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Abstract A new method of estimating the decay time,

mean period and forcing statistics of El Niño-Southern

Oscillation (ENSO) has been found. It uses a two-dimen-

sional stochastically forced damped linear oscillator model

with the model parameters estimated from a Principal

Oscillation Pattern (POP) analysis and associated observed

power spectra. It makes use of extended observational time

series of 150 years of sea surface temperature (SST) and

sea level pressure (SLP) as well as climate model output.

This approach is motivated by clear physical relationships

that SST and SLP POP patterns have to the ENSO cycle, as

well as to each other, indicating that they represent actual

physical modes of the climate system. Moreover, the

leading POP mode accounts for 20–50 % of the variance

on interannual time scales. The POP real part is highly

correlated with several Niño indices near zero lag while the

imaginary part exhibits a 6–9 month lead time and thus is a

precursor. The observed POP power spectra show mark-

edly different behavior for the peak and precursor, the

former having more power at ENSO frequencies and the

latter dominating at low frequencies. The results realisti-

cally suggest a period of oscillation of 4–6 years and a

decay time of 8 months, which corresponds to the practical

ENSO prediction limit. A fundamental finding of this

approach is that the difference between the observed peak

and precursor spectra at low frequencies can be related to

the forcing statistics using the simple model, as well as to

the difference between patterns of decadal and interannual

variability in the Pacific.

Keywords ENSO variations � POPs � Spectral analysis �
Tropical-extratropical interactions � ENSO predictability

1 Introduction

The El Niño-Southern Oscillation (ENSO) climate varia-

tion is a coupled ocean-atmosphere phenomenon charac-

terized by anomalous sea surface temperatures (SST) in the

eastern to central equatorial Pacific and opposite signed

anomalies in the western Pacific with a boomerang shape.

Associated with the anomalous SSTs are large-scale sea

level pressure (SLP) changes in the tropical Pacific and

Indian Ocean. In the developing stage of an El Niño event,

changes in SST due to subsurface processes lead to a

weakening of the easterly trade winds over the central

tropical Pacific which then provides a positive feedback on

the initial SST anomalies (Bjerknes 1969). Once a mature

El Niño has developed, negative feedbacks are necessary to

terminate the event. Although the main signal is located in

the equatorial Pacific, ENSO events have important

impacts on the global atmospheric circulation (Deser and

Wallace 1990; Lau 1997; Alexander et al. 2002). During El

Niño events heat stored in the ocean is transferred to the

atmosphere directly, mainly in the form of moisture that is

eventually released as latent heat through precipitation

(Trenberth et al. 2002) and drives changes in energy

divergence (Mayer et al. 2013) which in turn drive atmo-

spheric teleconnections (Trenberth et al. 1998). The remote

circulation changes due to ENSO can modulate surface

fluxes of heat, momentum and moisture through changes in
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surface temperature, winds and humidity thereby influ-

encing remote ocean properties such as SST, salinity and

mixed-layer depth (Alexander et al. 2002). These global

responses of weather patterns and extremes make predic-

tion of ENSO events an important task (Chen and Cane

2008; Izumo et al. 2010).

Of particular interest in the prediction of ENSO events is

the initiation stage (Chen and Cane 2008). Because sea

level height is a precursor for SST (Wyrtki 1975) a number

of ENSO conceptual models rely on thermocline or sub-

surface temperature dynamics (Cane and Zebiak 1985;

Zebiak and Cane 1987; Jin 1997; Burgers et al. 2005) and

communicate the sub-surface variability to the atmosphere

through SST anomalies. Observational evidence suggests

that the relation among thermocline depth, upper ocean

heat content, and SST anomalies is not homogeneous over

the equatorial Pacific as it is stronger in the eastern Pacific

where the thermocline tends to be shallow (Harrison and

Vecchi 2001; Trenberth et al. 2002). There is a long history

of studies concerned with ENSO precursors and the evo-

lution of SLP, SST and thermocline depth prior to El Niño

and La Niña events both from an observational and a

theoretical perspective (Trenberth 1976; Rasmusson and

Carpenter 1982; van Loon and Shea 1985, 1987; Trenberth

and Shea 1987; Barnett et al. 1988; Trenberth et al. 2002;

Stephens et al. 2007). In particular, Penland and Sard-

eshmukh (1995) identified optimal SST anomaly patterns

that lead to El Niño conditions 7 months later. Precursors

have been observed in tropical Pacific SST, subsurface

temperature, surface wind and sea level height (Weisberg

and Wang 1997; Kug et al. 2010) for lead times of about

9 months. Anderson (2003) found evidence of SLP vari-

ability in the subtropical North Pacific that can be used to

define a precursor index preceding El Niño events by

12–15 months.

Owing to the difficulty of measuring subsurface ocean

temperatures, the oceanic component of ENSO is measured

by several indices based on SST anomalies in the equato-

rial Pacific, meanwhile the atmospheric component of this

oscillation is commonly measured using the SLP based

Southern Oscillation Index (SOI). These indices have three

major characteristics: quasi-cyclical behavior, irregularity

and a decadal component. A recent review of origins for

the irregularity (Kleeman 2008) identifies two main theo-

ries: The first assumes that the coupled system is forced by

stochastic noise mainly from the atmosphere and this is

hypothesized to project significantly onto the coupled

dynamical modes and thereby induce ENSO variability

(Penland and Sardeshmukh 1995; Thompson and Battisti

2001). This describes ENSO as a stable mode of the cou-

pled system triggered by stochastic forcing. The second

theory is based on the idea that nonlinearity in the slow

ocean dynamics may induce chaotic behavior and is

thought to occur through the interaction of the annual and

ENSO cycles (Chang et al. 1994; Tziperman et al. 1994;

Kleeman 2008). In this view ENSO is a self-sustained,

naturally oscillatory mode of the coupled ocean-atmo-

sphere system. The question of determinism or stochas-

ticity for ENSO has not yet been resolved, but in a recent

study Živković and Rypdal (2013) find that deterministic

dynamics of ENSO are primarily associated with the sea-

sonal cycle and that on interannual timescales stochasticity

dominates. Similarly, Fedorov et al. (2003) found evi-

dence, based on energetics of ocean-atmosphere interac-

tions, that ENSO is a lightly damped oscillation which is

sustained by moderate atmospheric noise. On the other

hand, Chen et al. (2004) suggest that the predictability of

ENSO depends more on errors in the initial conditions than

atmospheric noise, indicating a self-sustained oscillation

that is chaotic, but deterministic. Here we will assume that

the first mechanism predominates and the implications of

such a stochastic perspective are further developed for the

cyclical and decadal features of ENSO.

Although quasi-cyclic, an irregular ENSO cycle implies

that many frequencies are present, and indeed an analysis

of various ENSO measures shows a broadband spectrum

peaking around a 4 year period, but with significant power

at longer (decadal) periods (Kestin et al. 1998). What is

interesting about this decadal power is that a low frequency

pass analysis for decadal and longer periods of Pacific SST

reveals dominant horizontal modes of variability that differ

from the interannual ENSO pattern (Zhang et al. 1997;

Kleeman et al. 1999). In particular they show more power

in the central rather than eastern equatorial Pacific and also

in regions considerably removed from the equator. This

pattern is sufficiently distinct from ENSO that it is has been

referred to as the Pacific Decadal Oscillation (PDO)

(Mantua et al. 1997). The PDO broadened to cover the

whole Pacific Basin is known as the Inter-decadal Pacific

Oscillation (IPO) (Power et al. 1999). The PDO and IPO

exhibit virtually identical temporal evolution (Folland et al

2002). The precise connection of the decadal and dominant

interannual Pacific ENSO climate variability remains

unclear and is a topic of active research as there is evi-

dently significant commonality of horizontal structure and

global effects (Newman et al. 2003; Vimont 2005).

A recently proposed explanation for this connection

derives from stochastic theory. Kleeman (2011) derive a

framework for analyzing the spectrum of a general multi-

dimensional Ornstein-Uhlenbeck process. This framework

allows the explicit evaluation of the spectrum in terms of

the normal mode frequencies, dissipation and the stochastic

forcing statistics. In this paper we further explore the

conceptual model proposed in Kleeman (2011) by applying

the framework to ENSO variability as identified by a

Principal Oscillation Pattern (POP) analysis of SST and
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SLP data. We show that the POP time series of the leading

mode can be categorized as a peak and precursor for ENSO

and that they have the observed characteristics of quasi-

cyclical behavior, irregularity and decadal variability. We

show that the difference between interannual and decadal

patterns can be related to the precursor having more power

at decadal frequencies than the peak, and the peak domi-

nating at interannual frequencies.

The approach proposed here uses the analytical con-

nection between model parameters and power spectra to

robustly estimate ENSO decay time and period. Section 2

introduces POPs and the methods of analysis, along with

the data sets used. Section 3 describes the patterns and time

series obtained from the POP analysis. The stochastic

model is outlined in Sects. 4, and 5 describes how the

model parameters are selected, given the observational

results. Section 6 places the results and the model in con-

text and gives the main conclusions. Details outlining the

sensitivity of results to the data sets used, domains and

periods, the mathematical formula for the forcing for the

stochastic model, the derivation of the theoretical spectra,

as well as how the peak and precursor time series are

computed are included in the ‘‘Appendix 1–4’’.

2 Methods and observational data

Observational time series of sufficient duration are neces-

sary to enable a stable spectrum to emerge (Kestin et al.

1998). When using time series of only 5 ENSO periods

(20 years) the spectra are not stable and are sufficiently

affected by sampling variations that non-robust spectral

peaks may occur. When one chooses data of length around

100 years, i.e. 25 ENSO periods, however, this problem is

considerably reduced. In that case non-stationarity of the

climate record becomes an issue. The implications this has

on the results presented here are discussed in Sect. 3. Long

time series of both the dominant ENSO pattern and its

precursor, which is identified via POP analysis as described

below, are therefore required. The time series associated

with the dominant ENSO pattern has been widely studied

but the precursor pattern presents problems since it has

considerably less variance in the SST and SLP records.

However, the precursor pattern is particularly evident in

ocean dynamical height or thermocline data but such data

are not available in the regions needed for 100 years. SST

data sets have better coverage generally due to COADS

ship reports but there remain significant issues in the

tropical Pacific before 1950, and often such data sets rely

on global reconstruction techniques to infer tropical data

from correlated extratropical data (Meyers et al. 1999).

Finally the SLP precursor data discussed rely on station

barometric data which can have long term coverage for

several sites (Allan and Ansell 2006). In general SLP sta-

tion data might be expected to provide better long term

data than ship reports of SST which only became common

(and of reasonable quality) in the tropical Pacific in the

postwar period. Both SST and SLP data are used in the

analysis presented here.

The peak phase of ENSO is commonly measured by

SST index regions such as Niño3 (90�W–150�W, 5�S–

5�N) and by the SLP derived SOI. Monthly values are

available from the IRI/LDEO Climate Data Library for

Niño3 from January 1856 through March 2011 and for the

SOI from January 1882 through December 1996. SOI data

prior to 1935 are based on data from Darwin only. The

results presented are not sensitive to the use of either index.

In order to calculate time series for the precursor pattern, a

POP analysis on long term monthly, global SLP and SST

data sets is performed. Results presented are based pri-

marily on SST from the Hadley Centre 1� sea ice and SST

data set (HadISST) (Rayner et al. 2003) available from

1870 to 2012 and SLP from the 2� NOAA twentieth cen-

tury reanalysis (20CRSLP) (Compo et al. 2011) from 1871

to 2012. The analyses have been performed on multiple

other data sets as well to check consistency of the results

among data sets (see ‘‘Appendix 1’’).

Principal Oscillation Pattern (POP) analysis is a tech-

nique used to identify oscillatory patterns and space-time

characteristics of complex systems (Storch et al. 1988,

1995). POPs are the normal modes of a linear system,

where the system matrix is estimated from observational

data. The leading POPs can be shown to correspond to the

most unstable modes of the linearized system (Storch and

Zwiers 1999). POP analysis has been used extensively in

the context of studying ENSO mechanisms (Xu and Storch

1990; Penland and Magorian 1993; Latif et al. 1994; Wu

et al. 1994). The leading oscillatory mode obtained from a

POP analysis of SST or SLP describes the spatial patterns

and variability associated with ENSO. This mode is com-

plex and describes a propagating pattern that can be rep-

resented by two standing modes varying in quadrature.

The computation of SLP and SST POP analyses follows

the technique documented in Storch et al. (1995) and

Storch and Zwiers (1999). The mean annual cycle is cal-

culated using the entire length of the time series and

removed to obtain anomalies. The region for the analysis

contains the Indian and Pacific Ocean (45�E–70�W)

between 40�S and 40�N and the full length of the time

series for SLP and SST anomalies is used. The specific

analysis technique was performed following Xu and Storch

(1990). The primary analysis emphasizes the large scales

and accordingly uses a spatial resolution of 10� in the

meridional and 20� in the zonal direction, but results can be

projected onto higher resolution grids. A linear trend is

removed before the data are normalized at each grid point

Irregularity and decadal variation in ENSO
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by the local standard deviation to take into account the

difference in variability between midlatitudes and tropics.

Short time scale variance (less than 15 months) is removed

and time scales longer than 18 months are kept with a

cosine taper in frequency space between these limits. POPs

are computed on the subspace spanned by the projection of

the data onto the first 10 Empirical Orthogonal Functions

(EOFs). Experiments show that the results are stable for

POP 1 when using at least 9 EOFs and for the first 3 POP

pairs when using at least 10 EOFs. The patterns and time

series are not very sensitive to the choice of the domain

size. Decreasing the meridional extent of the domain to

±20� and ±10� does not change the POP time series and

power spectra substantially (this issue is further discussed

in Sect. 6).

3 Results of POP analysis

For illustration the first 2 POPs of SST and SLP are shown

in Fig. 1 (HadISST and 20CrSLP), but, in the following,

the focus is on the dominant POP pair. The real and

imaginary parts of the spatial patterns are denoted by (P
slp
r;i ,

Psst
r;i ) and the corresponding time series by (z

slp
r;i , zsst

r;i ). There

is good agreement among the data sets with regard to the

first POP spatial patterns in SST and SLP for both real and

imaginary parts.

The sign of the patterns and time series identified by a

POP analysis is arbitrary. The signs of the time series are

set so that zsst
r and zslp

r are positively correlated with the

Niño3 index and the imaginary parts are positively corre-

lated with Niño3 prior to an El Niño event. This determines

the signs of the spatial patterns and the real and imaginary

part of the dominant POP are referred to as peak and

precursor phase of ENSO respectively. Time series asso-

ciated with the first POP real and imaginary parts (Fig. 1)

reveal that the peak time series clearly show the recent

large ENSO events: the 1972–1973, 1982–1983,

1986–1987 and 1997–1998 El Niños in addition to the

immediately following La Niña episodes. For these large

events the precursor time series peaks several months

before the peak and changes sign after the peak phase

maximum. The time series also show a decrease in vari-

ance between 1930 and 1960 and with the most vigorous

variability appearing during the most recent decades

(Trenberth 1976; Wang and Wang 1996; Kestin et al. 1998;

Torrence and Compo 1998; Torrence and Webster 1999).

Peak and precursor phase during large events are in

quadrature, whereas this relationship becomes weaker at

other times. Especially during the period of weak vari-

ability, the quadrature relation breaks down. For all data

sets and both SST and SLP the precursor variance is

maximized in June whereas the peak variance has a max-

imum in November/December.

For POPs 2 (and 3, not shown) the correspondence

between data sets is not as good, especially in SLP, and

there appears to be no clear physical connection between

real and imaginary parts. The one exception being the real

part of POP 2 which shows a PDO type pattern with me-

ridionally broad positive SST anomalies in the eastern

equatorial Pacific and negative SST anomalies in the cen-

tral off-equatorial Pacific. Unlike the peak ENSO signal,

where the positive anomalies in the equatorial region are

much stronger, POP 2 has the tropical and off-equatorial

anomalies of comparable magnitude. The associated SLP

signal is a strong low pressure node in the northern Pacific,

which can be identified in the POP 2 real part in Fig. 1. The

imaginary part of the POP 2 pattern has very little signal in

the Pacific indicating that POP 2 describes a standing wave

rather than a propagation. Note that the real parts of POP 1

and POP 2 pattern are not orthogonal to each other in the

Pacific, but that the signal in the Indian and Atlantic Ocean

is very different.

3.1 Reconstruction of 1997–1998 El Niño

To illustrate the behavior of the first POP mode, Fig. 2

shows the evolution of the 1997–1998 El Niño event SST

and SLP anomalies reconstructed using the first POP pat-

terns and time series. In January to March 1997 low SST

anomalies in the western Pacific and low pressure nodes in

the subtropical central Pacific are visible with little or no

positive SST signal in the eastern equatorial Pacific. By

May 1997 the eastern equatorial SST anomalies are posi-

tive and growing. Concurrently negative SLP anomalies in

that region are strengthening while the subtropical low

pressure node moves farther east and poleward. From

September 1997 to January 1998 the tropical anomalies are

maximized while the negative SST anomalies in the

northern central Pacific are still strengthening, along with a

strengthening of the north Pacific low pressure center.

Starting in March 1998, the anomalies weaken and the high

pressure over the maritime continent develops into two

high pressure nodes that move east and north towards the

central subtropical Pacific regions. By September 1998

both SLP and SST anomalies are weak, with small positive

SST anomalies in the western and small negative SST

anomalies in the eastern equatorial Pacific.

3.2 Physical relevance of the POP modes

Referring to the time series as peak and precursor for

ENSO implies that the leading POP modes are relevant

physical modes in the ocean atmosphere system. However,

a POP analysis does not necessarily identify intrinsic
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modes of climate variability. Clear physical interpretation,

of the precursor phase in particular, is therefore necessary

to justify using these modes.

The SST precursor signal identified by the POP analysis

in the western equatorial Pacific is located in a region with

little variance. The precursor has very little amplitude

compared to the peak pattern, although the regressions are

significant at the 95 % confidence level. The relatively

small amplitude raises the issue of whether the sparse and

inaccurate observations in the early part of the record are

Fig. 1 HadISST (shading) and 20CrSLP (contours) patterns of the

first 2 POP pairs and POP1 time series. The real part in the top left

panel corresponds to the mature phase of ENSO and has a strong

positive SST signal in the eastern equatorial Pacific and a weaker

positive signal in the Indian Ocean. These positive anomalies are

separated by a weaker (comparable to the anomaly in the Indian

Ocean) negative anomaly stretching from the western equatorial to

the central subtropical Pacific. The imaginary part in the top right

panel corresponds to the ENSO precursor pattern and has a weaker

SST signal confined mainly to the maritime continent region.

Overlaid are contour lines of HadSLP POP real and imaginary parts

respectively. The mature ENSO signal shows the well-known low

pressure in the eastern and high pressure in the western Pacific. The

precursor signal shows two low pressure systems in the central off-

equatorial Pacific. Units are K/SD for SST (shading) and Pa/SD for

SLP (contours). Shading starts at 0.05 with contour intervals of 0.1.

Contour lines and shading are statistically significant at the 95 %

limit. POP1 time series for HadISST (lower panels, top) and 20CrSLP

(lower panels, bottom). Each panel shows time series for the peak or

real part (blue solid) and precursor or imaginary part (red dashed).

Time series are normalized to have zero mean and unit variance
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able to adequately capture the signal. However, even

though the SST precursor pattern explains little variance of

the climate system, it may still be an important component

of ENSO evolution. In addition, all SST data sets agree on

the precursor signal in the western Pacific, indicating that

reconstructions do pick up the small amplitude signals in

this region. The stability of the POP analysis results with

respect to the data period used is tested by computing the

first POP pair and spectra for the common data period

1871–1997. The same spectra were computed excluding

the first or last decade of that range (periods 1871–1987

and 1881–1997). The POPs and spectra for the different

periods show very similar behavior at ENSO periods

indicating that small changes in the data period do not lead

to large changes the results. The low frequency part of the

spectrum does show some variance between the periods,

depending on the dataset, but not enough to be qualitatively

different (not shown).

The SST precursor has most of its signal in the western

equatorial Pacific, with negative SST anomalies extending

northeast from the western tropical Pacific flanked by

positive SST anomalies. The SLP precursor consists of two

low pressure nodes in the central North and South Pacific.

Note the asymmetry in the strength of the low pressure

nodes, the southern hemispheric node is stronger and has a

larger zonal extent than the northern hemispheric node.

This illustrates the fact that the southern hemisphere plays

a major role in the atmospheric component of ENSO. The

precursor SLP anomalies identified by the POP analysis in

the south central Pacific are consistent with the anomalies

Fig. 2 Reconstruction of SST (shading) and SLP (contours) anom-

alies during 1997–1998 using HadISST and 20CrSLP POP1. Panels

are snapshots of the reconstructed anomalies as captured by the first

POP pair starting in January 1997 every 2 months until November

1998. Units are K for SST and hPa for SLP anomalies. SLP contour

intervals are 2 hPa and negative contours are dashed, the zero contour

is marked by the thick line
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observed by van Loon and Shea (1987). These two low

pressure nodes identified by the POP analysis are also the

atmospheric patterns corresponding to the precursor SST

variability. This can be seen from Fig. 3 which shows the

SST peak and precursor patterns and the SLP regression

patterns onto zsst
r;i . Comparison of the POP 1 patterns in Fig.

1 and the regression patterns in Fig. 3 shows that the SLP

POP analysis evidently identifies an SLP precursor con-

nected to the SST POP precursor. The fact that SLP and

SST precursors can be identified from separate data sets

and the results match regression patterns of one of the time

series on the other increases our confidence that these are

actual modes in the system and not a product of the

reconstruction techniques.

The location of the low pressure systems to the east of

anomalous low SST in the precursor is consistent with the idea

that during the onset of El Niño conditions, westerly wind

bursts are more common in the western equatorial Pacific

Fig. 3 SLP regression pattern on SST POP1 time series for different

data sets. Shading shows the SST regression patterns on SST POP1

time series, contours show SLP data regressed on SST POPs. Peak

phase (left panels) and precursor phase (right panels). Panels are

labeled by the SST and SLP data sets used for the regression. Units

are K/SD for SST (shading) and hPa/SD for SLP (contours). Contour

lines and shading are statistically significant at the 90 % limit. These

should be compared with top panels of Fig. 1
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leading to more mixing in the upper ocean and a deepening

and cooling of the mixed layer (Lukas and Lindstrom 1991).

This cooling in SST along the western boundary of the

equatorial Pacific shifts the warmest ocean temperatures

eastward and with that the region of most vigorous convection

leading to the development of anomalous low pressure sys-

tems in the central Pacific. The same anomalous SST gradient

results in a positive feedback, as it favors westerly wind

anomalies (Delcroix and McPhaden 2002). The precursor

SST patterns also compare well with the optimal initial

SST perturbations of Penland and Sardeshmukh (1995) that

evolve into El Niño conditions within 7 months.

The precursor SST and SLP patterns are also consistent

with the seasonal footprinting mechanism proposed by

Vimont et al. (2003a, b), whereby winter SLP anomalies

(like the precursor shown here) the year prior to an El Niño

event generate mid-latitude and subtropical SST anomalies

(negative SST anomalies in the western subtropical Pacific

consistent with the SST precursor) through changes in the

surface heat fluxes. The SST anomalies persist into boreal

summer where these anomalies feed back on the atmo-

spheric circulation and generate zonal wind stress anoma-

lies that extend to the equator. These wind stress anomalies

can then lead to an El Niño event. Consistent with this are

the lag correlations of the peak and precursor time series

with several Niño indices shown in Fig. 4. Both SST and

SLP precursors have maximum positive correlation with

the Niño indices at 5–9 months prior to an El Niño event

and negative correlation several months after. The maxi-

mum correlations occur about 3 months earlier for SLP

(not shown) than for SST indicating that the SLP precursor

slightly leads the SST precursor in their relation to the Niño

indices. During the decay of an El Niño event there is an

overshoot of SST anomalies in the eastern tropical Pacific

to negative values, consistent with the negative SST pre-

cursor pattern. There is substantial variability in the rela-

tionship between the Niño indices and the POP time series

over the length of the data record. From 1930 to 1960,

when ENSO variability was reduced, the peak correlation

values decrease in the precursor to values below 0.3. The

lag at which maximum correlations are obtained also varies

over time, more than between indices. Maximum correla-

tion between peak and Niño4 time series is achieved at zero

lag at the beginning of the record and at negative 2 months

lag in recent years (such that the peak lags Niño4 by

2 months), whereas the timing of maximum correlation

stays relatively constant at negative 1–2 months for the

Niño3 and Niño3.4 indices.

Fig. 4 Lag correlations of 21 year time segments between Niño

indices and HadISST POP1 real and imaginary parts. Lag correlations

for each 21 year window are labeled by the center year of the

window. Positive lags imply that the index lags the given time series,

negative lags mean the index leads. Top panels show correlation with

the peak, lower panels show correlation with the precursor. Results

for the other data sets are similar but are not shown
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We have shown that POP analysis identifies physically

relevant modes of SST and SLP variability. POP 1 does not

describe the full ENSO dynamics, but it has relevant

physical meaning and is responsible for a high percentage

of the variance on interannual time scales. POP 1 accounts

for 20–50 %, depending on the data set (higher for SST

than SLP), of the variance of the interannual part of the

data. It is therefore worthwhile to consider this mode fur-

ther and analyze its characteristics.

3.3 Power spectra

Spectra for both POP 1 time series for SLP and SST data

were computed using the Thomson Multitaper method

(Percival and Walden 1998; Thomson 1982). Figure 5 shows

the power spectra for POP 1 for the different data sets con-

sidered, as well as the Niño3 and SOI spectra. The spectra

for all zslp
r and zsst

r (the peak ENSO phase) have very similar

characteristics to the Niño3 spectrum. The main peak is at a

period of about 4 years with a strong decay at higher fre-

quencies and a smaller rolloff at lower decadal frequencies.

The z
slp
i spectrum, i.e. the ENSO precursor, on the other hand

has less maximum power and the ratio of ENSO peak power

to decadal variability is noticeably smaller, and this phase

has relatively greater decadal weight. There is also more

power for periods between 1.25 and 2.5 years in the pre-

cursor spectrum compared with the peak spectrum. There is

very good agreement among all data sets and between SST

and SLP derived spectra, with the former having more power

at low frequencies in the precursor.

The aim is to use the power spectra estimated from

observations to identify model parameters for a 2D model

introduced in Sect. 4, therefore an assessment of the degree

of uncertainty associated with the spectral estimates is

useful. One way is shown in Fig. 5 by the 90 % confidence

intervals. However, this does not take into account the fact

that the short 150 year data record may not represent the

full variability of the coupled climate system. In an attempt

to better understand possible variability in the power

spectra, long control runs of two Coupled Model Inter-

comparison Project 5 (CMIP5) models: the CCSM4 (Deser

et al. 2012) and ECHAM6 (Stevens et al. 2013) models are

used. These models have reasonable ENSO variability and

the patterns obtained by the POP analysis of the control

runs are similar to observations (not shown). The control

runs are 1300 and 1000 years long for CCSM4 and

ECHAM6 respectively. To compare to the observational

record, the SST and SLP records are split into non-

(a) (b) (c) (d)

(e) (f) (g)

Fig. 5 Observed power spectra of the first POP pair. a Niño3 and SOI

power spectra. b–g Peak ENSO (blue) and precursor (red) power

spectra of the standardized time series for the different data sets. The

shading shows the 90 % confidence intervals. All spectra are

computed using the Thomson Multitaper method, with the effective

bandwidth indicated by the horizontal line in the top left panel. The

area under the curve is 1:9 for the POP spectra and the Niño3 and SOI

spectra are not normalized to have the same area under the spectral

curve. The area under the curve is computed for the entire spectral

curve, but only the values up to 0.9 cycles per year are shown as the

spectra are essentially zero for higher frequencies
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overlapping 150 year segments and the leading POP modes

and their spectra are calculated for each segment sepa-

rately, in addition to computing the spectra for the whole

length of the model runs. Figure 6 shows the segment

spectra for the ECHAM6 control run. Results from CCSM4

SST and SLP are similar. It is clear that the spectra do vary

among segments with one of the spectra (the peak spec-

trum) varying only slightly and the other changing con-

siderably; in some segments both spectra are essentially

identical and at other times the resemblance to observations

(Fig. 5) is stronger. The spectra from the full 1000

(1300) year runs resemble the observed peak spectra with

only small differences between modeled peak and precur-

sor at low frequencies (Fig. 6a). Some of the modeled

climate states of ENSO identified through the POP analysis

are consistent with the observed power spectra. This sug-

gests that although the data record is short compared to the

ENSO oscillation period, in the sense that a sample size of

30–35 ENSO events is small for adequately resolving the

ENSO spectral peak, the peak spectrum is well estimated

from the data record and the precursor spectrum is at least a

possible scenario.

The changes in precursor spectra observed in the two

CMIP5 models indicate that over longer time spans than the

observational record, different precursor mechanisms can be

important during different time intervals. If both peak and

precursor spectrum have a well defined peak at the oscilla-

tion frequency with the same power then the system is closer

to a regular oscillation with added noise. If one of the phases

has less power at the oscillation period (and possibly more

power at other frequencies) not every El Niño event needs to

be preceded by the precursor identified by the POP analysis,

but rather other mechanisms are more important than in the

case where both spectra are the same. In that case the

oscillation would be more similar to a standing wave than a

propagating wave. Evidence of a precursor to ENSO with

varying influence over time was recently described by

Anderson et al. (2013). They found that variations in SLP in

the northern central Pacific 12 months prior to an El Niño

influences the asymmetry between El Niño and La Niña

events, and that there are time periods where ENSO vari-

ability is not tied to this particular precursor.

3.4 Decadal variability of the POP modes

What is the source of the decadal power in the precursor

spectrum? The correlation between the precursor and the

PDO index (Mantua et al. 1997) is 0.64, and 0.1 for the

(a) (b) (c) (d)

(e) (f) (g)

Fig. 6 ECHAM model SST POP spectra for a the low resolution

control run and b–g 6 not overlapping 150 year segments. Different

colors in each panel are for peak and precursor spectra. Peak and

precursor spectra do not necessarily have the same color in different

panels or as in Fig. 5. Shading shows the 90 % confidence intervals.

POPs are computed as for observations and all spectra are computed

using the Thomson Multitaper method
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peak phase, both significant at the 95 % level. Filtering for

decadal time scales increases the correlation to 0.7 and 0.4

for precursor and peak respectively. The covariability

between precursor and PDO suggests there may be similar

processes involved in generating the decadal variability of

precursor and PDO. Reducing the domain latitudinal extent

from ±40� to ±20� and ±10� shows that the decadal power

in the precursor does not decrease with decreasing latitude

band, especially in SST (not shown). This may indicate an

equatorial source for this peak. In addition most of the

variability and a quadratic trend of the low pass filtered (for

decadal frequencies, see below) precursor time series can

be recovered from the low pass filtered average of SST

anomalies in the western equatorial Pacific (10�S–20�N,

120�E–150�E). It appears likely that the decadal variability

of the precursor may be driven to a certain degree from

western equatorial Pacific SST anomalies. To investigate in

detail the origin of western equatorial Pacific SST decadal

variability is beyond the scope of this study, however a

number of theories exist for the physical mechanisms that

drive western Pacific SST decadal variability. Ocean

dynamics play a role in driving the formation and vari-

ability of the warm pool, in particular advection of upper-

ocean temperatures by mean and anomalous ocean currents

(Wang and Mehta 2008) and variability of shallow tropical

circulations (Lohmann and Latif 2005) have been

suggested.

How much of Pacific decadal variability is captured by

the interannual part of the POP modes? Following Vimont

(2005) both SST and SLP data sets and the POP time series

are low-pass filtered for decadal frequencies. A 193 point

(16 year) low-pass Lanczos filter is used on the monthly

time series with a half-power point at 0.12 or 8.3 years.

Figure 7 shows the regression patterns of the decadal part

of the time series for POP 1 and 2. POP 1 real part shows a

pattern associated with the PDO, with meridionally broad

positive SST anomalies in the eastern and central Pacific

and negative anomalies in the north Pacific. The corre-

sponding SLP pattern shows the Aleutian low for POP 1

and strong signals in the southern Pacific ocean. POP 2 real

part shows an SST and SLP patterns similar to the one

associated with the central Pacific warming ENSO signal

and the North Pacific Gyre Oscillation (NPGO) (Lorenzo

et al. 2010). The POP 1 SST imaginary part shows an

overall weaker signal than the real part and is largely of

opposite sign, the main differences are in the northern

Atlantic and tropical eastern to central Pacific ocean. The

POP 2 imaginary part is less easily interpreted.

The interannual part is defined as the difference between

the full data and the decadal part. In terms of SST we

Fig. 7 Regression patterns of low pass filtered HadISST and

20CRSLP and the corresponding low pass filtered POP 1 and POP

2 time series. Decadal frequencies are isolated using a low-pass filter

for time scales longer than 8 years. Units are K/SD for SST (shading)

and Pa/SD for SLP (contours)
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denote the interannual part by SSTH for the data, ZH
SST for

the POP time series, and POPH for the patterns. The

interannual patterns are obtained by regressing ZH
SST against

SSTH. The full (interannual and decadal) SST data are then

regressed against the interannual patterns POPH and the

resulting time series are filtered for decadal frequencies.

The filtered time series are denoted by pZH
SST and describe

the decadal variability associated with the interannual POP

patterns. Regression of interannual SSTH against these time

series give the spatial patterns associated with the decadal

variability generated from interannual processes (Vimont

2005). In the decadal spatial patterns reconstructed from

the decadal variability of the interannual patterns (Fig. 8),

both real and imaginary part of POP 1, i.e. the peak and

precursor for ENSO, show similar decadal patterns with a

broader meridional structure than the interannual peak

ENSO pattern, and similar magnitudes for the positive and

negative anomalies at the equator and midlatitudes

respectively. Both interannual spatial patterns are needed

to capture the decadal variability. SLP decadal variability

is captured by a low pressure node over the northern North

Pacific and another one over the central South Pacific with

high SLP anomalies over the western equatorial Pacific and

Indian Ocean. The SLP anomalies are stronger for the peak

decadal pattern than for the precursor. The POP 2 SST real

part is very similar to the POP 1 patterns, but the con-

nection to the POP 2 SLP pattern is less clear. The imag-

inary part shows a warming in the southern hemisphere and

cooling in the north. The main SLP signal in POP 2 is an

oscillation in circumpolar SLP anomalies, which may be

related to the Southern Annular Mode.

The above arguments show that the interannual patterns

of the first POP generate decadal variability consistent with

observed decadal variability in the Pacific and implies that

the simple model, through the peak and precursor spectra,

is able to produce realistic decadal variability.

4 Theoretical model

4.1 2D model and spectrum

In Kleeman (2011) a simple two component stochastically-

forced damped oscillator is suggested as a minimal model

for ENSO. The simple model described here is able to

reproduce the cyclic and irregular behavior of ENSO quite

Fig. 8 Regression patterns associated with the decadal variability of

the interannual POP 1 and POP 2 patterns for HadISST and

20CRSLP. Decadal variability associated with interannual patterns

is found by projecting the full data onto the interannual POP patterns.

This results in time series associated with the interannual patterns.

The time series are then filtered for decadal frequencies and regressed

onto the data filtered for interannual time scales. These patterns

describe the decadal variability generated by the interannual patterns.

Units are K/SD for SST (shading) and Pa/SD for SLP (contours)
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well. We show that if in addition the stochastic forcing of

the two phases is either correlated to a small extent or else

of differing magnitude, then there is a significant cross-

spectral contribution to the power spectrum and this can be

related to decadal variability. As such forcing statistics

seem likely to some degree, such a model is an interesting

one to explore in detail. The existence of long data sets of

the two phases discussed in the previous section suggests

that an observational fitting exercise might be productive,

particularly since some of the model parameters have an

important physical interpretation. For example, the damp-

ing time of the oscillator can be directly related to the

predictability limit of ENSO (Kleeman 2011). Thompson

and Battisti (2001) shows that the red decay and prominent

spectral peak of the observed Niño3 spectrum is repro-

ducible qualitatively using the minimal model. Here, the

model is extended to include the precursor phase and fitting

exercise for the simple model is performed using the two

observed spectra.

The discussed two component model can be written as

the following linear stochastic differential equation:

d
x

y

� �
¼ A

x

y

� �
dt þ FdW ; ð1Þ

where

A ¼
e � g

g e

� �
ð2Þ

with F the forcing matrix and W the (vector) Wiener

stochastic process. This equation represents a stochasti-

cally forced linear damped oscillator with e ¼ 1
s where s

is the damping time and g ¼ 2p
T

with T the period of the

oscillation. This model can also be interpreted as the

dominant normal mode with the least damping in the

system, or the normal mode with the largest projection of

stochastic forcing. The two components of the model can

be thought to correspond to the first two EOFs of ocean

heat content (and their associated patterns in other

physical variables). As noted earlier, modes with these

characteristics can be identified in data via POP analyses

(Storch et al. 1988; Kleeman and Moore 1999). Note that

the two orthogonal phases of the POP are here being

represented by standard orthogonal unit vectors. Similar

models have been proposed before without the stochastic

forcing term (Xu and Storch 1990) and with stochastic

forcing but considering multiple normal modes (Penland

and Sardeshmukh 1995).

The stochastic forcing in Eq. (1) has an associated

covariance matrix R which represents the forcing in terms

of the two phases. This contains as parameters the variance

of the forcing on the two phases as well as the correlation

between them. It can be written as

R ¼ FFT ¼ c
1 r

ffiffiffi
a
p

r
ffiffiffi
a
p

a

� �

with r the correlation between orthogonal phase forcings

and a the ratio of the forcing variances while c is the

overall strength of the forcing. The correlation between the

phases may be non-zero of there is large scale coherent

stochastic forcing with a pattern different than the normal

mode phases.

In this paper the consistency of the model just described

is tested by comparing the power spectrum it produces for

the two different ENSO phases with that obtained from

observational data sets. The power spectra of the various

phases of the model given in Eq. (1) can be obtained

analytically. In particular one can derive an expression for

the so-called spectral matrix of the problem from which the

power spectrum of various phases can then be deduced

(Gardiner 2004). These spectra can be productively written

in terms of the ENSO phase under consideration, the

covariance matrix R parameters a, r and c as well as the

system dynamical matrix A parameters e and g A full

derivation and detailed discussion may be found in Kle-

eman (2011). For a general phase vector a; b½ �T [(i.e. a

general linear combination of the standard basis vectors in

Eq. (1)] the analytical spectrum is given by

SðxÞ ¼ cð1þ aÞða2 þ b2Þ
8p

� SþðxÞ þ S�ðxÞ þ 2f12 cosðhðxÞ þ cÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SþðxÞS�ðxÞ

ph i

ð3Þ

Here S� xð Þ are the broadband symmetric Lorentzian

functions:

S�ðxÞ ¼
1

e2 þ x� gð Þ2
: ð4Þ

They are centered on plus or minus the oscillator (or nor-

mal mode) frequency g and their spread varies directly with

the damping parameter e.
The third and final term in brackets is commonly

referred to as the cross-spectrum. This term is a function of

c which is given by

c ¼ 2/þ dðr; aÞ ð5Þ

where the offset angle d depends only on the stochastic

forcing parameters and / is the phase angle under con-

sideration i.e. we have

cos / ¼ affiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2
p ð6Þ

Note that this means that the cross-spectra of variables that

have a phase difference of p
2
, such as ENSO and its pre-

cursor, have opposite signs. This is the reason why these
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two series can have different spectra and, in particular the

precursor, can have more decadal weight. This follows

because the cross-spectrum has most weight at frequencies

less than the oscillator frequency. The other angle h xð Þ is a

function of the dynamical parameters x, g and e only. The

Wiener coherence f12 depends on stochastic forcing

parameters via the equation:

f12 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� aÞ2 þ 4r2a

q
1þ a

ð7Þ

The Wiener coherence f12 is a constant in this linear case

and equal to the magnitude of the correlation of the normal

mode stochastic forcings.

Finally, note that apart from the cosine and Wiener

coherency factors, the cross-spectrum is twice the geo-

metric mean of the two diagonal spectra. It follows there-

fore that the contribution of this term to the total spectrum

is controlled by the Wiener coherency. Values of this

coefficient of order 0.5 or so will mean that the cross-

spectrum becomes an important player in the total spec-

trum of at least some phases. In the case f12 ¼ 0 the cross-

spectrum has no contribution to the spectrum and so

changing the phase angle does not affect the spectrum. On

the other hand, for large cross-spectral weight f12 ¼ 1 the

spectrum changes shape dramatically with phase angle.

The advantage of Eq. (3) is that the spectrum under

consideration can be directly related to the various physi-

cally significant parameters for the theoretical model. In

the following section we use the observational spectra to

obtain a best fit estimate for these parameters after looking

in some more detail at the relationship of the Wiener

coherency and the spectral shape and changes of the

spectrum when using a higher dimensional model.

4.2 Relationship of Wiener coherency and spectral

shape

To better understand the effect the cross-spectral term in

Eq. (3) has on the low frequency part of the spectrum Fig. 9

shows the change in the ratio of precursor to peak spectrum

for combinations of r and a. Relevant values for r and a are

chosen based on the fit results in Table 1. The Wiener

coherency f12 attains values between 0 and 1 and increases

with both r and a. For a given r, Fig. 9c shows that the low
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Fig. 9 Cross spectrum

dependence of theoretical peak

and precursor spectrum for

different forcing statistics.

a Wiener coherency f12, which

sets the cross-spectral

contribution, as a function of the

correlation between the phase

forcings, r, and the ratio of the

variance of the phase forcings,

a. Ratio of precursor to peak

spectrum b as a function of the

Wiener coherency f12, c as a

function of r, where for each

value of r a increases, and d as a

function of a, where for each

value of a r increases
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frequency contribution of the precursor increases with

increasing a. On the other hand Fig. 9d shows that for a

given a the low frequency contribution of the precursor

decreases with increasing r. In general the low frequency

contribution of the precursor depends strongly on the value

of a and to a lesser degree on the value of r, which means

the low frequency behavior of f12 and the cross-spectrum

depends more strongly on a than on r.

Recall, that f12 governs the potential strength of the

cross-spectral term. If f12 is small then the cross-spectrum

is small, if f12 is large the cross-spectrum can be large. The

actual size of the cross-spectrum, however, depends not

only on f12, but also on the phase angle c with depends on

the forcing statistics. It is the product of f12 and cosðhðxÞ þ
cÞ that sets the cross-spectrum. Even if f12 is large, but

cosðhðxÞ þ cÞ is small the cross-spectrum will be small.

4.3 Higher dimensions

It is conceivable that the observed POP 1 power spectra are

influenced by the higher order modes in the ENSO system.

What is the influence of higher modes on the dominant

mode spectra in the POP model? The theoretical spectrum,

when expanding the model to 2 complex modes, can be

written as a sum of three terms (see Eq. (11) in appendix).

The first two terms are the spectra of the two normal modes

respectively, as given in Eq. (3) and the third term repre-

sents the addition to the cross-spectrum due to correlations

between the forcing onto the normal modes. This third term

only becomes important if the decay time (e2) of the second

mode is sufficiently longer than the decay time (e1) of the

first mode, the changes of the first mode spectrum by the

second mode are most influential close to the second mode

period (g2).

Figure 10 shows the change in the first mode spectrum

by the second mode for two different periods g2 and decay

times e2. The period of the first mode is set to g1 ¼ 4 years

and the decay time e1 ¼ �9 months. These values are

based on the results presented in Sect. 5. Differences

between the mode 1 spectrum and the combined spectrum

are largest if the difference between periods is large and

also if mode 2 has a much longer decay time than mode 1.

Changes do not affect both phases to the same amount,

especially near g2. However, near g1 the shape and strength

of the mode 1 spectrum does not change very much even

with unrealistically long decay time e2 for mode 2. It is

likely that the dominant modes identified by POP analysis

have some contribution from other modes in the system.

The way the theoretical POP spectra change with addition

of more modes makes it clear that the second mode would

need to have a very long decay time to alter the mode 1

spectrum significantly. The changes of the theoretical

spectra are within the Cls about the observed power

spectra. Changes in the observed spectra as can be

expected from the theoretical spectrum, are unlikely to

change the results of the model parameter estimates pre-

sented in the next section.

5 Empirical model parameters

5.1 Fitting algorithm

Consideration of Eq. (3) shows that to fit the model to

observations the parameters to estimate are the phase angle

/, the forcing statistics a, r, c, and the period and decay

parameters g and e. The phase difference between the two

time series is fixed to be p
2

and the angle of the mature

phase is determined from the fit. This assumption is based
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Fig. 10 Theoretical spectra of both phases of mode 1 for a 2 mode

model and the influence of the decay time e2 and period g of the

second mode onto the mode 1 spectra. Period g1 and decay time e1 of

mode 1 are 4 years and -9 months respectively. Shown are mode 1

phases (blue), both modes with e2 ¼ �19 months (green) and both

modes with e2 ¼ �38 months (red). Solid lines are phase 1 spectra

dashed lines are phase 2, the phases for both modes are 90� out of

phase
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on the fact that the lag correlations in Fig. 4 are fairly

symmetric about the zero lag which hints at a quadrature

behavior between the precursor and mature phase time

series on interannual time scales (see also Sect. 6). The

parameter values are then estimated by fitting the theoret-

ical spectrum to the observed power spectral curves using

nonlinear least-squares. The optimal parameter values

minimize a cost function of the sum of squared errors

between the theoretical spectrum and the observations.

Because the results of the spectral fit depend on the chosen

initial conditions 10,000 randomly chosen initial conditions

are fitted and the best initial conditions are chosen based on

the goodness of fit of the fitted curve and the size of the

parameter Cls.

For simplicity, first consider the case where the cross-

spectrum is zero. In that case only period and decay time

(g and e) and the overall strength of the stochastic forcing

c need to be estimated. Theoretically this case arises when

the forcing projects evenly onto both phases and there is no

correlation between the forcings (i.e. a ¼ 1 and r ¼ 0,

compare to Eq. (7)). Fitting the theoretical spectrum in this

case (Fig. 11a) with just the peak ENSO phase time series

gives a very good fit and estimates the period as 4.1 years and

the decay time at 9.8 months. Estimates for Cls at the 95 %

level are [3.6, 4.9] years and [7.1, 15.9] months for period

and decay time respectively. The value estimated for the

period of ENSO is unsurprisingly very close to what has been

previously calculated by many authors. The decay time has

received less attention but is important from a predictability

viewpoint. It corresponds qualitatively well with the prac-

tical limit of skillful ENSO predictions of many operational

coupled (and statistical) forecast models (Barnston and

Ropelewski 1992; Chen and Cane 2008; Izumo et al. 2010).

Note that this estimate derives from the spread of the spec-

trum and is thus fairly tightly constrained by the observa-

tions. See Sect. 6 for details on the relation between the short

data record, the spectral peak width and the decay time.

Fitting now both the Niño3 and z
slp
i or zsst

i spectra

simultaneously, estimates for the forcing parameters are

obtained. The additional information contained in the

precursor is sufficient to constrain the forcing parameters.

The estimated parameter values for several cases, one using

Niño3 and the other using SOI as the peak phase, are

shown in Table 1. The observed and fitted spectra for the

Niño3—20CRSLP case are shown in Fig. 11b. The decay

time estimated from the fit is 8 months with Cl [7.5, 8.2]

months and the period is 4.4 years with Cl [44, 4.6] years.

The fit for the Niño3 spectrum is very similar to the one

without the cross-spectral terms, and the overall shape of

the precursor and difference with the peak spectrum is

captured, however the z
slp
i spectrum is not as well

approximated by the fitted curve.

For all considered data sets the stochastic forcing esti-

mated has a variance ratio a significantly larger than 1 i.e.

greater variance for the peak rather than precursor phase

(see below). The correlation between the two forcings is

r ¼ 0:5� 0:7 for SLP precursors and r ¼ �1 for SST

precursors, which does not appear unreasonable. These two

values imply that the Wiener coherency is f12� 0:5 for all

Fig. 11 Spectral fit to observed power spectra. a Niño3 spectrum

only, no cross-spectrum. b Niño3 and 20CRSLP spectral fit with

cross-spectrum. Shading are the 90 % Cls around the observed

spectra. Theoretical curves are fitted using a nonlinear least squares

fitting algorithm
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cases, which means that the cross-spectrum has a signifi-

cant amplitude. This is consistent with the spectra for the

two phases having significant qualitative differences at low

frequencies.

5.2 Model with estimated parameters

To test the validity of the simple model the estimated

parameter values are used to numerically generate time

series with the theoretical model. The model stochastic

forcing is extracted from the covariance structure of the

forcing using standard linear algebra methods (see

‘‘Appendix 3’’ for details). A sufficiently long time series is

generated to ensure the process reaches (statistical) equi-

librium and consequently its spectrum approaches the

equilibrium spectrum.

The relationship between the modeled time series x; y and

their spectra, and the original peak and precursor time series

is determined through the fitted phase angle. Denoting the

modeled mature phase by zr and the modeled precursor

phase by zi. The mature phase is associated with phase angle

/ and the precursor phase therefore with w ¼ /þ p
2
. Mature

and precursor phases are recovered as linear combinations of

x and y, with the coefficients determined by the phase angles.

Details of this and the linear transformation mapping x; yð Þ
to zr; zið Þ (the mature phase - precursor phase basis) can be

found in ‘‘Appendix 4’’.

The spectra of a realization of the modeled stochastic

process match the observed spectra reasonably well (not

shown). The modeled peak spectrum has its peak at

approximately the right frequency although the peak is

leaner and somewhat larger than in the observed Niño3

spectrum. The zi spectrum has less power than zr at all but

the lowest frequencies, where zi dominates over zr. The

main differences between data and model spectra are a

smaller increase in power for the low frequencies in the zi

spectrum and more power in the zi spectrum for ENSO

frequencies compared to observations. The lag correlation

between mature and precursor phases are very similar to

the data correlations in Fig. 4, both in strength and location

of maximum correlation at approximately 7 months. There

is a slight asymmetry between the leading and following

peak also consistent with observations.

Using the values for the parameters given in Table 1 we

can estimate the variances and correlation of the forcing

that generates the zr and zi time series (see ‘‘Appendix 3’’

Table 1 List of the parameter

values and confidence intervals

obtained from spectral fit for

Niño3 and SOI mature phase

data and SLP and SST POP time

series for the precursor

Note that the values for decay

time and period are given in

bold and the units are months

and years respectively.

Confidence intervals are at the

95 % level

Niño3-

SLPhad2

Confidence

interval

Niño3-

SLPerslp

Confidence

interval

Niño3-

20CRSLP

Confidence

interval

a 2:09 ð1:88; 2:29Þ 1:5 ð1:35; 1:65Þ 2:17 ð1:87; 2:48Þ
c 0:45 ð0:41; 0:49Þ 1:07 ð0:76; 1:38Þ 0:60 ð0:35; 0:86Þ
/ 3:14 ð3:14; 3:14Þ �0:55 ð�0:63;�0:47Þ �0:18 ð�0:38; 0:02Þ
r �0:63 ð�0:7;�0:55Þ �0:62 ð�0:71;�0:53Þ �0:72 ð�0:84;�0:61Þ
e �7:99 ð�8:24;�7:47Þ �6:97 ð�7:66;�6:40Þ �7:00 ð�7:55;�6:53Þ
g 4:41 ð4:40; 4:63Þ 4:50 ð4:28; 4:74Þ 4:77 ð4:55; 5:02Þ

SOI

SLPhad2

Confidence

interval

SOI -

LPerslp

Confidence

interval

SOI -

20CRSLP

Confidence

interval

a 2:05 ð1:91; 2:19Þ 1:73 ð1:59; 1:88Þ 2:24 ð2:09; 2:40Þ
c 0:81 ð0:58; 1:05Þ 1:65 ð1:25; 2:06Þ 0:96 ð0:65; 1:27Þ
/ �0:29 ð�0:47;�0:12Þ �0:61 ð�0:66;�0:57Þ �0:34 ð�0:49;�0:20Þ
r 0:57 ð0:53; 0:62Þ �0:72 ð�0:78;�0:67Þ 0:71 ð0:67; 0:76Þ
e �7:47 ð�7:96;�7:03Þ �6:47 ð�6:98;�6:04Þ �6:69 ð�7:17;�6:27Þ
g 4:34 ð4:17; 4:52Þ 4:48 ð4:30; 4:67Þ 4:63 ð4:43; 4:85Þ

Niño3-

SSThad3

Confidence

interval

Niño3-

SSTersst3b

Confidence

interval

Niño3-

SSThadisst

Confidence

interval

a 2:76 ð2:46; 3:06Þ 3:03 ð2:61; 3:45Þ 2:72 ð2:49; 2:94Þ
c 0:71 ð0:43; 0:99Þ 0:63 ð0:34; 0:93Þ 0:47 ð0:34; 0:59Þ
/ �0:20 ð�0:30;�0:11Þ �0:23 ð�0:33;�0:13Þ �0:08 ð�0:16;�0:01Þ
r �1:0 ð�1:0;�1:0Þ �1:0 ð�1:0;�1:0Þ �1:0 ð�1:0;�1:0Þ
e �6:61 ð�7:60;�6:01Þ �6:92 ð�7:97;�6:04Þ �7:07 ð�7:83;�6:44Þ
g 5:59 ð5:07; 5:83Þ 6:03 ð5:55; 6:61Þ 5:37 ð5:07; 5:70Þ
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for details on how the covariance matrix for zr; zið Þ is

derived). For the two spectra given in Fig. 11 (i.e. the

parameters from the Niño3-20CrSLP fit) the correlation

matrix for the forcing is

~R ¼ 1:5
1 � 0:31

�0:31 0:27

� �
: ð8Þ

where the covariance matrix is normalized so that the

variance of the forcing onto the zr component is unity.

Equation 8 shows that the variance of the forcing onto the

precursor component zi is only about 30 % of the forcing

onto the peak phase. Other data combinations for the fit

give similar results; with weaker forcing on the precursor

phase of ENSO than on the mature phase. The correlations

between the forcing onto precursor and peak phase are not

negligible, as expected from observations.

The difference in forcing variance onto the two phases is

an interesting result, because it implies weaker forcing of

the ENSO signal in the western rather than in the eastern

equatorial Pacific (the main loading regions of the pre-

cursor and peak patterns respectively). This is a plausible

result, considering that the western Pacific warm pool

region has the highest SSTs in the world. Therefore small

SST anomalies will be enhanced by the large background

SSTs in that region. The atmosphere, and convection in

particular, responds to absolute values of SST rather than

the anomalies. SST anomalies in the western Pacific can

therefore induce a disproportionately larger atmospheric

response compared to the same anomalies in the eastern

tropical Pacific. It is also interesting to note that this dif-

ference in stochastic forcing could theoretically be verified

from observational data. This is beyond the scope of this

study, but provides a testing and verification mechanism

for the model and parameter values proposed here.

6 Discussion

In this paper observed SST and SLP POP power spectra are

used to estimate model parameters for a two-dimensional

stochastically forced damped linear oscillator. One of the

main results of the diagnostic presented here is the esti-

mation of mean period and decay time of the ENSO oscil-

lation. The estimated decay time of 8 months is close to the

practical ENSO prediction limit (Barnston and Ropelewski

1992; Chen and Cane 2008; Izumo et al. 2010). Due to the

short climate record there is some uncertainty in the

observed power spectra and the width of the spectral peak

which is directly related to the model decay time. Is our

estimate of the decay time an underestimate or overesti-

mate? Uncertainty in the period due to a short data record

results in a broadening of the observed spectral peak com-

pared to the actual spectrum. A broader peak translates to a

shorter decorrelation time of the underlying phenomenon.

So the uncertainty in the climate record makes it more likely

we underestimate the decay time of the oscillation. Using

power spectra to estimate the decay time of the oscillation is

advantageous over using the decay time obtained from the

POP analysis in that the eigenvalues that the POP decay

time relies on depend strongly on the spatial domain. The

power spectra are found not to be very sensitive to changes

in the spatial domain.

The issue of non-normality of the ENSO system has not

been addressed so far. The simple model and diagnostic

based on only one normal mode, the first POP, presented

here, yields good results for the estimation of decay time

and mean period of the ENSO system. However, it has

been argued that ENSO may be significantly non-normal

and that multiple normal modes are necessary to accurately

describe instability growth in the system (Penland and

Sardeshmukh 1995; Moore and Kleeman 1998). The

results presented here indicate that non-normality may be

less important for the long-term spectrum. An extension of

the simple model and analysis that includes the second

POP would be instructive, as this would introduce non-

normality into the model, the two modes not being

orthogonal, but is outside the scope of this current work.

That the POP model should be able to reproduce the

observed decadal variability in the Pacific is not obvious.

A POP analysis assumes an underlying linear system where

the system matrix is estimated from the data and the

decaying oscillation is subjected to stochastic forcing. For

the leading POP mode that describes ENSO variability the

system reduces to two dimensions. Theoretically, if the

random forcing of the two components (real and imaginary

part of the complex POP mode) is assumed to have some

small correlation then the spectrum of one of the compo-

nents shows significantly more weight for periods longer

than the peak ENSO period. It is feasible that such small

correlations between the forcing of both modes of the

ENSO cycle exist: The random forcings arise from atmo-

spheric transients which have a large scale horizontal

structure. This implies that there should be some spatial

overlap in the structure of the two random forcings, leading

to a small correlation of the two forcing pattern time series.

Consider a reconstruction of the data using only the first

POP mode X ¼ zr tð ÞPr x; yð Þ þ zi tð ÞPi x; yð Þ. Time filtering

of this reconstruction affects only the POP coefficients and

not the spatial patterns. That means that on decadal and

interannual time scales the reconstruction is based on the

same patterns, but the time series multiplying these pat-

terns are different. In particular the decadal and interannual

parts of the POP coefficients have very different spectral

characteristics (Fig. 12) and so the dominant patterns will

differ. The decadal part of the POP is defined as in Sect.

3.4, and the interannual part as the difference between the
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original POP time series and the decadal part. This linear

decomposition assumes that both time scales vary inde-

pendently and the decadal part modulates the interannual.

The assumption is consistent with the fact that variations

on decadal time scales are much smaller than on interan-

nual time scales. When POP time series are normalized to

have variance 1 (both peak and precursor), then for the

HadISST POP time series variance on interannual time

scales is 0.8 and 0.6, on decadal time scales 0.2 and 0.4, for

peak and precursor respectively. The interannual part is

more consistent with the quadrature relation between peak

and precursor (Fig. 12, middle panels). The maximum

correlation 8 months prior to El Niño events increases from

0.5 for the interannual plus decadal part to 0.7 for the

interannual part only of the POP coefficients.

The POP analysis identifies one possible precursor for

ENSO. This does not mean that this is the only possible

precursor. The spectral power at ENSO frequencies in the

precursor is significantly lower than for the peak phase.

This indicates that other processes can lead to El Niño

events than described by the precursor. Output from long

control runs of two CMIP5 models has been used to assess

the potential variability of the POP spectra on longer time

scales. The control runs were split into several 150 year

segments and SST and SLP POPs for each segment are

computed as for the observations. There are considerable

differences among the precursor spectra for different seg-

ments, while the variability in the peak spectra is notice-

ably less. This large variability in the precursor suggests

several issues, that we highlight below:

Fig. 12 HadISST POP 1 time series and spectra for decadal and

interannual time scales. Peak ENSO phase is shown in blue and the

precursor in red. Decadal time scales are obtained by low-pass

filtering the POP time series using a 193 point (16 year) low-pass

Lanczos filter with a half-power point at 0.12 or 8.3 years. The

interannual part is the difference between the original time series and

the decadal part. Above each panel the variance for the peak (left)

and precursor (right) are noted. The interannual part has a larger

variance for both peak and precursor, but the precursor dominates

over the peak in terms of variance for decadal time scales whereas the

peak phase has more variance than the precursor at interannual time

scales. The panels on the right show the corresponding power spectra

for peak and precursor filtered for the different time scales. As before,

shading are the 90 % confidence intervals around the observed spectra
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• The possibility that the models do not adequately

replicate the real world.

• That during the different periods the forcing statistics

change. When both (peak and precursor) spectra are

similar to observations the forcing variance onto both

phases is different and the forcings are correlated.

When both spectra are identical there is no correlation

between the phase forcings and the variance of the

forcing is the same.

• Different mechanisms of ENSO development may be

dominant during different periods.

Consistent with this last hypothesis (although on shorter

time scales) is the fact that 20 year windowed correlations

between the peak and precursor time series varies over the

length of the record (Fig. 4). The correlation between Niño

indices and SST precursors, which can also be used as a

proxy for the correlation between peak and precursor (as

the correlation between the peak and Niño indices is about

0.9 at zero lag) was around 0.6 prior to 1930 and after

1960, and much lower between these dates. Some of this

may be due to data issues going back in time or the low

ENSO variability during that time interval, but evidence

points to the latter being dominant (Trenberth 1976).

It is feasible to apply the diagnostic methods used here to

long climate model runs from models able to reproduce ENSO

variability and this complex mode oscillation. A comparison

of the spectra, and through those of the forcing statistics, with

the control run spectra and observations, can be used to shed

light on changes in the importance of the precursor identified

by the POP analysis in a changing climate.

The diagnostic methods used here are applicable to other

physical phenomena, provided it is appropriate to approx-

imate these phenomena by a linear stochastic system. The

simple model can be extended to include multiple normal

modes as indicated by the 2 mode spectrum analyzed in

Sect. 4.3. Currently under investigation is the application to

Convectively Coupled Equatorial Waves (CCEWs) and the

Madden-Julian Oscillation. Observational and modeling

evidence (Wheeler and Kiladis 1999; Yang et al. 2007;

Dias and Pauluis 2009; Gehne and Kleeman 2012) suggests

that these can be modeled using linear shallow water

equations with a reduced phase speed due to convection.

Including additive white noise forcing leads to the spread

of power around the theoretical linear shallow water dis-

persion lines as seen in observations.

7 Summary

In this paper a two-dimensional stochastically forced

damped linear oscillator model is proposed as a useful

diagnostic for estimating the decay time, mean period and

forcing statistics of ENSO. Model parameters are estimated

from a POP analysis which identifies a complex oscillatory

mode of the climate system. The leading mode diagnosed

by the POP analysis is a physically relevant mode of the

climate system identified with ENSO. The real part of the

mode projects strongly onto the leading EOF, which

explains a large amount of the variance of the oscillatory

mode of the coupled ocean-atmosphere system. The

imaginary part of the oscillatory mode is a precursor to the

peak with negative SST anomalies in the western Pacific

and low pressure nodes in the central off-equatorial Pacific

in both hemispheres. We use the analytical solutions for

spectral properties of multi-dimensional geophysical

models found by Kleeman (2011) to fit the observed power

spectra of peak and precursor phase, thereby identifying

model parameters of a two dimensional stochastically

forced damped linear oscillator. The theoretical spectrum

and model allow us to reproduce the observed behavior of

the power spectra and interpret their shape in terms of the

decay time and forcing statistics of the simple model.

We show here that the estimated stochastic forcings onto

the two phases are correlated and the variance of the

forcing on the precursor is smaller than that on the peak

ENSO phase. This is due to the fact that for observed

ENSO phases the peak dominates at interannual frequen-

cies while the precursor dominates at decadal frequencies.

The conclusion from the reversal in maximum power for

decadal frequencies in the phase spectra follows: if one

low-pass filters the data for decadal frequencies then one

component of the ENSO cycle will be more emphasized

over the other compared to an analysis that includes both

decadal and interannual time scales. Variations on decadal

time scales are much smaller than on interannual time

scales, indicating that the decadal part acts similarly to a

modulation of the interannual part. The linear decomposi-

tion of the time series means that on decadal and interan-

nual time scales POP 1 is based on the same patterns, but

the decadal and interannual parts of the POP coefficients

have very different spectral characteristics. Thus the ENSO

precursor having a spectrum with greater decadal weight

than the peak ENSO pattern could at least partly explain

why the decadal signal in the Pacific looks different from

the interannual.

In addition we obtain a robust estimate of the decay time

of the ENSO oscillator, as described by the leading POP

pair, of about 8 months. Several different SST and SLP

data sets are used to verify this value and all give consistent

results. Shorter than some previous estimates of the decay

time of ENSO, this value corresponds to the practical

ENSO prediction limit.

The appearance of the precursor signal in SST as well as

SLP is examined. The spatial patterns of SST and SLP

precursor are shown to be dynamically consistent and we
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give a physical interpretation for the relationship between

the precursors for these two variables. The location of the

low pressure systems in the SLP precursor to the east of

anomalous low precursor SSTs in the western equatorial

Pacific is consistent with cooling of the mixed layer in that

region during the onset of El Niño. This cooling in SST

shifts the warmest ocean temperatures eastward and with

that the region of most vigorous convection, leading to the

development of anomalous low pressure systems in the

central Pacific. In the context of the simple model, atmo-

spheric transients act as stochastic forcing on SST anom-

alies which are related to dynamical changes in ocean heat

content. Ocean heat content changes on slower time scales

than the atmosphere and provides memory to the oscilla-

tion. The oscillation in SST then leads to a response in

large scale SLP. The atmospheric component thus provides

the stochastic forcing, but also responds to the SST

dynamics.
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Appendix

1 Additional data sets

In addition to the data sets presented in this study the

analyses described above were applied to the following

data sets as well. The extensively documented Hadley

Centre global SLP data version 2 (HadSLP) is available at

5� resolution from January 1850 to December 2004 (Allan

and Ansell 2006). NOAA reconstructed sea surface tem-

perature data version 3b (ERSST) available on a 2� grid

from January 1854 to February 2011 (Smith et al. 2008).

For comparison the Hadley Centre global 5� SST anomaly

data version 3 (HadSST) (Kennedy et al. 2011a, b),

available from January 1850 to December 2007, and the

NOAA extended reconstructed 2� SLP (ERSLP) data set

(Smith and Reynolds 2004) available from January 1854 to

December 1997 were also used.

Results obtained using these data sets are consistent with

those from HadISST and 20CrSLP. The POP patterns for

the first pair are almost identical with only small

differences. The time series for the peak phase are highly

correlated between the data sets and with Niño3. Correla-

tions for the precursors are lower and show higher vari-

ability (Fig. 4). The POP power spectra for different data

sets and variables have similar characteristics (Fig. 5) and

the fitted parameter values agree well (Table 1).

2 Theoretical spectrum for 2 modes

The theoretical spectrum for a 2 mode model is computed

to analyze how the inclusion of more than one mode in the

theoretical model influences the power spectra for the first

mode. Analogous to the damped harmonic oscillator with

stochastic forcing described in Sect. 4 we can compute the

spectrum for a 2 mode oscillation:

d

x1

y1

x2

y2

2
6664

3
7775 ¼ A

x1

y1

x2

y2

2
6664

3
7775dt þ FdW ; ð9Þ

where

A ¼

e1 � g1 0 0

g2 e2 0 0

0 0 e2 � g2

0 0 g2 e2

2
6664

3
7775 ð10Þ

with F the (4D) forcing matrix and W the (vector) Wiener

stochastic process.

The stochastic forcing in Eq. (9) has an associated

covariance matrix R. This contains as parameters the var-

iance of the forcing on the four phases as well as the

correlation between them. It can be written as

R¼ FFT ¼ c1

1 r12
ffiffiffiffiffi
a2
p

r13
ffiffiffiffiffi
a3
p

r14
ffiffiffiffiffi
a4
p

r12
ffiffiffiffiffi
a2
p

a2 r23
ffiffiffiffiffiffiffiffiffi
a2a3
p

r24
ffiffiffiffiffiffiffiffiffi
a2a4
p

r13
ffiffiffiffiffi
a3
p

r23
ffiffiffiffiffiffiffiffiffi
a2a3
p

a3 r34
ffiffiffiffiffiffiffiffiffi
a3a4
p

r14
ffiffiffiffiffi
a4
p

r24
ffiffiffiffiffiffiffiffiffi
a2a4
p

r34
ffiffiffiffiffiffiffiffiffi
a3a4
p

a4

2
6664

3
7775

where ai ¼ ci=c1 is the ratio of the variance of phase i and

phase 1.

For a general phase vector v ¼ A;B;C;D½ � the spectrum

is:

Sv ¼ vSðxÞv� ¼ c1

8p
S1

vðxÞ þ S2
vðxÞ þ S12

v ðxÞ
� �

ð11Þ

with the first 2 terms equal to the spectra for each mode

S1
vðxÞ ¼ ð1þ a2ÞðA2 þ B2Þ S1

þðxÞ þ S1
�ðxÞ

�
þ 2f12 cos cAB þ arccosðe1S1

�ðxÞÞ � arccosðe1S1
þðxÞÞ

� �
S1
þðxÞS1

�ðxÞ
p �

ð12Þ
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and similarly for the second mode spectrum S2
vðxÞ. The

third term in Eq. (11) is the spectral contribution due to the

correlation between the mode forcings. This can be written

as

S12
v ðxÞ ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðA2 þ B2ÞðC2 þ D2Þ

p
fþ X12

þ þ X12
�

� ��
þ f� Y12

þ þ Y12
�

� �� ð13Þ

with

X12
þ ¼ cosð/12

þ Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S1
�ðxÞS2

�ðxÞ
q

ð14Þ

X12
� ¼ cosð/12

� Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S1
þðxÞS2

þðxÞ
q

ð15Þ

Y12
þ ¼ cosðw12

þ Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S1
�ðxÞS2

þðxÞ
q

ð16Þ

Y12
� ¼ cosðw12

� Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S1
þðxÞS2

�ðxÞ
q

ð17Þ

f� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r13

ffiffiffiffiffi
a3

p � r24

ffiffiffiffiffiffiffiffiffi
a2a4

pð Þ2þ r23

ffiffiffiffiffiffiffiffiffi
a2a3

p 	 r14

ffiffiffiffiffi
a4

pð Þ2
q

ð18Þ

and

/12
þ ¼ arctan

BC � AD

AC þ BD

	 


þ arccos
r13

ffiffiffiffiffi
a3
p þ r24

ffiffiffiffiffiffiffiffiffi
a2a4
p

fþ

	 

� arccosðe1S1

�ðxÞÞ

þ arccosðe2S2
�ðxÞÞ

/12
� ¼ � arctan

BC � AD

AC þ BD

	 


þ arccos
r13

ffiffiffiffiffi
a3
p þ r24

ffiffiffiffiffiffiffiffiffi
a2a4
p

fþ

	 

� arccosðe1S1

þðxÞÞ

þ arccosðe2S2
þðxÞÞ

w12
þ ¼ arctan

BC þ AD

AC � BD

	 


þ arccos
r13

ffiffiffiffiffi
a3
p � r24

ffiffiffiffiffiffiffiffiffi
a2a4
p

f�

	 

� arccosðe1S1

�ðxÞÞ

þ arccosðe2S2
þðxÞÞ

w12
� ¼ � arctan

BC þ AD

AC � BD

	 


þ arccos
r13

ffiffiffiffiffi
a3
p � r24

ffiffiffiffiffiffiffiffiffi
a2a4
p

f�

	 

� arccosðe1S1

þðxÞÞ

þ arccosðe2S2
�ðxÞÞ:

3 Forcing for stochastic model

To generate time series using the theoretical model and the

estimated model parameters, it is necessary to get an

expression for the stochastic forcing matrix. The covariance

matrix R of the stochastic forcing is directly given using the

estimated parameters c; r and a. The forcing F can be

obtained from the covariance matrix by computing its

eigendecomposition:

R ¼ LDL�1

As R is a real, positive definite, symmetric matrix L is

hermitian and satisfies L�1 ¼ LT and all the eigenvalues in

D are positive. With F ¼ L
ffiffiffiffi
D
p

we define a forcing with the

correct covariance matrix since:

FdBt FdBtð ÞT¼ FdBt dBtð ÞTFT ¼ FFT ¼ LDL�1 ¼ R;

where W ¼ W1;W2½ �T and the Wi; i ¼ 1; 2½ � are uncorre-

lated Wiener processes.

4 Peak and precursor phase recovery

We denote the modeled Niño3 time series by zr and the

modeled precursor phase by zi. The phase angles for these

time series are / and w ¼ /þ p
2

respectively. These

phases are related to the theoretical model time series x

and y in Eq. 1 through linear combinations with coeffi-

cients cos / and sin / for the mature phase and similarly

with phase angle w for the precursor. This means that we

can write zr and the modeled z
slp
i or precursor phase time

series (denoted by zi) as the following linear combination

of x and y:

zr

zi

� �
¼

cos /ð Þyþ sin /ð Þx
cos wð Þyþ sin wð Þx

� �
¼

sin /ð Þ cos /ð Þ
sin wð Þ cos wð Þ

� �
x

y

� �
:

Defining

Q ¼
sin /ð Þ cos /ð Þ
sin wð Þ cos wð Þ

� �

this is the linear transformation from the x; yð Þ basis to the

zr; zið Þ basis.

The same linear transformation also transforms the

forcing matrix F. The forcing covariance matrix in zr; zið Þ
coordinates is given by ~R ¼ QRQT where the diagonal

elements of ~R now give the forcing variances onto zr and zi

and the off-diagonals represent the correlation between the

forcings onto zr and zi. In the case of Niño3 and 20CrSLP

results the phase angles are / ¼ �0:18 and w ¼ 1:39 and

the transformation is

Q ¼
�0:18 0:98

0:98 0:18

� �
:

The covariance matrix in zr; zið Þ coordinates is given by

~R ¼ 1:5
1 �0:31

�0:31 0:27

� �
;
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where now the 1; 1ð Þ entry gives the variance of the forcing

onto the peak phase zr, and the 2; 2ð Þ entry gives the ratio

of the forcing variance of the precursor zi to the peak. For

all considered data sets and both variables this ratio is

always less than 1, indicating that the forcing variance on

the precursor is smaller than on the peak phase.
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