
Free and convectively coupled equatorial
waves diagnosis using 3-D Normal Modes

Carlos A. F. Marques and J.M. Castanheira

CESAM & Department of Physics
University of Aveiro – Portugal

MODES Workshop - Boulder — 26-28 Aug. 2015



Quarterly Journal of the Royal Meteorological Society Q. J. R. Meteorol. Soc. (2015) DOI:10.1002/qj.2563

Convectively coupled equatorial-wave diagnosis using
three-dimensional normal modes
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A new methodology for the diagnosis of convectively coupled equatorial waves (CCEWs)
is presented. It is based on a pre-filtering of the geopotential and horizontal wind, using
three-dimensional (3D) normal mode functions of the adiabatic linearized equations of
a resting atmosphere, followed by a space–time spectral analysis to identify the spectral
regions of coherence.

The methodology permits a direct detection of various types of equatorial wave, compares
the dispersion characteristics of the coupled waves with the theoretical dispersion curves
and allows an identification of which vertical modes are more involved in the convection.
Moreover, the proposed methodology is able to show the existence of free dry waves and
moist coupled waves with a common vertical structure, which is in conformity with the
effect of convective heating/cooling on the effective static stability, as deduced from the
gross moist stability concept. The methodology is also sensitive to wave interactions.

The methodology has been applied to the ERA-Interim horizontal wind and geopotential
height fields and to the interpolated outgoing long-wave radiation (OLR) data produced
by the National Oceanic and Atmospheric Administration. The results obtained provide
examples of the aforementioned effects.
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1. Introduction

Tropical convection often appears organized into synoptic- to
planetary-scale disturbances with time-scales smaller than a
season. Several studies have shown that a large fraction of the
convection variability in such disturbances is associated with
dynamical equatorial waves (see Kiladis et al., 2009, for a com-
prehensive revision of the literature). By means of a space–time
spectral analysis of the outgoing long-wave radiation (OLR) in
the tropical region (e.g. Takayabu, 1994a, 1994b; Wheeler and
Kiladis, 1999; Wheeler et al., 2000), the existence of spectral peaks
that appear aligned along the dispersion curves of equatorially
trapped wave modes of shallow-water (SW) theory with implied
equivalent heights in the range 8–90 m has been shown. The
alignment of the spectral peaks along the dispersion curves
derived from SW theory has been interpreted as the effect of equa-
torial wave processes. In fact, the regression of the horizontal wind
and geopotential on to the time series of filtered space–time series
of the OLR or the infrared (IR) brightness temperature Tb around
the spectral maxima shows wave structures that are characteristic
of the waves derived from SW theory (Wheeler et al., 2000;
Kiladis et al., 2009). In recent works, the same kind of space–time
spectral analysis and filtering has been applied to tropical
precipitation to identify and isolate equatorial trapped waves, in
both observations and model simulations (e.g. Hung et al., 2013;
Kim and Alexander, 2013; Yasunaga and Mapes, 2014).

SW waves are the separable horizontal structures of the three-
dimensional (3D) wave solutions of the linearized primitive
equations around a basic state atmosphere at rest. Separable
vertical structures are obtained as eigensolutions of a vertical
structure equation subject to both a lower and an upper boundary
condition. For an atmosphere with a rigid upper boundary (Fulton
and Schubert, 1985), or for an otherwise bounded atmosphere
coherent with the traditional shallowness approximations of the
primitive equations (Cohn and Dee, 1989), the vertical mode
solutions form a complete basis of discrete functions. Performing
a discrete vertical mode decomposition, it has been shown that
the gross vertical structures of the heating and dynamical fields of
a convectively coupled disturbance can be reproduced using only
two or three vertical modes (Haertel and Kiladis, 2004; Haertel
et al., 2008; Tulich et al., 2008). The same studies also show that
the longitudinal and vertical structures of the observed waves can
be reproduced by linear models forced by two or three vertical
modes of convective diabatic heating.

In spite of the apparent success of linear wave theory, it
has been argued that, in the real atmosphere with a vertical
varying horizontal basic flow, the separability of vertical and
horizontal structures is not valid (Yang et al., 2003). Moreover,
the possibility of nonlinear effects casts doubts on the linear
approach. A vertically varying horizontal basic flow may introduce
Doppler shiftings and changes in the vertical heating profiles,
which may distort the theoretical dispersion curves derived from
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Equatorial waves

I One obtains the horizontal structure equations:
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Equatorial waves

I Using the equatorial β-plane approximation:

∂ũ

∂t
− βy ṽ +
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(1966).
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∂φ̃

∂x
= 0 (13)

∂ṽ
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3-D normal mode basis

I We solved the equations over the sphere in isobaric
coordinates, with the vertical structure equation given by:
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3-D normal mode basis

I The horizontal structure equations over the sphere

∂ũ

∂t
− f ṽ +
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Shallow water waves over the sphere (h1 = 5591m)
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Shallow water waves over the sphere (h4 = 474m)
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Data

I Outgoing Longwave Radiation (OLR) from the National
Oceanic and Atmospheric Administration (NOAA) for the
period 1979-2012.

I Horizontal wind (u, v) and geopotencial (φ) from the
ERA-Interim reanalysis (1979-2012).



Method: filtering the dynamical fields

I Projection of the horizontal wind (u, v) and geopotential (φ)
onto the normal modes of the linearized primitive equations
on the sphere.
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Method: space-time cross-spectral analysis (Hayashi, 1982)

I Considering a space-time series

Y (λ, t) =
∑
k

[Ck(t) cos(kλ) + Sk(t) sin(kλ)]

I The space-time power spectra is given by

4Pk,±ω(Y ) = Pω(Ck) + Pω(Sk)± 2Qω(Ck ,Sk),

where Pω and Qω are the time power and quadrature spectra,
respectively.
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Method: space-time cross-spectral analysis (Hayashi, 1982)

I Spectral coherence and phase difference between two fields
Y (λ, t) and Y ′(λ, t) are given by
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Method: space-time cross-spectral analysis (Hayashi, 1982)

I where

4Kk,±ω(Y ,Y ′) = Kω(Ck ,Ck
′) + Kω(Sk , Sk

′)

±Qω(Ck ,Sk
′)∓ Qω(Sk ,Ck

′)

I and

4Qk,±ω(Y ,Y ′) = ±Qω(Ck ,Ck
′)± Qω(Sk , Sk

′)

−Kω(Ck , Sk
′) + Kω(Sk ,Ck

′)

I are cospectra and quadrature spectra, respectively.



Testing the methodology

I Reconstructing the circulation field
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I Symmetric and antisymmetric components of a variable Y
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Y (θ) + Y (−θ)
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Selecting waves

I Fixing a given pair of zonal, k and meridional n indices, waves
of a given type are selected

 ukn
vkn
φkn

 =
∑
m

wmkn(t) Gm(p) e ikλ Cm ·

 U(θ)
iV (θ)
Z (θ)


mkn



Results

I Space-time coherence spectra for eastward inertio-gravity
(EIG), mixed Rossby-gravity (MRG), Kelvin (Kel) and
Equatorial Rossby (ER) waves.
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Vertical mode decomposition of waves

I Fixing the vertical, zonal,and meridional indices, mkn,
respectively, we obtain a vertical modal decomposition of the
waves umkn

vmkn

φmkn

 = wmkn(t) Gm(p) e ikλ C ·

 U(θ)
iV (θ)
Z (θ)


mkn

I Now for, the cosine and sine coefficients are given by

Cmn
k ∝ < [wmkn(t)] Smn

k ∝ = [wmkn(t)]

I and we may analyze the coherence of the 3-D waves with the
OLR and interpret their power spectra as the total (Kinetic +
Available Potential) energy spectra.
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QBO effects

I The vertical propagation of equatorial waves was analysed for
the two phases of the QBO. Considering the daily zonal mean
30-hPa zonal wind at the equator the QBO phases were
defined as follows

u(0N, 30 hPa) > 5m s−1 ⇒ Westerly phase

u(0N, 30 hPa) < −5m s−1 ⇒ Easterly phase

I From the linear theory and using the slow-variation WKBJ
approximation (Andrews et al., 1987), waves with zonal phase
velocity c can propagate vertically only if the zonal winds
satisfy

c − u(z) > 0 for Kelvin waves

−β/k2 < c − u(z) < 0 for MRG waves
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winter (November–April). Hereafter these will be re-

ferred to as summer and winter.

Figure 2b shows seasonal mean zonal winds averaged

over the lower stratosphere (30–100 hPa). First, it is

seen that easterly winds are stronger than westerly

winds, which is a commonly observed feature (Baldwin

et al. 2001). Second, easterly winds in summer are stronger

than in winter. The average wind speed is 23.9 m s21 in

summer and21.9 m s21 in winter. Consistent with this,

the easterly phase appears strongest in summer and the

westerly phase stronger in winter. In Fig. 2c the seasonal

means have been removed and it is seen that interannual

variability is slightly larger in summer. Reflecting this,

easterly and westerly seasons will be defined to be those

in which the amplitude of seasonal mean U anomaly is

larger than 6 m s21 in summer and 5 m s21 in winter.

The two wind thresholds are indicated by the red and

blue lines, respectively. In 1979–2010, there are 6

easterly summers (1984, 1992, 1994, 1996, 1998 and

2001), 10 westerly summers (1985, 1990, 1993, 1995,

1997, 1999, 2002, 2004, 2006 and 2008), 7 easterly win-

ters (1979/80, 1981/82, 1989/90, 1991/92, 1996/97, 2005/

06, and 2007/08) and 8 westerly winters (1980/81, 1982/

83, 1985/86, 1987/88, 1990/91, 1999/2000, 2006/07 and

2008/09). These seasons are indicated by the dates asso-

ciated with them in Fig. 2c. They are also shown as solid

red and blue boxes in Fig. 2a, for easterly and westerly

phases, respectively.

FIG. 2. (a) Time–height cross section of the monthly mean equatorial (58N–58S) zonal mean U (m s21) for 1979–

2010. Blue (red) boxes indicate the easterly (westerly) phase in lower-stratospheric winds, as defined in (c).

(b) Seasonal mean lower-stratospheric (30–100 hPa) equatorial U in the ‘‘summer’’ season (May–October; red)

and in ‘‘winter’’ (November–April; blue). (c) As in (b), but for anomalies with respect to the average seasonal

cycle. Two red and blue lines indicate threshold U anomalies of 66 and 65 m s21, used to define QBO phases in

summer and winter, respectively. The numbers indicate the years for easterly and westerly seasons defined for

summer and winter.
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I The ratios between the power spectra calculated for each
QBO phase are represented in the next Figures

F =
PE−QBO

PW−QBO
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Conclusions

I 3-D normal modes over the sphere are a useful tool for the
study of equatorial waves:

I free and convectively coupled equatorial waves of different
types are clearly identified;

I Doppler shifts and other wave propagation features predicted
by the theory are clearly shown.

I Suggestion:The methodology can be made less constraining as
in Yang et al. (2003) or Gehne and Kleeman (2012) but using
the Hough vectors instead of parabolic cylinder functions.

Thank you!
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