 ;#," ( ,"#+/4&+/*+ BW $0"*-* 0&-%#1*/ ;#," ,"* -&-*1, 3#-#,*+
(.,*+ &1* +*8&37,#&15 !"* 0&*.!0#*1,$PL,M (1/PM,L =0&++*$)&1/#12 ,& ,"* $3&)*$> (+* 3#-#,*/ 7$#12
,"* )&$#,#8#,94)+*$*+8#12 3#-#,*+5
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!"* #1#,#(3 0&1/#,#&1$ (+* $"&;1 #1 I#25 O5M[5 !"* /&-(#1 0&1$#$,$ &. [L K *3*-*1,$
(1/ ,"* ,#-* $,*) #$ ? = K /MLLL $& MLLL #,*+(,#&1$ (+* +*A7#+*/ .&+ &1* 0&-)3*,*
+*8&37,#&15
I#27+* O5MO $"&;$ ,"* $&37,#&1 (.,*+ &1* +*8&37,#&1 ;#," (1/ ;#,"&7, ,"* -&-*1,

3#-#,*+5 !"* 3*., )(1*3 &. I#25O5MO $"&;$ ,"* BW 1K 17-*+#0(3 $&37,#&1 ;#,"&7, (19
3#-#,#126 (1/ ,"* /($"*/ 3#1*$ #1/#0(,* &$0#33(,#&1$5 !"* +#2", )(1*3 $"&;$ ,"* 3#-#,*/
$&37,#&1 ;#," ,"* -&-*1, 3#-#,*+ ;"*+* ,"* $3&)*$P L,M

$ L (1/PM,L
$ L (+* 3#-#,*/ ;#," (

-#1-&/ 3#-#,*+5 !"* $&37,#&1 #$ 8*+9 /#..7$#8*6 ,"* 0&1* "*#2", "($ %**1 +*/70*/ ,&
(%&7, aLv &. #,$ #1#,#(3 "*#2",6 (1/ ,"* $A7(+*4%3&0' "($ %**1 $-&&,"39 /*.&+-*/5
G1 I#25 O5KL ,"* 17-*+#0(3 $&37,#&1 ;#," ,"* -&-*1, 3#-#,*+ 0&-%#1*/ ;#," ,"*
<< $3&)* 3#-#,*+ #$ $"&;15 !"* << 3#-#,*+ =O5a[> #$ &139 7$*/ ($ ( $7%$,#,7,* .&+
,"* -#1-&/ 3#-#,*+ #1 ,"* 3($, $,*) &. ,"* 3#-#,#12 (32&+#,"-5 !"*+* #$ ( $#21#!0(1,
#-)+&8*-*1, #1 ,"* $&37,#&1 ($ 0&-)(+*/ ,& I#25 O5MO^ ,"* 0&1* (1/ $A7(+*4%3&0'
%&," )+*$*+8* ,"*#+ -(?#-7- "*#2",6 (3,"&72" ,"* 17-*+#0(3 $&37,#&1 $,#33 $7..*+$
.+&- $3#2", /#..7$#&15

9.5 The DGMethods on the Sphere

!"*+* (+* $*8*+(3 2*&-*,+#0(3 &),#&1$ .&+ /#$0+*,#@#12 ( $)"*+* .&+ 23&%(3 -&/*3#125
!"* 0"&#0* &. ( )(+,#073(+ $)"*+#0(3 2+#/ $9$,*- #$ %($*/ &1 8(+#&7$ .(0,&+$ #1037/4
#12 ,"* 17-*+#0(3 -*,"&/ %*#12 0&1$#/*+*/ =C#33#(-$&16 KLLh>5 I&+ *3*-*1,4%($*/
W(3*+'#1 ())+&(0"*$ $70" ($ ,"* $)*0,+(3 *3*-*1, &+ BW -*,"&/6 ,"* 07%*/4$)"*+*
2*&-*,+9 )+&8#/*$ (1 *?0*33*1, 0"&#0*5 !"* 07%*/4$)"*+* ,&)&3&29 #1,+&/70*/ %9
S(/&7+19 =MOhK> 0&1$#$,$ &. ( +*0,(1273(+ =A7($#471#.&+-> ,#3#12 &. ,"* $)"*+* S 6
+*)+*$*1,#12 ,"* )3(1*, F(+,"6 ;"#0" .(0#3#,(,*$ (1 *.!0#*1, #-)3*-*1,(,#&1 &. ,"*
BW -*,"&/ &1 ,"* $)"*+*5 :$ (1 ())3#0(,#&1 &. ,"* BW -*,"&/ &1 ,"* $)"*+*6 ;*
0&1$#/*+ ,"* 23&%(3 $"(33&; ;(,*+ -&/*3 ($ +*8#*;*/ %*3&;5

9.5.1 The Shallow Water Model on the Sphere

!"* $"(33&; ;(,*+ =SC> *A7(,#&1$ (+* ( $9$,*- &. "9)*+%&3#0 <BF$5 !"*9 (+*
;#/*39 7$*/ .&+ $,7/9#12 "&+#@&1,(3 ($)*0,$ &. (,-&$)"*+#0 /91(-#0$ =E(33#$6 KLLa>6
(1/ (3$& $*+8* ($ ( ,*$,%*/ ,& *8(37(,* 8(+#&7$ /#$0+*,#@(,#&1 ,*0"1#A7*$ =C#33#(-$&1
*, (36 MOOK>5 !"* "7?4.&+- =&+ 0&1$*+8(,#8* .&+-> SC *A7(,#&1$ &1 ( +&,(,#12 $)"*+*
0(1 %* ;+#,,*1 ($

,v
?

+ · (v,v) = − < jk×,v−E, (,+,;) =O5hL>

,
?

+ · (,v) = L =O5hM>
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T*+*6 , #$ ,"* /*)," &. ,"* "7#/ (%&8* ,"* $&3#/ $7+.(0* (1/ #$ +*3(,*/ ,& ,"* .+**
$7+.(0* 2*&)&,*1,#(3 "*#2", =(%&8* $*( 3*8*3> = E(,;+ ,)6 ;"*+* ,; /*1&,*$ ,"*
"*#2", &. ,"* 71/*+39#12 ,&)&2+()"9 (1/ E #$ ,"* 2+(8#,(,#&1(3 (00*3*+(,#&15 v #$ ,"*
"&+#@&1,(3 ;#1/ 8*0,&+6 < #$ ,"* D&+#&3#$ )(+(-*,*+6 (1/ jk #$ ,"* 71#, 8*0,&+ (3&12
,"* &7,;(+/ +(/#(3 /#+*0,#&15 !"* KB /#8*+2*10* = ·> (1/ 2+(/#*1, = > &)*+(,&+$ (+*
2*1*+(3 (1/ 1&, $)*0#!0 ,& ( )(+,#073(+ $)"*+#0(3 2+#/ $9$,*-5 N&,* ,"(, v,v #$ (
%J"%$2 =&+ ( $*0&1/4&+/*+ ,*1$&+> ,*+- (1/ 0(1 (3$& %* ;+#,,*1 #1 ,"* ,*1$&+4)+&/70,
1&,(,#&1 ,v⊗v5 :3,"&72" =O5hL> #$ ;#/*39 7$*/ #1 0&-)7,(,#&1(3"7#/ /91(-#0$6 .&+
-*,*&+&3&2#0(3 -&/*3#12 ())3#0(,#&1 ( $#-)3#!*/ 8*+$#&1 &. ,"* -&-*1,7- *A7(4
,#&1$6 ,"* $&40(33*/ t8*0,&+ #18(+#(1, .&+-u #$ )&)73(+ (1/ #$ 2#8*1 %9 =S(/&7+196
MOhKo :+('(;( (1/ X(-%6 MOhh>6

v
?

+ ( +
M
Kv ·v) = −( + < ) jk×v, =O5hK>

;"*+* = jk · ( × v) #$ ,"* +*3(,#8* 8&+,#0#,95 !"* 8*0,&+ #18(+#(1, .&+- =O5hK>6 ($
,"* 1(-* $722*$,$6 )+*$*+8*$ #,$ .&+-(3 .&+- 71/*+ 0&&+/#1(,* ,+(1$.&+-(,#&1$5 G1
( +#2&+&7$ $*1$* =O5hK> #$ 1&, #1 -&-*1,7- 0&1$*+8#12 .&+-6 (1/ ;"*1 0&-%#1*/
;#," =O5hM> #, 3*(/$ ,& ( ;*('39 "9)*+%&3#0 SC $9$,*- =!&+&6 KLLM>5 N*8*+,"*3*$$6
=O5hK> #$ $,#33 #1 "7?4.&+-6 (3,"&72" ,"* "7?*$ %*#12 (//+*$$*/ (+* ,"* *1*+29 "7?*$

+v ·v/K6 +(,"*+ ,"(1 ,"* -&-*1,7- "7?*$ ,v ($ 7$*/ #1 =O5hL>5

9.5.2 The Cubed-Sphere Geometry

T*+* ;* 0&1$#/*+ ,"* 07%*/4$)"*+* 2*&-*,+9 *-)3&9#12 ,"* *A7#(1273(+ 0*1,+(3
=21&-&1#0> )+&]*0,#&1 ($ /*$0+#%*/ #1 N(#+ *, (3 =KLLR%>5 !"* )"9$#0(3 /&-(#1 S
#$ )(+,#,#&1*/ #1,& $#? #/*1,#0(3 +*2#&1$ =$7%4/&-(#1$>6 ;"#0" (+* &%,(#1*/ %9 ,"*
0*1,+(3 )+&]*0,#&1 &. ,"* .(0*$ &. ,"* #1$0+#%*/ 07%* &1,& ,"* $7+.(0* &. S 6 =$**
I#25 O5KM=(>>5 F(0" &. ,"* 3&0(3 0&&+/#1(,* $9$,*-$ #$ .+** &. $#1273(+#,#*$6 *-)3&9$
#/*1,#0(3 -*,+#0 ,*+-$6 (1/ 0+*(,*$ ( 1&14&+,"&2&1(3 07+8#3#1*(+ 0&&+/#1(,* $9$,*-
&1S 5 T&;*8*+6 ,"* */2*$ &. ,"* $#? .(0*$ (+* /#$0&1,#17&7$5
\*0(7$* &. ,"* 1&14&+,"&2&1(3 1(,7+* &. ,"* 2+#/ $9$,*- &1S 6 ( ,*1$&+#(3 .&+- #$

0&18*1#*1, .&+ /*$0+#%#12 ,"* 3&0(3 8*0,&+$ (1/ ,"* "7#/ -&,#&1 #1 2*1*+(35 G1 &+/*+
,& %* 0&1$#$,*1, ;#," ,*1$&+ 1&,(,#&1$6 ;* 0"&&$* (BM,BK) ($ ,"* #1/*)*1/*1, 8(+#4
(%3*$6 ;"#0" (+* ,"* 0*1,+(3 (123*$ &. ,"* 21&-&1#0 )+&]*0,#&1 =N(#+ *, (36 KLLR%>5
!"7$ ,"* 3&0(3 0&&+/#1(,*$ .&+ *(0" .(0* (+* BM = BM( , )6 BK = BK( , ) $70" ,"(,
BM,BK ∈ [− /P, /P]6 ;"*+* (1/ (+* ,"* 3&12#,7/* (1/ 3(,#,7/*6 +*$)*0,#8*396 &.
( $)"*+* ;#," +(/#7$ (5 !"* -*,+#0 ,*1$&+6 =$ L6 ($$&0#(,*/ ;#," ,"* ,+(1$.&+-(,#&1 #$

=$ L =
(K

P 0&$K BM 0&$K BK

[
M+ ,(1K BM − ,(1BM ,(1BK

− ,(1BM ,(1BK M+ ,(1K BK
]
, =O5hZ>

;"*+* $, L ∈ {M,K} (1/ K = M+ ,(1K BM+ ,(1K BK5 !"* J(0&%#(1 &. ,"* ,+(1$.&+-(,#&1
=,"* -*,+#0 &+ 07+8(,7+* ,*+-> #$

√
== [/*,(=$ L)]M/K6 ;"#0" #$ #/*1,#0(3 .&+ *(0" .(0*
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!" #"

Fig. 9.21 (> : 07%*/4$)"*+* ;#," R× R *3*-*1,$ &1 *(0" .(0*6 $& MRL *3*-*1,$ $)(1 ,"* *1,#+*
$7+.(0* &. ,"* $)"*+*5 %> !"* J(0&%#(1

√
= =(3$& +*.*+*/ ,& ($ ,"* -*,+#0 &+ 07+8(,7+* ,*+-> ($$&4

0#(,*/ ;#," ,"* 21&-&1#0 ,+(1$.&+-(,#&1 .+&- ( 07%* &1,& ( $)"*+*5 I&+ ( 71#, $)"*+*
√
= "($ (

-(?#-7- 8(37* &. M (, ,"* 0*1,*+ &. *(0" .(0*6 (1/ "($ ( -#1#-7- 8(37* M/
√
K (, ,"* 0*1,*+ &. ,"*

*/2*$5 !"* 07%*/4$)"*+* 2+#/3#1*$ (+* 2+*(,40#+03* (+0$ (1/ ,"*9 (+* &+,"&2&1(3 &139 (, ,"* 0*1,*+
&. *(0" )(1*35

&. ,"* 07%*/4$)"*+*5 I&+ ( 71#, $)"*+* ,"* 07+8(,7+* ,*+- "($ ( -(?#-7- 8(37* &. M
(, ,"* 0*1,*+ &. *(0" )(1*3 (1/ ( -#1#-7- &. M/

√
K (, ,"* 0*1,*+ &. ,"* */2*$ =$**

I#25 O5KM=%>>5 :3,"&72" ,"* 0*33$ (+* 71#.&+- &1 ,"* 07%*6 ,"* A7(/+#3(,*+(3 0*33 &1
,"* $)"*+* #$ -&$, /*.&+-*/ (, ,"* 0&+1*+$ &. ,"* 07%*/4$)"*+* (1/ ,"* +(,#& %*,;**1
,"* -(?#-7- (1/-#1#-7- 2+#/ ;#/," .&+ ,"* 21&-&1#0 07%*/4$)"*+* "($ (1 7))*+
%&71/ ())+&?#-(,*39 M.Z (, (19 +*$&37,#&1 =Y(1#0#s0 *, (36 MOOa>5

9.5.3 The Shallow Water Model on the Cubed-Sphere

H1 ,"* 07%*/4$)"*+* ,"* SC *A7(,#&1$ (+* ,+*(,*/ #1 ,*1$&+ .&+- ;#," 0&8(+#(1,
=5M,5K) (1/ 0&1,+(8(+#(1, =5M,5K) ;#1/ 8*0,&+$5 !"*$* 8*0,&+$ (+* +*3(,*/ ,"+&72"
,"* -(,+#? *A7(,#&1$^

[
5M
5K

]
=

[
=MM =MK
=KM =KK

] [
5M

5K

]
,

[
5M

5K

]
=

[
=MM =MK

=KM =KK

] [
5M
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9.5.4 The Computational Domain
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BK) &1 C 6 ;"#0" #$ (1 (/8(1,(2* .&+ )+(0,#0(3 #-)3*-*1,(,#&15 I#27+* O5KK )+&4
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Fig. 9.22 : $0"*-(,#0 /#(2+(- $"&;#12 ,"* -())#12 %*,;**1 *(0" $)"*+#0(3 ,#3* =*3*-*1,> 0
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)*+.&+- #1,*2+(,#&1$ &1 ,"* $)"*+* #1 ( -())*/ =3&0(3> D(+,*$#(1 2*&-*,+9 +(,"*+
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9.5.5 The DG Discretization of the SW Equations
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$&38*+$> (3&12 ,"* 07%*/4$)"*+* */2*$ (+* 1&, ,+#8#(3 ,& #-)3*-*1,5 I&+ 1&,(,#&1(3
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!"*$* 8(37*$ (+* 1&,"#12 %7, ,"* -(?#-7- )"($* $)**/ &. ,"* SC $9$,*- #1 ,"*
07+8#3#1*(+ 0&&+/#1(,* /#+*0,#&1$5 I+&- =O5[M> ,"* 3&0(3 -(?#-7- 8(37*$ 0&-)7,*/
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-(? = -(?( −
M , +
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9.5.5.1 Flux Exchanges at the Cubed-Sphere Edges
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9.5.5.2 Numerical Integration of the SWModel
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9.5.6 Numerical Experiments
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9.5.6.1 Advection Test
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Fig. 9.23 B*.&+-(,#&1(3 "&; ,*$, ;#," ,"* BW ,+(1$)&+, $0"*-* &1 ,"* 07%*/4$)"*+*5 !"* *A7#84
(3*1, +*$&37,#&1 (, ,"* *A7(,&+ =;#," .- = KL> #$ ())+&?#-(,*39 M.R◦5 (> !"* #1#,#(3 )&$#,#&1$ &. ,"*
$0(3(+ !*3/ =0&$#1* %*33$> 0*1,*+*/ (, ( $, $) = (R /a,L) (1/ (h /a,L)5 %> B*.&+-*/ $0(3(+ !*3/$
(, "(3.4,#-* (? = +/K) &. ,"* $#-73(,#&15 0> !"* $0(3(+ !*3/$ =17-*+#0(3 $&37,#&1> +*,7+1 %(0' ,&
,"* #1#,#(3 )&$#,#&1$ (, ,"* !1(3 ,#-* (? = + )5
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;"*+* #$ ,"* $0(3(+ !*3/ (1/ ,"* (/8*0,#12 ;#1/ #$ 2#8*1 %9 ,"* 0&1,+(8(+#(1,
8*0,&+ !*3/ (5M,5K)5 G1 .(0,6 ,"#$ #$ ,"* 0&1,#17#,9 *A7(,#&1 #1 ,"* SC $9$,*- =O5ha>5
G. ;* #1,+&/70* =

√
= (1/ ,"* "7?*$ SM = 5M (1/ SK = 5K ,"*1 =O5[R> 0(1 %*

;+#,,*1 #1 ( .&+- (1(3&2&7$ ,& ,"* KB D(+,*$#(1 0($*5

9.5.6.2 Deformational Flow Test

C* 0&1$#/*+ ( 1*; /*.&+-(,#&1(3 "&; ,*$, #1,+&/70*/ #1 N(#+ (1/ X(7+#,@*1 =KLML>5
I&+ ,"#$ )+&%3*-6 ,"* #1#,#(3 /#$,+#%7,#&1$ 71/*+2& $*8*+* /*.&+-(,#&1 .&+ ( )+*4
$0+#%*/ ,#-* (1/ ,"*1 ,"* "&; +*8*+$*$ #,$ 0&7+$*6 +*,7+1#12 ,"* /*.&+-#12 !*3/$
,& ,"*#+ #1#,#(3 $,(,*$ =,"* t%&&-*+(12 *..*0,u>5 : $)*0#(3 .*(,7+* &. ,"#$ ,*$, #$ ,"(,
,"* ,+(]*0,&+#*$ &. ,"* "&; (+* 1&14,+#8#(3 =1&, (3&12 ( 0#+03* &+ $,+(#2", 3#1*> (1/
0&1$*A7*1,39 ,"* /*.&+-(,#&1 #$ $*8*+*6 -('#12 ,"* ,*$, 8*+9 0"(33*12#125
!"#$ ,*$, #$ )+*$0+#%*/ &1 ( 71#, $)"*+* (1/ A7($#4$-&&," 0&$#1*4%*33 )(,,*+1$ =(

/M .710,#&1> (+* 7$*/ ($ ,"* #1#,#(3 $0(3(+ !*3/$5 !;& $9--*,+#0(339 3&0(,*/ 0&$#1*
%*33$ (+* /*!1*/ %9

( , ) =
M
K [M+ 0&$( :$/:)] #. :$ < :, =O5[a>

;"*+* : = M/K #$ %($* +(/#7$ &. ,"* %*33$6 :$ = :$( , ) #$ ,"* 2+*(,40#+03* /#$,(10*
%*,;**1 ( , ) (1/ ( $)*0#!*/ 0*1,*+ ( $, $) &. ,"* 0&$#1* %*336 ;"#0" #$ 2#8*1 %9

:$( , ) = 0&$−M[$#1 $ $#1 + 0&$ $ 0&$ 0&$( − $)]. =O5[h>

!"* $0(3(+ 8(37*$ (+* #1#,#(339 $*, ,& @*+& = ( , ) = L>6 (1/ ,"*1 ,;& 0&$#1*
%*33$ =0&1*$> (+* 2*1*+(,*/ 7$#12 =O5[a> (, '1&;1 )&#1,$ ( M, M) = (R /a,L) (1/
( K, K) = (h /a,L) ($ ,"* %*33 0*1,*+$5 !"* "&; !*3/ #$ 1&14/#8*+2*1, (1/ ,"* ,#-*
/*)*1/*1, 8*3&0#,9 !*3/$ v( , ,?) (+* )+*$0+#%*/ #1 3&12#,7/*43(,#,7/* 0&&+/#1(,*$6

5( , , ?) = $#1K( )$#1(K ) 0&$( ?/+) =O5[[>
#( , ,?) = $#1(K )0&$( ) 0&$( ?/+), =O5[O>

;"*+* ,"* )(+(-*,*+ = K (1/ ,"* !1(3 ,#-* &. ,"* $#-73(,#&1 #$ + = R 1&14
/#-*1$#&1(35
!"* BW ,+(1$)&+, $0"*-* *-)3&9$ ( P× P WXX 2+#/ ;#," .- = KL5 !"#$ 0&+4

+*$)&1/$ ,& (1 ())+&?#-(,* +*$&37,#&1 &. M.R ◦ (, ,"* *A7(,&+5 !"* ,"#+/4&+/*+ SS<
Yd $0"*-* =O5KO> #$ 7$*/ ;#," ( ,#-* $,*) ? = R/MKLL .&+ ,"* $#-73(,#&1$ =MKLL
,#-* $,*)$ (+* +*A7#+*/ .&+ ,"* ,&,(3 $#-73(,#&1>5 I#27+* O5KZ $"&;$ ,"* #1#,#(3 0&14
/#,#&1$ (1/ $#-73(,*/ +*$73,$ .&+ ,"* /*.&+-(,#&1(3 ,*$, ;#," ,"* BW $0"*-*5 !"*
0&$#1* %*33$ -&8* (;(9 .+&- ,"* #1#,#(3 )&$#,#&1$ =I#25 O5KZ(> (1/ /*.&+- #1,& ,"#1
$)#+(3 $"()*$ (, ,#-* ? = +/K =I#25 O5KZ%>5 !"* ,+(]*0,&+#*$ .&+ ,"* 1&14/#8*+2*1,
"&; (+* 0&-)3*? (1/ ,"* 0&$#1* %*33$ )($$ (3&12 ,"* */2*$ (1/ 0&+1*+$6 0&8*+#12
,"* $#? .(0*$ &. ,"* 07%*/4$)"*+*5 !"* BW $0"*-* $700*$$.7339 $#-73(,*$ ,"* /*.&+4
-(,#&1$ (1/ +*,(#1$ ,"* #1#,#(3 )&$#,#&1 ($ ;*33 ($ $"()* &. ,"* /#$,+#%7,#&1 (, ,"* *1/
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&. ,"* $#-73(,#&1 =? = + >6 ($ $"&;1 #1 I#25 O5KZ05 S#10* ,"* !1(3 $&37,#&1 #$ #/*1,#4
0(3 ,& ,"* #1#,#(3 0&1/#,#&1$ %9 /*$#216 ,"* 23&%(3 $,(1/(+/ *++&+$ 1&+-$ * M6 *K (1/ *
=C#33#(-$&1 *, (36 MOOK> 0(1 %* 0&-)7,*/5

9.5.6.3 Solid-Body Rotation Test

!"* 0&$#1*4%*33 )+&%3*- )+&)&$*/ %9 C#33#(-$&1 *, (3 =MOOK> #$ ;#/*39 7$*/ ,& ,*$,
(/8*0,#&1 $0"*-*$ &1 ,"* $)"*+*5 !"* $(-* ,*$, "($ %**1 0&1$#/*+*/ #1 N(#+ *, (3
=KLLR%> .&+ 8*+#.9#12 ,"* (007+(09 (1/ 0&1$*+8(,#&1 )+&)*+,#*$ &. ,"* BW $0"*-*$
($ ;*33 ($ ,"* (007+(09 &. 8(+#&7$ 0*1,+(3 )+&]*0,#&1$ .&+ ,"* 07%*/4$)"*+* $9$,*-5
T*+* ;* *-)3&9 ,"#$ ,*$, ,& /*-&1$,+(,* ,"* *..*0,#8*1*$$ &. ,"* -&1&,&1#0 3#-#,*+
/*$#21*/ .&+ ,"* BW 1K ,+(1$)&+, $0"*-* #1 S*0,#&1 O5P5K5 !"* #1#,#(3 $0(3(+ !*3/ #$
( 0&$#1* %*33 /*!1*/ ($ .&33&;$6

( , ) =
{

(,L/K) [M+ 0&$( :/:L)] #. : < :L
L #. : ≥ :L,

=O5OL>

;"*+* : #$ ,"* 2+*(,40#+03* /#$,(10* %*,;**1 ( , ) (1/ ,"* %*33 0*1,*+ (Z /K,L) ($
2#8*1 #1 =O5[h>5 !"* 0&$#1*4%*33 +(/#7$ #$ :L = (/Z (1/ ,"* -(?#-7- "*#2", &. ,"*
%*33 #$ ,L = MLLL -6 ;"*+* (= a.ZhMKK×MLa - #$ ,"* F(+,"Q$ +(/#7$5 !"* 8*3&0#,9
0&-)&1*1,$ &. ,"* (/8*0,#12 ;#1/ !*3/ (+*

5 = 5L (0&$ L 0&$ + $#1 L 0&$ $#1 ),
# = −5L $#1 L $#1 ,

;"*+* 5L = K (/(MK /(9$)6 (1/ L #$ ,"* "&; &+#*1,(,#&1 )(+(-*,*+ ;"#0" 0&14
,+&3$ ,"* /#+*0,#&1 &. ,"* "&; &1 ,"* $)"*+* (3&12 ( 2+*(,40#+03* ,+(]*0,&+95 C"*1
,"* 8(37* &. L #$ *A7(3 ,& @*+& &+ /K6 ,"* "&; /#+*0,#&1 #$ (3&12 ,"* *A7(,&+ &+
#1 ,"* 1&+,"4$&7," =-*+#/#&1(3> /#+*0,#&16 +*$)*0,#8*395 I&+ ,"* 07%*/4$)"*+*6 "&;
(3&12 ,"* 1&+,"4*($, /#+*0,#&1 = L = /P> #$ -&+* 0"(33*12#12 %*0(7$* ,"* 0&$#1*4
%*33 )(,,*+1 )($$*$ &8*+ .&7+ 8*+,#0*$ (1/ ,;& */2*$ &. ,"* 07%* /7+#12 ( 0&-)3*,*
+*8&37,#&1 =#1 ( MK4/(9 )*+#&/>5 !"* *?(0, $&37,#&1 .&+ ( , ) #$ '1&;1 .&+ ,"#$ ,*$,
(1/ #$ *A7(3 ,& ,"* #1#,#(3 8(37*5 G/*(3396 (.,*+ ( 0&-)3*,* +*8&37,#&1 ,"* 0&$#1*4%*33
)(,,*+1 $"&73/ +*,7+1 ,& ,"* #1#,#(3 )&$#,#&1 ;#,"&7, #107++#12 (19 /*.&+-(,#&15
!"* BW 1K $0"*-* ;#," .- = PR #$ 7$*/ .&+ ,"* 17-*+#0(3 $#-73(,#&16 ,"#$ 0&+4

+*$)&1/$ ,& M◦ +*$&37,#&1 =())+&?#-(,*39> (, ,"* *A7(,&+5 !"* $*0&1/4&+/*+ SS< Yd
$0"*-* =O5K[> #$ ())3#*/ .&+ MaLL ,#-* $,*)$ ,& 0&-)3*,* &1* +*8&37,#&15 I#27+* O5KP
$"&;$ ,"* 17-*+#0(3 $&37,#&1 =3*., )(1*3> (1/ ,"* 3#-#,*/ $&37,#&1 =+#2", )(1*3>5 :$
*?)*0,*/ ,"* 1&143#-#,*/ $&37,#&1 #$ &$0#33(,&+96 "&;*8*+6 &$0#33(,#&1$ (+* 0&1!1*/
,& ( $-(33*+ +*2#&1 (+&71/ ,"* 0&$#1*4%*335 !"* -&1&,&1#0 3#-#,*+ +*-&8*$ $)7+#&7$
&$0#33(,#&1$ %7, $3#2",39 /*.&+-$ ,"* $"()* &. ,"* %*335 !"* (//#,#&1(3 0&-)7,(,#&1(3
*?)*1$* +*A7#+*/ .&+ ,"* 3#-#,*+ #$ 1&-#1(36 .&+ ,"* 0&$#1*4%*33 (/8*0,#&1 ,*$, #, #$
.&71/ ,& %* 3*$$ ,"(1 Rv5



O F-*+2#12 N7-*+#0(3 U*,"&/$ .&+ :,-&$)"*+#0 U&/*3#12 ZLO

Fig. 9.24 !"* 0&$#1*4%*33 (/8*0,#&1 ,*$, &1 ,"* $)"*+*5 !"* 3*., )(1*3 $"&;$ ,"* BW =1K> 17-*+#0(3
$&37,#&1 (.,*+ ( 0&-)3*,* +*8&37,#&1 (3&12 1&+,"*($, /#+*0,#&16 ;"*+* $)7+#&7$ &$0#33(,#&1$ #1 ,"*
$&37,#&1 0(1 %* $**1 .&+ ,"* @*+& 0&1,&7+ 8(37*5 !"* +#2", )(1*3 $"&;$ ,"* 3#-#,*/ $&37,#&1 %9
())39#12 ( -&1&,&1#0 3#-#,*+ ,"(, 0&-)3*,*39 +*-&8*$ ,"* &$0#33(,#&1$5

9.5.6.4 Barotropic Instability Test

!"* %(+&,+&)#0 #1$,(%#3#,9 ,*$, )+&)&$*/ %9 W(3*;$'9 *, (3 =KLLP> #$ (1 #1,*+*$,#12
,*$, .&+ ,"* SC -&/*3$ /*8*3&)*/ &1 ,"* 07%*/4$)"*+* 2+#/$5 !"* ,*$, /*$0+#%*$ ,"*
*8&37,#&1 &. ( %(+&,+&)#0 ;(8* #1 ,"* 1&+,"*+1 "*-#$)"*+* (1/ *?"#%#,$ 0&1,#174
&7$ 1&13#1*(+ ,+(1$.*+ &. *1*+29 (, ,"* -#/3(,#,7/*$ .+&- 3(+2* ,& $-(33 $0(3*$5 !"*
,*$, #$ )(+,#073(+39 0"(33*12#12 &1 ,"* 07%*/4$)"*+* %*0(7$* ,"* 8#2&+&7$ %(+&,+&)#0
#1$,(%#3#,9 (0,#8#,#*$ (+* 3&0(,*/ (, ,"* /#$0&1,#17&7$ */2*$ &. ,"* ,&) )(1*3 &. ,"*
07%*/4$)"*+* 2+#/5 !"#$ ,*$, -B@3;-; (+,#.(0,$ .+&- ;(8* 17-%*+ P /7* ,& ,"* 07%*4
*/2* /#$0&1,#17#,#*$ (, 3&; +*$&37,#&1$ .&+ 8(+#&7$ SC -&/*3$ =S,4D9+ *, (36 KLL[o
D"*1 (1/ l#(&6 KLL[o X*896 KLLO>5
!"* #1#,#(3 0&1/#,#&1$ (+* @&1(339 $9--*,+#06 (1/ 1*(+39 #1 %(3(10* %7, )"9$#0(339

71$,(%3*5 !"#$ #1,+&/70*$ ( $,+&12 @&1(3 ]*, (3&12 ,"* -#/3(,#,7/*$o /*,(#3$ 0(1 %*
.&71/ #1 W(3*;$'9 *, (3 =KLLP>5 !"* ,*$, +*0&--*1/$ ( $#-73(,#&1 ,#-* &. a /(9$
;#," (1/ ;#,"&7, /#..7$#&15 I#1* .*(,7+*$ &. ,"* 8&+,#0#,9 !*3/$ 0(1 %* 0(),7+*/ (, (
+*$&37,#&1 &. (%&7, M.KR◦ &+ "#2"*+ =S,4D9+ *, (36 KLL[>6 (1/ ,"* BW +*$73,$ (2+**
;#," ,"#$ &%$*+8(,#&15 I#27+* O5KR $"&;$ ( "#2"4+*$&37,#&1BW $#-73(,#&1 &. +*3(,#8*
8&+,#0#,9 ( ) (, /(9$ P (1/ a6 +*$)*0,#8*395 !"* ())+&?#-(,* *A7(,&+#(3 +*$&37,#&1 #$
L.aP◦ =.- = KL,.# = [) (1/ ( ,#-* $,*) ? = a$ #$ 7$*/ .&+ ,"*$* $#-73(,#&1$5 !"*
!1* .*(,7+*$ &. ,"* 8&+,*? (+* ;*33 0(),7+*/ %9 ,"* BW SC-&/*3 (1/ 0&-)(+(%3* ,&
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Fig. 9.25 !"* $#-73(,*/ +*3(,#8* 8&+,#0#,9 !*3/$ = > .&+ ,"* %(+&,+&)#0 #1$,(%#3#,9 ,*$, (, ( "#2"4
+*$&37,#&15 !"* 3*., )(1*3 $"&;$ (, /(9 P (1/ ,"* +#2", )(1*36 (, /(9 a5

,"* +*.*+*10* $&37,#&1 2#8*1 #1 W(3*;$'9 *, (3 =KLLP>5 S-(334$0(3* 1&#$* (, ,"* $"(+)
2+(/#*1,$ #1 I#25 O5KR 0(1 %* *..*0,#8*39 0&1,+&33*/ %9 7$#12 ( /#..7$#&1 $0"*-*5
C* %+#*"9 &7,3#1* ,"* /#..7$#&1 )+&0*$$ ($ 7$*/ .&+ BW -*,"&/$ #1 ,"* 0&14

,*?, &. ,"* %(+&,+&)#0 8&+,#0#,9 *8&37,#&15 B#..7$#&1 (1/ /#$$#)(,#&1 -*0"(1#$-$
(+* #1*8#,(%3* .&+ )+(0,#0(3 (,-&$)"*+#0 -&/*3$5 I&+ *?(-)3*6 -&-*1,7- /#..7$#&1
,+(1$.*+$ *1*+29 .+&- ,"* +*$&38*/ $0(3*$ #1,& ,"* 71+*$&38*/ $0(3*$5 T&;*8*+6 #1
( /#$0+*,* 03#-(,* -&/*36 /#..7$#&1 ,+#*$ ,& -#-#0 ,"* *..*0,$ &. 71+*$&38*/ $0(3*$
&1 ,"* +*$&38*/ "7#/ "&; =0"(),*+ MZ>5 U&+*&8*+6 ,"* /#..7$#&1 )+&0*$$ )+*8*1,$
$)7+#&7$ (007-73(,#&1 &. *1*+29 (1/ *1$,+&)"9 (, ,"* -&/*3 2+#/ $0(3*5 !"* BW
-*,"&/ #$ (-*1(%3* ,& *.!0#*1, #-)3*-*1,(,#&1 &. +&%7$, /#..7$#&1 $0"*-*$5 !"#$
#$ %($*/ &1 ,"* $&40(33*/ X&0(3 BW &+ XBW -*,"&/ %9 D&0'%7+1 (1/ S"7 =MOO[>6
;"#0" #$ ( 2*1*+(3#@(,#&1 &. ,"* *?)3#0#, /#..7$#&1 $0"*-* )+&)&$*/ &+#2#1(339 %9
\($$# (1/ Y*%(9 =MOOh>5 Y*0*1,396 N(#+ =KLLO> /*8*3&)*/ ( $*0&1/4&+/*+ XBW /#.4
.7$#&1 $0"*-* .&+ ,"* 8#$0&7$ SC -&/*3 &1 ,"* 07%*/4$)"*+*5 !"* 8&+,#0#,9 *8&374
,#&1 +*$73,$ $"&;1 #1 N(#+ =KLLO> 0&1!+- ,"(, ,"* XBW %($*/ /#..7$#&1 -*0"(1#$-
+*-&8*$ $-(334$0(3* 1&#$* $70" ,"(, ,"* $&37,#&1 0&18*+2*$ -&1&,&1#0(339 ,& ( /#.4
.7$*/ $,(,*5 !"* 0&18*+2*10* #$ /*)*1/*1, &1 ,"* 0&*.!0#*1, &. /#..7$#&15
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9.6 Concluding Remarks

!"* BW -*,"&/ 0&-%#1*/ ;#," *?)3#0#, $,+&12 $,(%#3#,94)+*$*+8#12 Y712*4d7,,(
,#-*4$,*))#12 #$ )(+,#073(+39 (,,+(0,#8* .&+ ;(8* )+&)(2(,#&1 )+&%3*-$ %*0(7$* &.
,"* (%#3#,9 ,& 7$* 3&0(3 "#2"4&+/*+ )&391&-#(3 ())+&?#-(,#&1$ .&+ ,"* $&37,#&16 )+&4
8#/#12 (1 *.!0#*1, ;(9 ,& 0&1,+&3 )"($* (1/ /#$$#)(,#&1 *++&+$5 !"* BW -*,"&/ #$
%*0&-#12 )&)73(+ #1 2*&)"9$#0(3 "7#/ /91(-#0$ -&/*3#126 ;#," $*8*+(3 *..&+,$ ,&
/*8*3&) 23&%(3 SC -&/*3$ %($*/ &1 BW -*,"&/$ =W#+(3/& *, (36 KLLKo N(#+ *, (36
KLLR(o Xe(7,*+ *, (36 KLL[o N(#+6 KLLO>5 E*+9 +*0*1,396 BW -*,"&/$ "(8* %**1 .7+4
,"*+ *?,*1/*/ ,& "9/+&$,(,#0 =N(#+ *, (36 KLLO> (1/ 1&14"9/+&$,(,#0 =W#+(3/& (1/
Y*$,*33#6 KLL[o S,4D9+ (1/ N*0'*3$6 KLLO> (,-&$)"*+#0 -&/*3$5 D7++*1,39 ,"*+* (+*
1*; *..&+,$ %9 8(+#&7$ +*$*(+0" 2+&7)$ ,& /*8*3&) $&)"#$,#0(,*/ BW4%($*/ (,-&4
$)"*+#0 -&/*3$6 #1037/#12 $&-* ;#," (/(),#8* -*$"*$5 U&,#8(,#&1$ .&+ 0"&&$#12 ,"*
BW -*,"&/ ($ ,"* )+#-(+9 17-*+#0(3 ,*0"1#A7* .&+ ,"*$* -&/*3 /*8*3&)-*1,$ (+*
%($*/ &1 8(+#&7$ .(0,&+$ $70" ($ ,"* "#2"4&+/*+ (007+(096 0&1$*+8(,#&16 2*&-*,+#0
"*?#%#3#,9 (1/ )(+(33*3 *.!0#*1095 N*8*+,"*3*$$6 ,"*+* (+* $&-* 0&-)7,(,#&1(3 #$$7*$
($$&0#(,*/ ;#," ,"* *?)3#0#, BW /#$0+*,#@(,#&15
: -(]&+ /+(;%(0' &. ,"* BW (32&+#,"- #$ ,"* $*8*+* DIX $,(%#3#,9 +*$,+#0,#&1

($$&0#(,*/ ;#," *?)3#0#, ,#-*4$,*))#125 I&+ )+(0,#0(3 03#-(,* -&/*3$ (1/ "#2" +*$&4
37,#&1 1&14"9/+&$,(,#0 NC< -&/*3$6 &8*+(33 0&-)7,(,#&1(3 *.!0#*109 #$ 8*+9 -70"
0&1,#12*1, &1 ,"* -&/*3Q$ (%#3#,9 ,& ,('* 3(+2*+ ,#-* $,*)$5 : -&/*+(,* &+/*+ BW
$0"*-* *-)3&9#12 ,"#+/4 &+ .&7+,"4&+/*+ $)(,#(3 /#$0+*,#@(,#&1 =#5*56 ( 1 K &+ 1Z
-*,"&/> 0(1 (//+*$$ ,"* $,+#12*1, $,(%#3#,9 +*A7#+*-*1, ,& $&-* *?,*1,5 G-)3#0#,
,#-* #1,*2+(,#&1 ())+&(0"*$ (+* (3$& )&)73(+ .&+ BW -*,"&/$ #1 DIB ())3#0(,#&1$
=B#&$(/9 (1/ B(+-&.(36 KLLOo \($$# *, (36 KLLO>5 !"* 17-*+#0(3 (32&+#,"-$ .&+
$70" -*,"&/$ (+* .(+ -&+* 0&-)3*? (1/ +*A7#+* 0&1$#/*+(%39 -&+* 0&-)7,(,#&1(3
+*$&7+0*$ ,"(1 *?)3#0#, $0"*-*$5 G. $70" ,*0"1#A7*$ )*+-#, (, 3*($, Z4.&3/ 3&12*+ ,#-*
$,*)$ .&+ 71$,*(/9 )+&%3*-$ ($ 0&-)(+*/ ,& ,"* *?)3#0#, -*,"&/6 ,"*1 ,"*9 -(9 %*
;&+," 0&1$#/*+#12 .&+ (,-&$)"*+#0 -&/*3#12 ())3#0(,#&1$5
B*8*3&)-*1, &. *.!0#*1, ,#-* #1,*2+(,#&1 -*,"&/$ .&+ BW -*,"&/$ #$ (1 (04

,#8* (+*( &. +*$*(+0"5 !"* $*-#4#-)3#0#, ,#-* #1,*2+(,#&1 -*,"&/ .&+ ( BW 1&14
"9/+&$,(,#0 -&/*3 #1,+&/70*/ %9 Y*$,*33# (1/ W#+(3/& =KLLO> ())*(+$ ,& %* )+&-#$4
#125 !"* +*0*1, 1&8*3 ,#-* #1,*2+(,#&1 ())+&(0"*$ $70" ($ ,"* :BFY =:+%#,+(+9 "#2"
&+/*+ BFY#8(,#8*$> %9 de($*+ *, (3 =KLLh> (1/ GUFl =#-)3#0#, *?)3#0#,> Yd -*,"&/$
%9 d(1*8$'9 *, (3 =KLLh> "(8* %**1 $"&;1 ,& %* *.!0#*1, ,#-* #1,*2+(,#&1 &),#&1$
.&+ BW -*,"&/$5 !"*$* 1*; ,#-* #1,*2+(,#&1 ,*0"1#A7*$ 0&73/ %* *?,*1/*/ ,& BW
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